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Abstract
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1 Introduction

C — Cis called to be nonexpansive if

ITx =Tyl < llx—yll, Vx,yeC.
A mapping T': C — C is called to be quasi-nonexpansive if

| e =] < e ="

, VxeCx*eF(T).

Let C be a nonempty, closed and convex subset of a real Banach space E. A mapping T :

(1.1)

Let F be a bifunction of C x C into R. The equilibrium problem is to find x € C such

that

F(x,y) >0, VyeC.

The set of solutions to equilibrium problem (1.2) is denoted by EP(F). That is,

EP(F):= {x € C: F(x,y) = 0,¥y € C}.

(1.2)
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Recently, Yang et al. [1] proved strong convergence theorems for approximation of com-
mon fixed points of countably infinite family of asymptotically quasi-¢-nonexpansive
mappings in a uniformly smooth and strictly convex real Banach space, which has the

Kadec-Klee property. More precisely, they proved the following theorem.

Theorem 1.1 Let E be a uniformly smooth and strictly convex Banach space, which has
the Kadec-Klee property, and let C be a nonempty closed convex subset of E. Let G be a
bifunction from C x C to R satisfying (A1)-(A4), and let T;: C — C, Vi € N be an infinite
family of closed and asymptotically quasi-¢-nonexpansive mapping with {k,;} C [1,00),
kyi — 1 as n — oo, where To = I. Assume that T;, Vi € N is asymptotically regular on C

and 3 = (5, F(T;) N EP(G) is nonempty and bounded. Let {x,} be a sequence, generated
by

xo € E chosen arbitrarily,

G =C,

x1 = ¢ %0,

Y =T 20 i T} %),

uy, € C such that G(u,,y) + % (y—upJuy—Jy,) >0, VyeC,
Cun =1{z€ Cy: 9(z,u,) < Plz,%,) + (ky — 1)M,,},

Xn+l = HlexO;

where ] is the duality mapping on E, M, = sup{¢(z,x,) : z € I} for each n > 1, k, =
sup;=olkui}, {ru} is real sequence in [a,00), where a is some positive real number, {a,;}
is a real sequence in [0,1] satisfying the following conditions: (8) Y ;g an =1, Vn > 1,

(b) liminf,_, o atpoty; > 0, Vi € N. Then the sequence {x,} converges strongly to T1yxy.

In [2], Shehu introduced the following hybrid iterative scheme for approximating a com-
mon element of the set of fixed points of relatively quasi-nonexpansive mappings and the
set of solutions to an equilibrium problem in a uniformly smooth and uniformly convex

real Banach space: xy € C, C; = C, x) = chlxo,

Jn :]_1(an]xn + (=) Tyx,), n=1,
Up = T}{jzln TVFr:tn:l%n Tt TrFZZ,n T’{Enyn’

Cii={weC,:Gw,Ju,) <Gw,Jx,)}, n=>1,

S
Xpsl = Hcmlxo, n>1.

Motivated by the facts above, the purpose of this paper is to prove a strong convergence
theorem for finding a common element of the set of fixed points of asymptotically quasi-
¢-nonexpansive mappings and the set of solutions to a system of equilibrium problems in

a uniformly smooth and uniformly convex real Banach space, which has the Kadec-Klee

property.
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2 Preliminaries
Let E be a real Banach space, and let E* be the dual space of E. The duality mapping
J:E — 2F" is defined by

J@) = {f €E": (x.f) = lIxI* = IIfI7}. 21

By Hahn-Banach theorem, J(x) is nonempty.
The modulus of smoothness of E is the function pf : [0, 00) — [0, 00) defined by

1
pE(T) = Sup{§(||x+y|| +llx=yll) =1z llxll < 1, Iyl < T}- (2.2)

2£0 - g,
Let dim E > 2. The modulus of convexity of E is the function &g : (0,2] — [0,1] defined
by

E is said to be uniformly smooth if lim;_

. x—
Sg(e) = lnf{l - H Ty H Sl =yl = 1€ = IIx—y||}~ (2.3)

E is said to be uniformly convex if Ve € (0,2], there existsa § = §(¢) > 0 such that forx,y € E
with [ <1, lyl <1 and [x - y|l > ¢, then ||

xty
2
convex if and only if §¢(€) > 0, Ve € (0,2]. E is strictly convex if for all x,y € E, x # y, ||x|| =

Iyl =1, we have ||Ax + (1 - A)y| <1, VA € (0,1).
It is well known that if E is uniformly smooth, then J is norm-to-norm uniformly con-

|| <1-46. Equivalently, E is uniformly

tinuous on each bounded subset of E. If E is smooth, then J is single-valued.

Recall that a Banach space E has the Kadec-Klee property if for any sequence {x,} C E
and x € E with x, — x and ||x,|| — |x||, then |lx, — x|| — 0, as n — oo. It is well known
that if E is a uniformly convex Banach space, then E has the Kadec-Klee property.

We denoted by ¢ the Lyapunov function from E x E to R defined by

P(x,y) = x> = 2(x, Jy) + Iyl>  Va,y € E. (2.4)
It follows from the definition of ¢ that

(el = liyll)* < p(x9) < (llsll + lIyl))*, ¥,y € E. (2.5)

Let E be a reflexive strictly convex and smooth Banach space. Then for x,y € E, ¢(x,y) =0

if and only if x = y (see [3, 4]).

Definition 2.1 Let C be a nonempty closed convex subset of E, and let T be a mapping
from C into itself. A point p € C is said to be an asymptotic fixed point of T if C con-
tains a sequence {x,}, which converges weakly to p and lim,,_, o ||x, — T, || = 0. The set of
asymptotic fixed points of T is denoted by F(T).

We say that T is a relatively nonexpansive mapping [5-8] if the following conditions are
satisfied:

(R1) F(T) #9;

(R2) ¢(p, Tx) < p(p,x),Vx € C, p € F(T);
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(R3) F(T)=E(T).
If T satisfies (R1) and (R2), then T is said to be relatively quasi-nonexpansive [9-11].

Definition 2.2 We say that T is an asymptotically ¢-nonexpansive mapping if there ex-
ists a sequence {k,} C [1,00) with k, — 1 as n — oo such that ¢(T"x, T"y) < k,p(x,),
Vx,y € C. We say that T is an asymptotically quasi-¢-nonexpansive [11, 12] mapping if
F(T) # ¥ and there exists a sequence {k,} C [1,00) as n — oo such that ¢(p, T"x) <
k.o (p,x),Vx € C,p € F(T).

It is easy to see that the class of relatively quasi-nonexpansive mappings and asymptot-
ically quasi-¢-nonexpansive mappings contains the class of relatively nonexpansive map-
pings. The class of asymptotically quasi-¢-nonexpansive mappings is more general than
the class of relatively quasi-nonexpansive mappings.

Following Alber [13], the generalized projection I1¢ : E — C is defined by

IMc(x) = {u e C:p(u,x) = mindb(y,x)}, Vx e E.
yeC

The existence and uniqueness of the operator I'l¢ follows from the properties of the func-
tion ¢(y,x) and strict monotonicity of mapping J (see, for example, [3, 4, 13, 14]). If E is
a Hilbert space, then ¢(y,x) = ||y — x|/, %,y € E and Il¢ is the metric projection P¢c of E
onto C.

Next, we recall the concept and properties of generalized f-projector operator. Let G :
C x E* — R U {+00} be a function defined as follows:

G(5,9) = I511” - 2(&,9) + l@l® + 20f (§),

where & € C, ¢ € E*, p is a positive number, and f : C — R U {+0o0} is proper, convex and
lower semi-continuous. From the definitions of G and f, it is easy to see that the following
properties hold:

(i) G(&,¢) is convex and continuous with respect to ¢ when £ is fixed;

(i) G(&,¢) is convex and lower semi-continuous with respect to & when ¢ is fixed.

Definition 2.3 [15] Let E be a real Banach space with its dual E*. Let C be a nonempty
closed convex subset of E. We say that l'IfC : E* — 2% is a generalized f-projection operator
if

Meg = {ue C: G - inf Gle.p)], Vo e
Lemma 2.4 [15] Let E be a reflexive Banach space with its dual E*. Let C be a nonempty
closed convex subset of E. Then the following statements hold:
(i) l'IfC(p is a nonempty closed convex subset of C for all ¢ € E*;
(i) IfE is smooth, then for all p € E*, x € l'lfcw if and only if

(x—y,0-Jx)+pf(y) - pf(x) =0, VyeC;

(iii) [16] IfE is strictly convex, then TV. is a single-valued mapping.
Y C g g
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Recall that ] is a single-valued mapping when E is a smooth Banach space. There exists
a unique element ¢ € E* such that ¢ = Jx for each x € E. This substitution in (2.3) gives

G(&,Jx) = §11> = 2(5,Jx) + lx]1* + 20/ (€).
Now, we consider the second generalized f-projection operator in Banach space.

Definition 2.5 Let E be a real Banach space and C be a nonempty closed convex subset
of E. We say that l'IfC : E — 2€ is a generalized f-projection operator if

o = {u € C: Glu,Jx) = éingc;(s,]x)], Vx e E.

Obviously, the definition of relatively quasi-nonexpansive mapping 7' is equivalent to

(R'1) F(T)#9;
(R'2) G(p,JTx) < G(p,Jx),Vx € C,p € F(T).

Lemma 2.6 [17] Let C be a nonempty, closed and convex subset of a smooth and reflexive
Banach space E. Then the following statements hold:

(i) chx is a nonempty closed convex subset of C for all x € E;

(ii) Forallx€E, x € chx ifand only if

(X -y Jx=Jx) + pf ) - pf(R) =0, VyeC;
(iii) [16] IfE is strictly convex, then l'Ifo is a single-valued mapping.

Lemma 2.7 [18] Let E be a Banach space, and f : E — R U {+o0} is convex and lower
semi-continuous. Then there exists x* € E* and o € R such that

f&x) = (xx")+a, VxeE.

Lemma 2.8 [17] Let C be a nonempty closed convex subset of a smooth and reflexive Ba-
nach space E. Let x € E and % € Hjéx. Then

d(,%) + G(&, Jx) < G(y, Jx), VyeC.

Lemma 2.9 [1, 19] Let E be a uniformly smooth and strictly convex Banach space, which
has the Kadec-Klee property, and let C be a nonempty closed convex subset of E. Let T be
a closed and asymptotically quasi-¢p-nonexpansive mapping. Then F(T) is a closed and
convex subset of C.

Lemma 2.10 [1] Let E be a uniformly convex real Banach space. For arbitrary r > 0, let
B,(0) := {x € E: ||x|| <r}. Then, for any given sequence {x,};°, C B,(0) and for any given
sequence {1, }o2, of positive numbers such that ) ;- A; = 1, there exists a continuous strictly
increasing convex function g : [0,2r] — R, g(0) = 0 such that for any positive integers i, j
with i < j, the following inequality holds

2 o0
<Y llal® = Ridig (1l - x11).

n=1

o0
Z AnXy

n=1
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Lemma 2.11 [17] Let E be a Banach space and y € E. Let f : E — R U {+00} be a proper,
convex and lower semi-continuous mapping with convex domain D(f). If {x,} is a sequence
in D(f) such that x, — x € int(D(f)) and lim,_, oo G(x,,, Jy) = G(x,]y), then lim,_,  ||%,]| =
lIxll.

For solving the equilibrium problem for a bifunction F: C x C — R, let us assume that
F satisfies the following conditions:

(Al) F(x,x)=0forallx e C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forall x,y € C;

(A3) foreachx,y,z € C, limy o F(tz + (1 - t)x,y) < F(x,y);

(A4) for eachx € C, y — F(x,y) is convex and lower semicontinuous.

Lemma 2.12 [20] Let C be a nonempty closed convex subset of a smooth, strictly convex
and reflexive Banach space E, and let F be a bifunction of C x C into R satisfying (A1)-(A4).
Letr >0 and x € E. Then, there exists z € C such that

1
Flz,y)+-(y—2zJz—Jx) >0, VyeC.
r
Lemma 2.13 [9, 21] Let C be a nonempty closed convex subset of a smooth, strictly convex
and reflexive Banach space E, and let F be a bifunction of C x C into R satisfying (A1)-(A4).
Let r >0 and x € E. Define a mapping TF : E — C as follows:

TF(x) = {zeC:F(z,y)+ %(y—z,]z—]x) zO,VyeC}

for all z € E. Then, the following hold:
1. TF is single-valued;
2. TE is firmly nonexpansive mapping, i.e., for any x,y € E,

(T7x =Ty T 2 =T y) < (T7x = TV y, Je = Jy);

3. F(TF) = EP(F);
4. TEx is relatively quasi-nonexpansive;
5. EP(F) is closed and convex.

Lemma 2.14 [21] Let C be a nonempty closed convex subset of a smooth, strictly convex
and reflexive Banach space E, and let F be a bifunction of C x C into R satisfying (A1)-(A4).
Let r> 0. Then for each x € E and q € F(T?),

¢(q, TFx) + ¢(T x,x) < p(g,%).

An operator T in a Banach space E is said to be closed if x, — x and Tx, — y, then
Tx =y.

3 Main result
Theorem 3.1 Let E be a uniformly smooth and strictly convex Banach space, which has
the Kadec-Klee property, and let C be a nonempty closed convex subset of E. For each k =
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1,2,...,m, let Fi be a bifunction from C x C satisfying (Al)-(A4), and let {T;}75,: C — C,
Vi € N be an infinite family of closed and asymptotically quasi-¢-nonexpansive mappings
with sequence {k,;} C [1,00), ky; — 1 as n — oo, where Ty = I. Assume that T;, Vi € N
is asymptotically regular on C and Q = (7 F(T;) N (e, EP(Fx)) is nonempty and
bounded. Letf : E — R be a convex and lower semicontinuous mapping with C C int(D(f)),
and suppose that {x,}5°, is a sequence generated by xo € C, C; = C, x1 = l'lfclxo,

I =T 0 nid T} %)
Uy = TEn Tyl o Ti2 ThL g,

"'m-1,n 2,n (3 1)
Cun = {z € Cy: Gz, Juy,) < Gz, Jx,) + (ki = 1)M,1},
Xnil = Hjén+1x0»

where ] is the duality mapping on E, M, = sup{¢(z,x,) : z € Q} for each n > 1, k, =
Sup;solkui}, {0} is a real sequence in [0,1] and {ry,};2, C (0,00), k = 1,2,...,m, satisfy-
ing the following conditions:

0
Zani = 1, Vn > 1;
i=0

(b) liminfa,go,; >0, VieN;

n— 00
(¢) liminfrg, > 0.
n— 00

Then the sequence {x,} converges strongly to H{?xo

Proof Step 1. We first show that C,, YV > 1 is nonempty, closed and convex.

Now, we show that C,, Vi > 1 is closed and convex. It is obvious that C; = C is closed
and convex. Suppose that C,, is closed convex for some # > 1. From the definition of C,,,;,
we have z € C,,1, which implies that G(z, Ju,) < G(z, Jx,) + (k, — 1)M,,. This is equivalent
to

2({z, Jxn) = (2, Jun)) < 121> = Nlstull® + (ky = )My,

This implies that C,,; is closed convex for the same 7 > 1. Hence, C,, is closed and convex

Vn>1.
By taking 6X = Tgfﬂ T TR TH  k=1,2,...,m and 69 = I for all n > 1, we obtain
Uy =07"y,.

We next show that Q C C,, Vi > 1. From Lemma 2.13, we have that Tf’fn, k=1,2,....,m
is relatively nonexpansive mapping. For # = 1, we have @ C C; = C. Now, assume that
Q C C, for some n > 1. For each x* € 2, we obtain

G (" Jun) = G(x*,J6,"yu) < G(x*, Jyu)

= [l = 206 Jy) + yall® + 20f (57)

i 00
= “x*”z_ZZQni(x*,]Ti"x,, +Zam ‘T xn’ +2,0f( )
i=0 0

Page 7 of 15
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= Zani¢(x*’ T7xn) + 20f (x7)
=0

o]

IA

aniknid’(x*) xn) + 2pf(x*)

i=0

a,,i(l + (ki — 1))¢(x*,x,,) + 2,0f(x*)

M

(=]

= G(a", Jan) + fom(km' - 1) (", %)

i=0
< G(x*, Jxn) + (kn — 1)M,,. (3.2)
So, x* € Cyy. It implies that Q C C,, Yz > 1, and the sequence {x,}3°, generated by (3.1)
is well defined.
Step 2. We show that lim,,_, o, G(x,, Jxo) exists.

Since f : E — R is a convex and lower semi-continuous, applying Lemma 2.7, we see

that there exist 4* € E* and o € R such that

fly) = (y,u*) +a, VyeE.
It follows that

G (%, J0) = lo6ull® = 2, Ji0) + 120 1> + 20f (%)
> [loull® = 2 (o, Ji0) + [1%0 1> + 20(xn, u*) + 2px
= (1%l = 2{wn, Jo — pus*) + [l 1> + 2pex

>

> Nl = 20%ull | Jxo — o™ || + llxol* + 2 pex

= (Il = [0 = p2e*[))” + o> = o — pu|* + 2p0x. (3.3)

Since x,, = Hjénxo, it follows from (3.3) that

G(x*, Jxo) = Glatn, o) = (Ilxall = | Jo — pus ) + o1 = oo — pue*||* + 2
for each x* € F(T). This implies that {x,};°, is bounded and so is {G(xy, Jx0)}5,. By the
construction of C,, we have that C,,; C C, and x,,1 = Hmele € C,. It follows from
Lemma 2.8 that

& (X1, %n) + G(xy, Jx0) < G(%41,J%0). (3.4)
It is obvious that

¢t %) = (Inll = I24]1)° = 0,

and so, {G(x,,, Jx9)}52, is nondecreasing. It follows that the limit of {G(x,,, Jxo)}52, exists.

Step 3. We prove that lim,,—,  [|Jx,, —]Tj”x,, |=0,VjeN.
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Now, since {x,}0c, is bounded in C, and E is reflexive, we may assume that x, — p, and
since C, is closed and convex for each n > 1, it is easy to see that p € C, for each n > 1.
Again, since x,, = chnxo, we obtain

G(xn, Jxo) < G(p,Jx0), Vn>0.
Since
liminf G(xy, o) = Himinf{ [l [1* ~ 2(xu, Jio) + %o * + 20f (x4)}
> |IplI* = 2(p, Jxo) + lIx0]1* +20f (p) = G(p: Jxo)-
Then, we obtain

G(p,Jxo) < liminf G(x,, Jxo) < limsup G(x,, Jxo) < G(p,Jx0).

n—00

This implies that
lim G(xy, /o) = G(p, J%o).

By Lemma 2.11, we obtain that lim,_, « [|x,|| = ||p|l. In view of Kadec-Klee property of E,
we have that lim,,_, o %, = p.

By the construction of C,,, we have that C,,; C C, and x,,41 = I'Ifc;H %o € Cyi1. It follows
that

i1, tn) < PKni1,%n) + (ki = )M,
Now, (3.4) implies that

sty tn) < (X1, %) + (Ky = DMy < G(s1, J0) = G, Jxo) + (ku =M. (3.5)
Taking the limit as # — oo in (3.5), we obtain

nlg{.lo O Xns1,%,) = 0.
Therefore,

lim ¢(xn+1y u,) = 0.
n—00

It then yields that lim,_ o (|| %411 = || #4]]) = 0. Since lim,,_, o [|%,41 || = |||, we have
lim |[u,| = llp|l- (3.6)
n—00
Hence,
lim ||Ju,|l = Jpll.
n— o0

This implies that {||Ju,||}52, is bounded in E*. Since E is reflexive, and so E* is reflexive,
we can then assume that Ju, — fy € E*. In view of reflexivity of E, we see that J(E) = E*.
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Hence, there exists x € E such that Jx = f;. Since
2
[

2 2 2
O Xt W) = 1% I” = 201, Jtbn) + (80 ll” = %1 | — 2001, Jit) + s

Taking liminf,_, » for both sides of the equality above, yields that

0> lpll* = 2(p.fo) + ol = llpll* = 2(p, Jx) + Jx||* = lIplI* = 2(p, Jx) + ] = ¢(p, x).

That is, p = x. This implies that fy = Jp, and so, Ju, — Jp. It follows from lim,,_, » ||Ju,| =
Il/z|| and Kadec-Klee property of E* (this is because E* is uniformly convex) that

Jun — Jp.
Note that /! : E* — E is hemi-continuous (this is because E is a uniformly smooth and

strictly convex Banach space with a strictly convex dual E*), it follows that u#,, — p. Since
(3.6) and E have the Kadec-Klee property, we obtain that

lim u, = p. (3.7)
n—00

It follows that
lim ||x, —u,l|l =0. (3.8)
n— 00

Since J is uniformly norm-to-norm continuous on any bounded sets, we have
lim ||/x, — Juy|| = 0. (3.9)
n— 00

Let 7 := sup, -o{lI T;"xx | }. Since E is uniformly smooth, we know that £* is uniformly con-
vex. Then from Lemma 2.10, we have

G(x*,]u,,) = G(x*,]@,’,”yn)
=< G(x*;]yn)

o0
= Hx* ”2 - 2<x*, Zam]Ti"x,,> +
i=0

2

Zam]Ti"x,, + 2,of(x*)

i=0

o0 o0
< o P~ 23 el )+ D a7
i=0

i=0

- ankan/‘g( ||]T];(1xn _]Tjnxn ”) + 2pf(x*)

= Zani¢ (x*: Tlnxn) + 2,of(x*) - ankanjg(”]T]:qxn _]T;‘nxn ”)

i=0
= Z am'km"p(x*rxn) + pr(x*) - ankanjg( ||]T]:lxn - ]T]‘nxn ”)
i=0

< G(x*, Jn) + (ky — DM, — @ ([T T =TT} | )- (3.10)
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Taking k = 0 and for anyj in (3.10), we have
anoanjg(”]xn —]Tj”x,, ||) < G(x*,]x,,) - G(x*,]u,,) + (k, -1)M,, — 0.
It follows from the property of g that
Tim |, — T}, | = 0. (3.11)
Step 4. Now we prove that p € Q.
(a) First, we prove that p € (o) F(T)).
Since x, — p andJ is uniformly norm-to-norm continuous on bounded sets, we see that
Jim [, —Jpll = 0. (3.12)
We observe from (3.11) and (3.12) that
T %, —Jp|| < |Jn =T T] %] + IV = Jpll = 0, 11— o0.

Since J7! is hemi-continuous, it follows that T}-"xn — p. On the other hand, since

1750 = ol = 117750 = Ul = T

’

and this implies that || T;‘x,,|| — |lpll as n — oo. Since E enjoys the Kadec-Klee property,
we obtain that

Jim | 7%, ~ p|| = 0.
Note that

|77, -] < |77, = T+ | 7] 613
It follows from the asymptotic regularity of 7" and (3.13) that

lim || 77", — p| = 0.

n—oo! /
That s, T;T}"x, — p — 0 as n — oo. It follows from the closeness of T} that Tjp = p, Vj € N,
Le,p€ ﬂffo F(Ty).

(b) Next, we prove that p € [)[_; EP(Fy).
From (3.2), we obtain

D' ) = B 67) = 0", T2, 67713,)

Tmn N

Next, we show that 9,11‘3/,, — pasn— oo, foreach k€ {0,1,...,m}.
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We have proved that k = m, 0%y, = u, — p.
Suppose that 0y, — p as n — oo for some k. Since x* € (-, EP(Fx) = (1, F(T,Fk’fn) for
all # > 1, it follows from Lemma 2.14 that

G G

< o(x"05y,) — p(x%,0%y,)
< ¢ (x",%,) — D (%", 659,) + (k= DM,

Hence, we have
. k k—
Jim ¢ (6,7,6,7'7) = 0.

From (2.5), we see that ||6,’,‘ all = ||(9,’f‘1y,,|| — 0 as n — oco. From assumption, we have

Oky, — pasn— 00,50
16579l = lpll - as n— oc.
It follows that
17657 yu] = Wpll - as n— . (3.14)

This implies that {|J0%1y,[}2°, is bounded in E*. Since E is reflexive, and so E* is reflexive,
we can then assume that J Q,If‘lyn — fr1 € E*. In view of reflexivity of E, we see that J(E) =
E*. Hence, there exists x~! € E such that Jx*~! = f;_;. Since
_ 2 _ _ 2
S (Oyns O~ 7n) = 643 ||” = 20603076, ) + 6379

= o5l =265, 705 ) + 63
Taking liminf,_, o for both sides of the equality above, yields that

02 [pl* = 2{pfer) + eI
= IpI1? = 2{p, 1) + |k
= IpI? = 2{p, ) + [P
= ¢(p,x").
That is, p = #*"L. This implies that f; ; = Jp and so J6%ly, — Jp. It follows from

lim,,_, o ||]9,’,‘_1yn|| = ||Jp|| and Kadec-Klee property of E* (this is because E* is uniformly
convex) that

]erf_lyn - Jp.

Note that 71 : E* — E is hemi-continuous (this is because E is a uniformly smooth and
strictly convex Banach space with a strictly convex dual E*), it follows that 851y, — p.

Page 12 of 15
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Since (3.14) and E have the Kadec-Klee property, we obtain that
lim 9,’:‘131,, =p.
n— 00
Hence, lim,,_, o erfyn =pand lim,,_wo]@,’fy,, =Jp, for each k € {0,1,...,m}. That s,
lim |68y, — 65y, =0, k=1,2,...,m
n—00
and
lim /65y, = J0x "y, =0, k=1,2,...,m.
Hn—0Q
Since liminf, o 1%, >0, k=1,2,...,m,

NI

n—00 rk,Vl

0. (3.15)
By Lemma 2.13, we have that for each k=1,2,...,m,

Filbbom) + =6k 6l =165 ) 20, Wyec.
Furthermore, using (A2), we obtain

1
w6 IOy = T8, ) 2 Fil3, 6,00).
By (A4), (3.15) and 6%y, — p, we have for each k = 1,2,...,m,

Fi(y,p) <0, VyeC.

For fixed y € C, let z; = ty + (1 — £)p for all ¢ € (0,1]. This implies that z; € C. This yields
that Fi(z;, p) < 0. It follows from (A1) and (A4) that

0 = Fi(ze,z2) < thi(ze,y) + (1 = )Fi(ze, p) < tFi(21,),
and hence
0 < Fi(zs,9).
From condition (A3), we obtain
Fi(p,y) >0, VyeC.
This implies that p € EP(Fy), k =1,2,...,m. Thus, p € (., EP(F,,).

Hence, we have p € Q = (", EP(F,,) N (N F(T7)).
Step 5. Finally, we prove that p = l'Ifoo.
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Since Q = (N2, EP(F,)) N (M, F(T7)) is a closed and convex set, from Lemma 2.6, we
know that H{)xo is single-valued and denoted w = H};zxo. Since x,, = l'lfcnxo and w € Q C
C,, we have

G(x, J%0) < G(w,Jx0), VYn=>0.

We know that G(&, ¢) is convex and lower semi-continuous with respect to & when ¢ is
fixed. This implies that

G(p,Jxo) < liminf G(x,, Jxo) < limsup G(x,, Jxo) < G(w, Jxo).
n— 00

n—00
From the definition of l'[J;xo and p € Q, we see that p = w. This completes the proof. [

Corollary 3.2 Let E be a uniformly smooth and strictly convex Banach space, which has
the Kadec-Klee property, and let C be a nonempty closed convex subset of E. For each k =
1,2,...,m, let Fi be a bifunction from C x C satisfying (Al)-(A4), and let {T;}75,: C — C,
Vi € N be an infinite family of closed and asymptotically quasi-¢-nonexpansive mappings
with sequence {k,;} C [1,00), ky; = 1 as n — oo, where Ty = I. Assume that T;, Vi € N
is asymptotically regular on C, and Q = (oo F(T)) N (M-, EP(F)) is nonempty and
bounded. Suppose that {x,}5°, is generated by xo € C, C; = C, x1 = H{;lxo,

-1 00 n
In =T H o e T},
F, F-1 Fy b1
Uy = Tr,:,iln Trmm—l,n e TrZ,n Trl,nyn’

Cu1 ={z € Cy: Pz, Juy,) < (2, Jx,) + (ky — )M, },

Xn+l = HC,,Hle»

where ] is the duality mapping on E, M, = sup{¢(z,x,) : z € Q} for each n > 1, k, =
Sup;so{kui}, {0t} is a real sequence in [0,1] and {ri )52, C (0,00), k=1,2,...,m, satisfying
the following conditions:

[o¢]
@ Y au=1 Vnxzl
i=0

(b) liminfa,a,; >0, VieN;
n— 00

(¢) liminfrg, > 0.
n—0oQ

Then the sequence {x,} converges strongly to Tlgxy.
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