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Abstract

In this paper, we prove a strong convergence theorem for a new hybrid method,
using shrinking projection method introduced by Takahashi and a fixed point
method for finding a common element of the set of solutions of mixed equilibrium
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1 Introduction

The mixed equilibrium problem (MEP) includes several important problems arising in op-
timization, economics, physics, engineering, transportation, network, Nash equilibrium
problems in noncooperative games, and others. Variational inequalities and mathemat-
ical programming problems are also viewed as the abstract equilibrium problems (EP)
(e.g., [1, 2]). Many authors have proposed several methods to solve the EP and MEDP, see,
for instance, [1-9] and the references therein.

Fixed point problems for multivalued mappings are more difficult than those of single-
valued mappings and play very important role in applied science and economics. Recently,
many authors have proposed their fixed point methods for finding a fixed point of both
multivalued mapping and a family of multivalued mappings. All of those methods have
only weak convergence.

It is known that Mann’s iterations have only weak convergence even in the Hilbert
spaces. To overcome this problem, Takahashi [10] introduced a new method, known as
shrinking projection method, which is a hybrid method of Mann’s iteration, and the pro-
jection method, and obtained strong convergence results of such method. In this paper, we
use the shrinking projection method defined by Takahashi [10] and our new method to de-
fine a new hybrid method for MEP and a fixed point problem for a family of nonexpansive
multivalued mappings.
© 2013 Bunyawat and Suantai; licensee Springer. This is an Open Access article distributed under the terms of the Creative Com-
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An element p € K is called a fixed point of a single-valued mapping 7 if p = Tp and of a
multivalued mapping T if p € Tp. The set of fixed points of T is denoted by F(T).

Let X be areal Banach space. A subset K of X is called proximinal if for each x € X, there
exists an element k € K such that

d(x, k) = d(x, K),

where d(x, K) = inf{||x — y|| : y € K} is the distance from the point x to the set K.

Let X be a uniformly convex real Banach space, and let K be a nonempty closed convex
subset of X, and let CB(K) be a family of nonempty closed bounded subsets of K, and let
P(K) be a nonempty proximinal bounded subsets of K.

For multivalued mappings T : K — P(K), define Pr(x) := {y € T(x) : |lx — y| = d(x, T(x))}
forallx € K.

The Hausdorff metric on CB(X) is defined by

H(A,B) = max{sup d(x, B), sup d(y,A)}
x€A yeB

for all A, B € CB(X).

A multivalued mapping T : K — CB(K) is said to be nonexpansive if H(Tx, Ty) < ||x —y||
forallx,y € K.

Let H be a real Hilbert space with the inner product (-,-) and the norm | - ||. Let D
be a nonempty closed convex subset of H. Let F: D x D — R be a bifunction, and let
¢ : D — RU{+00} be a function such that DNdom ¢ # @, where R is the set of real numbers
and domg = {x € H : p(x) < +00}.

Flores-Bazan [11] introduced the following mixed equilibrium problem:

Find x € D such that F(x,y) + ¢(y) > ¢(x), VyeD. (1.1)

The set of solutions of (1.1) is denoted by MEP(F, ¢).
If ¢ = 0, then the mixed equilibrium problem (1.1) reduces to the following equilibrium
problem:

Find x € D such that F(x,y) >0, VyeD. (1.2)

The set of solutions of (1.2) is denoted by EP(F) (see Combettes and Hirstoaga [12]).
If F = 0, then the mixed equilibrium problem (1.1) reduces to the following convex min-

imization problem:
Find x € D such that ¢(y) > ¢(x), VyeD. (1.3)

The set of solutions of (1.3) is denoted by CMP(¢p).

In an infinite-dimensional Hilbert space, the Mann iteration algorithms have only a
weak convergence. In 2003, Nakajo and Takahashi [13] introduced the method, called CQ
method, to modify Mann’s iteration to obtain the strong convergence theorem for non-
expansive mapping in a Hilbert space. The CQ method has been studied extensively by
many authors, for instance, Marino and Xu [14]; Zhou [15]; Zhang and Cheng [16].
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In 2008, Takahashi et al. [10] introduced the following iteration scheme, which is usually
called the shrinking projection method. Let {«,} be a sequence in (0,1) and %, € H. For

C; = C and x; = Pc, xo, define a sequence {x,} of D as follows:

Yn = (1= ap)xy + oty Ty,
Cui={zeCy: ”yn —z|| < |l%n —zll},

KXn+l = PC,,Hle) n>1,

where Pc, is the metric projection of H onto C, and {T}} is a family of nonexpansive
mappings. They proved that the sequence {x,} converges strongly to z = Pg(r)xo, where
F(T) = (), F(T,). The shrinking projection method has been studied widely by many
authors, for example, Tada and Takahashi [17]; Aoyama et al. [18]; Yao et al. [19]; Kang et
al. [20]; Cholamjiak and Suantai [21]; Ceng et al. [22]; Tang et al. [23]; Cai and Bu [24];
Kumam et al. [25]; Kimura et al. [26]; Shehu [27, 28]; Wang et al. [29].

In 2009, Wangkeeree and Wangkeeree [30] proved a strong convergence theorem of
an iterative algorithm based on extragradient method for finding a common element of
the set of solutions of a mixed equilibrium problem, the set of common fixed points of a
family of infinitely nonexpansive mappings and the set of the variational inequality for a
monotone Lipschitz continuous mapping in a Hilbert space.

In 2011, Rodjanadid [31] introduced another iterative method modified from an iterative
scheme of Klin-eam and Suantai [32] for finding a common element of the set of solutions
of mixed equilibrium problems and the set of common fixed points of countable family
of nonexpansive mappings in real Hilbert spaces. The mixed equilibrium problems have
been studied by many authors, for instance, Peng and Yao [33]; Zeng et al. [34]; Peng et
al. [35]; Wangkeeree and Kamraksa [36]; Jaiboon and Kumam [37]; Chamnarnpan and
Kumam [38]; Cholamjiak et al. [39].

Nadler [40] started to study fixed points of multivalued contractions and nonexpansive
mapping by using the Hausdorff metric.

Sastry and Babu [41] defined Mann and Ishikawa iterates for a multivalued map T with
a fixed point p, and proved that these iterates converge strongly to a fixed point g of T
under the compact domain in a real Hilbert space. Moreover, they illustrated that fixed
point g may be different from p.

Panyanak [42] generalized results of Sastry and Babu [41] to uniformly convex Banach
spaces and proved a strong convergence theorem of Mann iterates for a mapping defined
on a noncompact domain and satisfying some conditions. He also obtained a strong con-
vergence result of Ishikawa iterates for a mapping defined on a compact domain.

Hussain and Khan [43], in 2003, introduced the best approximation operator Pr to find
fixed points of *-nonexpansive multivalued mapping and proved strong convergence of its
iterates on a closed convex unbounded subset of a Hilbert space, which is not necessarily
compact.

Hu et al. [44] obtained common fixed point of two nonexpansive multivalued mappings
satisfying certain contractive conditions.

Cholamyjiak and Suantai [45] proved strong convergence theorems of two new iterative
procedures with errors for two quasi-nonexpansive multivalued mappings by using the
best approximation operator and the end point condition in uniformly convex Banach
spaces. Later, Cholamjiak et al. [46] introduced a modified Mann iteration and obtained
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weak and strong convergence theorems for a countable family of nonexpansive multival-
ued mappings by using the best approximation operator in a Banach space. They also gave
some examples of multivalued mappings 7" such that Py are nonexpansive.

Later, Eslamian and Abkar [47] generalized and modified the iteration of Abbas et al.
[48] from two mappings to the infinite family of multivalued mappings {T;} such that each
Pr; satisfies the condition (C).

In this paper, we introduce a new hybrid method for finding a common element of the
set of solutions of a mixed equilibrium problem and the set of common fixed points of a
countable family of multivalued nonexpansive mappings in Hilbert spaces. We obtain a
strong convergence theorem for the sequences generated by the proposed method with-
out the assumption of compactness of the domain and other conditions imposing on the
mappings.

In Section 2, we give some preliminaries and lemmas, which will be used in proving the
main results. In Section 3, we introduce a new hybrid method and a fixed point method de-
fined by (3.1) and prove strong convergence theorem for finding a common element of the
set of solutions between mixed equilibrium problem and common fixed point problems
of a countable family of multivalued nonexpansive mappings in Hilbert spaces. We also
give examples of the control sequences satisfying the control conditions in main results.
In Section 4, we summarize the main results of this paper.

2 Preliminaries
Let D be a closed convex subset of H. For every point x € H, there exists a unique nearest
point in D, denoted by Ppx, such that

lx - Ppx|| < llx—yl, VyeD.

Pp, is called the metric projection of H onto D. It is known that Pp is a nonexpansive map-
ping of H onto D. It is also know that Pp, satisfies (x—y, Ppx—Ppy) > ||Ppx—Ppy||? for every
x,y € H. Moreover, Ppx is characterized by the properties: Ppx € D and (x—Ppx, Ppx—y) >
0 forally e D.

Lemma 2.1 [13] Let D be a nonempty closed convex subset of a real Hilbert space H and
Pp : H — D be the metric projection from H onto D. Then the following inequality holds:

ly = Ppx||* + llx = Ppx||* < lx—y|I>, Vx€H,VyeD.
Lemma 2.2 [14] Let H be a real Hilbert space. Then the following equations hold.:
@ lloe=ylI* = llxll> = Iy = 22 = 3,9), Vx,y € H;
(i) lltx+ Q= yl* = tllxll* + A = )llyl* - £Q = )llx - yII* Vt € [0,1] and x,y € H.
Lemma 2.3 [21] Let H be a real Hilbert space. Then for each m € N

2 m m
2 2
= tillaill* = Y titgll — 117,
i=1

i=1,i

m
E Lix;
i=1

x; € H and t;,t; € [0,1] forall i,j =1,2,...,m with ) "1 t; = 1.
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Lemma 2.4 [49] Let D be a nonempty closed and convex subset of a real Hilbert space H.
Given x,y,z € H and also given a € R, the set

(veD:ly—vIP < lx—vI? + (zv) +a)
is convex and closed.

For solving the mixed equilibrium problem, we assume the bifunction F, ¢ and the set
D satisfy the following conditions:

(Al) F(x,x)=0 forallx € D;

(A2) F is monotone, thatis, F(x,y) + F(y,x) <0 for all x,y € D;

(A3) for each x,y,z € D, limsup, o F(tz + (1 - t)x,y) < F(x,y);

(A4) F(x,-)is convex and lower semicontinuous for each x € D;

(B1) for each x € H and r > 0, there exist a bounded subset D, € D and y, € D Ndom¢

such that for any z € D\ Dy,

1
F(z,5x) + () + U =22-4) < p(2);
(B2) D isabounded set.

Lemma 2.5 [35] Let D be a nonempty closed and convex subset of a real Hilbert space H.
Let F: D x D — R be a bifunction satisfying conditions (A1)-(A4) and ¢ : D — R U {+0o0}
be a proper lower semicontinuous and convex function such that D Ndomg # (. Forr >0
and x € D, define a mapping T, : H — D as follows:

T, (x) = {zeD:F(z,y) +o() + %(y—z,z—x) > ¢(z),Vy ED}

for all x € H. Assume that either (B1) or (B2) holds. Then the following conclusions hold:
(1) foreachx € H, T,(x) # ¥;
(2) T, is single-valued,
(3) T is firmly nonexpansive, that is, for any x,y € H,

|7, - T.0)|” = (T, - T,0), %~y

(4) F(T,) = MEP(F, ¢);
(5) MEP(F, ) is closed and convex.

As in ([21], Lemma 2.7), the following lemma holds true for multivalued mapping. To

avoid repetition, we omit the details of proof.

Lemma 2.6 Let D bea closed and convex subset of a real Hilbert space H. Let T : D — P(D)
be a multivalued nonexpansive mapping with F(T) # ) such that Pr is nonexpansive. Then
F(T) is a closed and convex subset of D.
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3 Main results

In the following theorem, we prove strong convergence of the sequence {x,} defined by
(3.1) to a common element of the set of solutions of a mixed equilibrium problem and the
set of common fixed points of a countable family of multivalued nonexpansive mappings.

Theorem 3.1 Let D be a nonempty closed and convex subset of a real Hilbert space H.
Let F be a bifunction from D x D to R satisfying (A1)-(A4), and let ¢ be a proper lower
semicontinuous and convex function from D to R U {+oc} such that D Ndome # 0. Let
T;: D — P(D) be multivalued nonexpansive mappings for all i € N with Q := (5, F(T;) N
MEP(F, @) # 9 such that all Pr, are nonexpansive. Assume that either (B1) or (B2) holds and
{a,;} C [0,1) satisfies the condition liminf,_, o &, ;0,0 > 0 for all i € N. Define the sequence
{x,} as follows: x, € D = C,

Fun,y) + 9() = 9(an) + 7y =ty = 2) =0, Vy €D,
Yn =0Oyoly + 2:1:1 OyiXnis
Cu1={z€Cy:llyn—2zll < llxn —2zll},

KXn+l = PC,,Hle) n>0,

where the sequences r, € (0,00) with liminf, .1, > 0 and {o,;} C [0,1) satisfying
Yo =1 and x,; € Pr,u, for i € N. Then the sequence {x,} converges strongly to Poxo.

Proof We split the proof into six steps.

Step 1. Show that Pc, ,x, is well defined for every x, € D.

By Lemmas 2.5-2.6, we obtain that MEP(F, ) and (.2, F(T;) is a closed and convex
subset of D. Hence 2 is a closed and convex subset of D. It follows from Lemma 2.4 that
Cy1 is a closed and convex for each 7 > 0. Let v € Q. Then Pr,(v) = {v} for all i € N. Since

uy = T,,x, € domg, we have
ety = VIl = 1 Ty, %0 = T, VIl < Nl = VI,

for every n > 0. Then

n

Apoly + E OpiXpi—V
i=1

lyn = vl =

n

< oty =Vl + Y il — v
i=1

n
=apollu, — vl + Zan,id(xn,irpTiV)
i=1

n

< apollttn = vl + Y niH(Pr, 1, Pr,v)
i=1
n

<oty =Vl + D nilln - vl
i=1

= llun = vl < ll%n = V. (3.2)

Hence v € Cy4y, so that Q C C,,;. Therefore, Pc, % is well defined.
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Step 2. Show that lim,,_,  ||x, — x0|| exists.
Since Q2 is a nonempty closed convex subset of H, there exists a unique v € Q such that
v = Poxy. Since x,, = Pc,x0 and %41 € Cy1 C Cy, Vi > 0, we have

I — %ol < %441 — %0ll, VE=0.
On the other hand, as v € Q C C,, we obtain
len —xoll < lv—2x0ll, Vr=>0.

It follows that the sequence {x,} is bounded and nondecreasing. Therefore, lim,,_, [, —
Xxo|| exists.

Step 3. Show that lim,,_, oo x,, = w € D.

For m > n, by the definition of C,,, we get x,,, = Pc,, %0 € C,, C C,,. By applying Lemma 2.1,
we have

2 2 2
17 < 1%m = %0llI” = % — x0ll”.

|
Since lim,,, o ||, — %o || exists, it follows that {x,} is Cauchy. Hence there exists w € D such
that lim,,_, o %, = W.
Step 4. Show that |x,; — x,|| — 0 as n — oo for every i € N.
From x,,,; € C,,1, we have

1 = ¥l < 16 = Xnarll + %41 = Yl

<2|x; —%ps1ll = 0 asn— oo. (3.3)

For v € @, by Lemma 2.3 and (3.2), we get

n 2
2
lyn = VI = |0t = v) + D i = v)
i=1
n

n

2 2 2

<oty = VIZ+ D il = VI* =Y i 1 — thall
i=1 i=1

n n
2 2 2
=00 ”un - V” + Zan,id(xn,hPTiV) - Z Oy i0y 0 ”xn,i - un”
i=1 i=1

n n
2 2 2
<auollus —v|I” + E an,iH(PTiumPT,-V) - E Qi 0,0 || %, — U

i=1 i=1
n n
2 2 2
=< Op0 ”un - V” + Zan,i”un - V” - Zan,ian,onxn,i - un"
i=1 i=1

n
2 2
2t = VI> =Y~ et ilmollo6ni — 4|
i=1

n

2 2
ot = V1% =D ettt % — .
i=1

IA
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This implies that

n

2 2
Op,illy,0 ”xn,i — Uy || f Zan,ian,o ”xn,i — Uy ”
i=1
2 2
= %0 = vI" = llyn = vl
SMHxn _yn”’

where M = sup,.o{ll%, — V|l + lly» — v||}. By the given control condition on {«,,;} and (3.3),
we obtain

lim ||x,; —u,|| =0, VielN.
H—0Q
By Lemma 2.5, we have
2 2
”un - V” = ”Trnxn - TrnV”

<(T),xn— T, v, %, — V)

= (Up =V, %, — V)

2 2 2
=§{|Iun—V|l + [l = V1% = Ny = uall?}.

Hence ||u, — v||? < ||, — v||> = ||%, — u,|*. By Lemma 2.3, we get

2

n
2
”yn - V” Opolp + Zan,ixn,i -V
i=1

n n
2 2 2
o llttn = VI* + > nillni = VII* =Y il o1 — |
i=1 i=1
n

2 2
< dpollttn —vI*+ D atilln; — vl
i=1

n
2 2
= an,O””n - V” + Zan,id(xn,i:PTiV)
i=1

n
2 2
<auollu, —v|” + Zan,iH(PTiumPTiV)
i=1
n
2 2
<ol = vI*+ D anilln - vl

i=1
2
= llun —vll
2 2
<% =vI” = 1% — uull”
This implies that

2
I

2 2
%0 — s ll” < 10 = VII" = |y = VIl

< Mlxn = yull,
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where M = sup,. o {llx, — VIl + Iy, — vI|}. From (3.3), we get lim,,_, o ||, — u,, || = 0. It follows
that

1% = %nll < 1%n,i = sl + ll6n — 2l

— 0 asun— oo.

Step 5. Show that w € Q.
By liminf,_, o r, > 0, we have
Xy — Uy,

1
= —|lxy —uull > 0, n— oo (3.4)
rn

T'n

From lim,,_, o %, = W, we obtain lim,,_, o, 4, = w.

We will show that w e MEP(F, ¢). Since u, = T,,x, € dom g, we have
1
F(”nr}’)+§0()/)—§0(un)+—O’—Mmun—xn)ZO, VyED
Fu
It follows by (A2) that
1
(p(y)_(/’(un)"'r_(y_umun_xn) ZF(%Mn), VyeD.

Hence

Up —Xn

w(y)—w(un)+<y—um >ZF(y,un), Vy € D.

n

It follows from (3.4), (A4) and the lower semicontinuous of ¢ that

F(y,w) +o(w) —9(y) <0, VyeD.

Fort with0 <t <1landye D,lety, =ty + (1 - t)w. Since y,w € D and D is convex, then
9: € D and hence

Fy,w) +o(w)—o(y) <0.

This implies by (A1), (A4) and the convexity of ¢, that

0=F@ye) + o) — o)
StF(yny) + A=0OF(y,w) + te(y) + A - o) — o)
<t[FOny) + o) —oO1)]-

Dividing by ¢, we have

Flyuy) + () —@@»:) =0, VyeD.

Page 9 of 14
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Letting ¢ — 0, it follows from the weakly semicontinuity of ¢ that

Fw,y) +¢(y) —p(w) =0, VyeD.

Hence w € MEP(F, ¢). Next, we will show that w € (5, F(T}). For each i =1,2,...,n, we
have

d(w, Tiw) <d(w,x,,) + d(Xn, %,1) + A5, Tiw)
<dw,x,) + d(xn, %) + H(T;u, T;w)
<dW,%,) +d X, %) + A1, W).

By Steps 3-4, we have d(w, T;w) =0. Hence w e T;w foralli=1,2,...,n.

Step 6. Show that w = Pgxy.
Since x,, = Pc, %o, we get

(z— %00 —x,) <0, VzeC,
Since w € Q C C,;, we have
(z=w,xg—Ww) <0, VzeQ.

Now, we obtain that w = Pqxy.
This completes the proof. d

Setting ¢ = 0 in Theorem 3.1, we have the following result.

Corollary 3.2 Let D be a nonempty closed and convex subset of a real Hilbert space H. Let
F be a bifunction from D x D to R satisfying (A1)-(A4). Let T; : D — P(D) be multivalued
nonexpansive mappings for all i € N with Q := ﬂffl F(T;) NEP(F) # ) such that all Pr, are
nonexpansive. Assume that {o,;} C [0,1) satisfies the condition liminf,_, ot ity 0 > O for
all i € N. Define the sequence {x,} as follows: x; € D = (3,

F(,y) + =y =ty thy = %,) 20, VyeD,

n
Yn =CQuoly + Zi:l Qp,i%n,is (3 5)
Cuni={z€Cy:llyn— 2zl < llxn —zll}

KXn+l = PC},Hle, n=> 0;

where the sequences r, € (0,00) with liminf, .1, > 0 and {a,;} C [0,1) satisfying
Yo =1 and x,; € Pr,u, for i € N. Then the sequence {x,} converges strongly to Poxo.

Setting F = 0 in Theorem 3.1, we have the following result.

Corollary 3.3 Let D be a nonempty closed and convex subset of a real Hilbert space H. Let
@ be a proper lower semicontinuous and convex function from D to R U {+o0o} such that
DNdome #@. Let T; : D — P(D) be multivalued nonexpansive mappings for all i € N with
Q:= (= F(T;) N CMP(p) # @ such that all P, are nonexpansive. Assume that either (B1)
or (B2) holds, and {a,,;} C [0,1) satisfies the condition liminf,_, o a,;0tn0 > 0 for all i € N.
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Define the sequence {x,} as follows: x; € D = Cy,

9O) = () + 1y = thny tty = %,) =0, Vy €D,
Yn =0Oyoly + Z?:l Oy iXiis
Cunn={z€Cy:llyn— 2zl < llxn —zll}

KXn+l = PC},Hle, n=> 0;

where the sequences r, € (0,00) with liminf, .1, > 0 and {a,;} C [0,1) satisfying

Yo =1and x,; € Pr,u, for i € N. Then the sequence {x,} converges strongly to Pox.

Remark 3.4

(i) Let {a,;} be double sequence in (0,1]. Let (a) and (b) be the following conditions:
(a) liminf,_, o 0ty 0t,0 >0 foralli e N,
(b) lim,_, o &, exist and lie in (0,1] forall i = 0,1,2,....
It is easy to see that if {«,,;} satisfies the condition (a), then it satisfies the condition
(b). So Theorem 3.1 and Corollaries 3.2-3.3 hold true when the control double
sequence {o,;} satisfies the condition (a).

(ii) The following double sequences are examples of the control sequences in
Theorem 3.1 and Corollaries 3.2-3.3:

@
1), >k
1)
Uk =131- n+1(2k l_k n=k-1
0 n<k-1,
that is,

1 3
L 3 0 0 0 0 0
1 1 1
L 1 1 0 0 0 0
3 3 3 11
8 i6 3 5 0 0 0
2 1 1 1 1

au=| 5 5 i 2 1 0 0

n n n n n . n
20i+l)  A0+D)  8(nel)  16(m+D)  32(nel)  64(n+l) K (n+1)
We see that lim,_, o 0t = 2ik and liminf,,, o o, 00 = 2k+1 fork=1,2,3,.
(2)
57 G, n >k and n is odd;
2,}” (ﬁ) n >k and # is even;
Apk = n+1 (X ia ik n=k—1and nis odd;
1

— (ko 551), m=k-1landniseven;
0, n<k-1,
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that is,
1 3
% % (; 0 0 0 . 0
A
S S S
5 i 30 10 8 0 o 0
= | : : : :
2n-1 2n-1 2n-1 2n-1 2n-1 2n-1 . 2n-1
2(2n) a2n) 8(2n) 16(2n) 32(2n) 64(2n) 2K(2n)
2n 2n 2n 2n 2n 2n . 2n
4(2n+1) 8(2m+1) 16(2n+1) 32(2n+1) 64(2n+1) 128(2n+1) 2k+1(21141)
We see that lim,,, oo &, x does not exist and liminf,,_, oo 000, = 2,% for
k=1,2,3,....

4 Conclusions

We use the shrinking projection method defined by Takahashi [10] together with our
method for finding a common element of the set of solutions of mixed equilibrium prob-
lem and common fixed points of a countable family of multivalued nonexpansive map-
pings in Hilbert spaces. The main results of paper can be applied for solving convex min-

imization problems and fixed point problems.
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