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Abstract

A new viscosity method for hierarchically approximating some common fixed point
of an infinite family of nonexpansive mappings is presented; and some strong
convergence theorems for solving variational inequality problems and hierarchical
fixed point problems are obtained without the aid of the convex linear combination
of a countable family of nonexpansive mappings. Solutions are sought in the set of
fixed points of another nonexpansive mapping. The results improve those of the
authors with the related interest.

MSC: 47H09; 47H10; 65J15;47J25

Keywords: hierarchical fixed point; variational inequality; nonexpansive mappings;
viscosity approximation

1 Introduction and preliminaries

A fairly common method in solving some nonlinear problems is to replace the original
problems by a family of regularized (or perturbed) ones. Each of these regularized prob-
lems will be obtained as a limit of these unique solutions to the regularized problems.
In this paper, we will introduce a new viscosity method for the hierarchical fixed point
approach to variational inequality problems.

Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping f : C —
C is called a p-contraction if there exists a constant p € (0,1) such that ||f(x) —f(y)|| < |x—
y|| for allx,y € C. A mapping T : C — C is said to be nonexpansive if | Tx — Ty| < ||x — ||
forallx,y € C.

Let{T,}: H — H bea countable family of nonexpansive mappings with F := ("5, F(T;) #
@ (hence, it is a nonempty closed and convex set [1]). To hierarchically find a common
fixed point of a countable family of nonexpansive mappings {7,} with respect to another
nonexpansive mapping S: H — H is to find an x* € F such that

(x* = Sx*,x* —x) <0, VxeF. (1.1)

It is easy to see that (1.1) is equivalent to the following fixed point problem: finding an
x* € Fsuch thatx* = PrSx*, where Pr is the metric projection from H onto a closed convex
subset F C H.

The normal cone Nf to F is defined by

{fueH:(y-xu)<0,VyeF}, xcF;
NEe(x) =
@, x € F.
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Then (1.1) is equivalent to the following variational inclusion problem: finding an x* € C
such that

6 € (I - S)x™ + Np(x"). 1.2)

The existence problem of hierarchical fixed points for a single nonexpansive mapping
and approximation problem in the setting of Hilbert spaces has been studied by several
authors (see, e.g., [2-12]).

In 2011, Zhang et al. [13] proved a strong convergence theorem by projection method for
solving some variational inequality problems; and under suitable conditions on parame-
ters, they also obtained a weak convergence theorem, which can solve the hierarchical
fixed point problem (1.1).

However, since the involved mapping T is defined by a convex linear combination of
a countable family of nonexpansive mappings {7}, i.e., T = ZZZI ATy Ay >0 (V> 1)
with "2, &, = 1, the accurate computation of Tx, at each step of the iteration process is
not easily attainable. In addition, the weak convergence was obtained on condition that
the iteration sequence is bounded.

Inspired and motivated by those studies mentioned above, in this paper, we introduce
a new viscosity method for hierarchically approximating some common fixed point of an
infinite family of nonexpansive mappings and prove the strong convergence theorems for
solving some variational inequality problems and hierarchical fixed point problems.

In what follows, we shall make use of the following definitions and lemmas.

Let H be a real Hilbert space. The function ¢ : H x H — R is defined by

¢(,) = = yI* = Ix1* = 2{x,) + IylI*. 1.3)
It is obvious from the definition of the function ¢ that

(lell = 191)* < p9) < (Il + 1) (1.4)
The function ¢ also has the following property:

¢, x) = P(z,%) + d(9,2) + 2(z - y,x — z). (1.5)

The metric projection from H onto C is the mapping Pc : H — C for each x € H, there
exists a unique point z = P¢(x) such that

lx — z|| = inf [lx — y|| = d(x, C).
yeC

Lemmal.l Letx € H and z € C be any points. Then we have:
(1) z=Pc(x) if and only if the following relation holds

(x—zy-2) <0, VyeC.
(2) There holds the relation
(Pc(®) - Pc(y),x - 3) = | Pc@) - PcO)|*,  Vay e H.

This implies that Pc : H — C is nonexpansive.
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Lemma 1.2 [14] Let H be a Hilbert space. Then for all x,y € H and «; € [0,1] for i =
0,1,2,...,n such that Z?:o a; =1 the following equality holds

2 n
2 2
= aillwil* = > eyl - %)% (1.6)
i=0

0<ij<n

n
E oiX;
i=0

Lemma 1.3 [15] Let {a,}, {5,}, and {b,} be sequences of nonnegative real numbers satisfy-
ing

ana < (1 +68,)a,+b,, VYn>1 1.7)
IfY 2 8y<o0and ) oo b, <00, then lim,_, o ay, exists.

Definition 1.4 [13] (1) Let {A4,,} : C — C be a sequence of mappings, andlet A: C — C be
a mapping. {A4,} is said to be graph convergent to A if {graph(4,)} (the sequence of graph
of A,) converges to graph A in the sense of Kuratowski-Painlevé, i.e.,

lim sup graph(4,,) C graph(A,) C liminf graph(4,,).
n—00 n—>00
(2) A multi-valued mapping A : H — H is said to be monotone if (Ax — Ay,x — y) > 0,
Vx,y € H. A mapping A : H — H is said to be maximal monotone if it is monotone, and
for any x,u € H when

(u—v,x—-y) >0, V¥(y,v) e graph(A),
we have u € Ax.

Lemma 1.5 [16] (1) Let A : H — H be a maximal monotone operator. Then (t"LA) graph
converges to Ny-1() as t — 0, which provide that A™(0) # §.

(2) Let {B,, : H — H} be a sequence of maximal monotone operators, whose graph con-
verges to an operator B. If A is a Lipschitz maximal monotone operator, then {A + B} graph
converges to A + B, and A + B is maximal monotone.

Lemmal.6 Letf:H — H bea contractive mapping, andlet T : H — H be a nonexpansive
mapping. Then, the following results are obtained:

(1) the mapping (I - f): H — H is strongly monotone;

(2) the mapping (I - T):H — H is monotone, so it is maximal monotone.

2 Main results

Theorem 2.1 Let H be a real Hilbert space, and let C be a closed convex nonempty sub-
set of H. Let f : C — C be a contractive mapping with a contractive constant p € (0,1),
and let {T;}7% : C — C be a sequence of nonexpansive mappings with the interior of
F:= (= F(T)) # 9. Starting from an arbitrary x, € C, define {x,} by

Xne1 = pf (60) + L= ty) Tpxy, Vm>1, (2.1)

where {a,} is a decreasing sequence in (0,1) satisfying the following conditions:
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(1) 2 o < 005
az
(2) G5 -1 <oo;

3) Yoo anz,";_an <00

and T = T;, with i, satisfying the positive integer equation: n = i + @ (m=>in=

1,2,...), that is, for each n > 1, there exists a unique i, such that
i1=1, i2=1, i3=2, i4=1, i5=2; i6=3:
i7 =1, ig =2, ig =3, i10 =4, ill =1,

Iff #0, then {x,} converges strongly to some point x* = Prfx*, which is the unique solution

to the following variational inequality
(I -fa,x—x*) >0, VxeF. (2.2)

Proof We divide the proof into several steps.
(D) limy,—, o ||, — p*|| exists, Vp* € F.
For any p* € F, from (2.1), we have that
”xn+1 —19* H = ”an (f(xn) —P*) +(1- Ol,,)T:; (xn —P*) ”
=ay Hf(xn) —P* || + (1 - Ol,,) ”xn _p* “
< au|[f @) =f (") | + o lf (07) =" + (1 = ) |6 - 7|
< aupn = 1| + [ f(p7) - p"| + A =) |0 - 17|
< ||x,, -p* H + s (2.3)
where p, = a,||f (p*) - p*ll, and so Y ,2; uy < 00. So by Lemma 1.3, we conclude that
lim,,_, o ||%, — p*| exists, and hence {x,}, {f(x,)} and {T}x,} are bounded.

(1) x, > x* € Cas n — <.
From (2.1) and Lemma 1.2, we also have

||xn+1 -p H2 = ”an(f(xn) _P*) +(1- an)T: (xn —P*) ||2

= al[f @) =" [* + 1= )| T (0~ ") |
— (1= o) [ ) = T
< (£ =f () + £ (07) - 27 ])" + @ =) = 27|
< aup||n = p*||* + @ = )| - 1"
+an(20[f (27) =7 - Ja =" | + [ (27) - 2°[)
< |xn =2 + v (2.4)
where v, := a,(20f (p*) = p*| - 1% — p*II + IIf (*) — p*II*) and Y_;2; v, < 00, since {x,,} is

bounded and )77, e, < 00.

Furthermore, it follows from (1.5) that

¢(p7xn) = ¢(xn+1)xn) + ¢(P7xn+1) + 2(xn+1 —pJCn _xn+1); Vp S H.
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This implies that

1 1
(x}’H-l _prxn _xn+l) + §¢(xn+l¢xn) = 5(¢(p1xn) - 4’([7, xn+1))- (25)

Moreover, since the interior of F is nonempty, there exists a p* € F and r > 0 such that
(p* + rh) € F, whenever ||4| < 1. Thus, from (2.4) and (2.5), we obtain that

1 1
0 < (%1 — (" + 1), 20 — K1) + §¢(xn+lrxn) + v (2.6)

Then from (2.5) and (2.6), we obtain that

1 1
r<h’xn _xm—l) < X+l _P*rxn —Xp+1) T _¢(xn+1yxn) + = Vy
2 2

1 1
= E(‘»b(p*’xn) - ¢(p*'xn+l)) + Evn:

and hence

(h)xn - xn+1> <

1, ., . 1
5(¢(p %n) = S0 %ns1)) + oV (2.7)
Since & with | k|| <1 is arbitrary, we have

1 N " 1
o6 — Xnaa |l < Z(({b(p !xn) - ¢(P ’xn+l)) + ;Vn' (2.8)

So, if n > m, then we have that

n-1
1m = ull <D N5 = x|

j=m
1 n-1 1 n-1

= ; ~ (¢(P*,x,) - qb(p*,xm)) + Z Fzm Vi
1 * * 1 <

- ;(qﬁ(p Xm) — d (P x0)) + > ZU}'. (2.9)

j=m

But we know that {¢(p*, x,,)} converges, and ) .-, v, < co. Therefore, we obtain from (2.9)
that {x,} is a Cauchy sequence. Since H is complete, there exists an x* € H such that x,, —
x* € H as n — 00. Thus, since {x,} C C and C is closed and convex, then x* € C, that is,

x, > x € C (n— 00). (2.10)

(II) ||x,, — Tix,|l — O for each i >1as n — o0.
It follows from (2.1) and (2.8) that, as n — oo,

%1 = Tpixn]| = ot | f (%) = Tiiu| — 0 (2.11)
and

”xn+l _xn” e 0’ (212)
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which implies that, by induction, for any nonnegative integer j,

lim ||x,4; — x4l = 0.

n— o0
We then have, as n — o0,

”xn - T:xn ” =< 1% = xpaa |l + ||xn+1 - T:xn ” — 0.
For each i > 1, since

”xn - T:+ixn ” < 1%n = Xl + ||x}'l+i - T;‘;ixn “

= ”xn _xn+i|| + ||x}’l+i - T:+ixn+iH

+ ” T:Jrix”“' - T:Jrix” H

= 2”xn - xnﬂ'” + ||xn+i - T;,k+ixn+i

’

it follows from (2.13) and (2.14) that

nli)rgo“xn — T}, x| = 0.

Now, for each i > 1, we claim that
lim ||x, — Tyx,|l = 0.
n— 00
As a matter of fact, setting
n=N, +1i,
where N,,, = (m —1)m/2, m > i, we obtain that

1% — Tixull < N2 — 2N, || + 168, — Tl
< Nl = 2n,, 1 + [ %, = T, i |
| Ty, — Tt
= 11960 = %5, | + {28, = T3, %0 |
+ | Tixn,, — Tixull

<2|xy —xn,, || + ”me - TX[meNm ”

= 20l = Hill + [ = TR, i |-

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Then, since N,, — 00 as n — 00, it follows from (2.13) and (2.16) that (2.17) holds obvi-

ously.

(IV) x,, — x* = Ppfx* as n — 0o, which is the unique solution to the following variational

inequality

(U -f)x*,x—x*)>0, VxeF.

Page 6 of 10
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It immediately follows from (2.10) and (2.17) that
x, —>x*€F (n— o0). (2.19)

Next, for each i > 1, we consider the corresponding subsequence {xg)}keNt of {x,}, where
N; is defined by

-1
= {keN:k=j+ M,mzj,meN}.
For example, by the definition of N;, we have N; = {1,2,4,7,11,16,...} and i} =iy =iy = iy =
i1 =i = --- = 1. Note that (T,f)(i) = T;, whenever k € N; for each i > 1. It then follows from
(2.1) that
B = e () = £ @10) + (1 - ) Tl - )
xk+1 xk RIS VAUYS xk 1 a i =%k

+ (O‘/(<) “/gl)l)(f(xk 1) Txk 1)”
S Y A K o ¥ )
(l)

< [l = | + Mot (2:20)
where M := sup;cy, |[f(x§31) - T,»x,(illl < 0.
Thus, we have
I, —alll (e 1)2 i sl Mie? — ol
@2 T @»r  @)? (o))?
O 0
. X, —X .
= (1+ 171(:))7” k 81 + y,il), (2.21)

()2

. i Mla —ct \ i
= "1)2—1, y& = " “ DI 1Y < 00 and ZkeNiy,S)<oo.

() (l (i)
It follows from Lemma 1.3 that hmk_)oo % exists, and hence { k“ " } is bounded.
(@)

() _x
Then there exists an M; > 0 such that ”;;’”(17([)’;2“ <1,VkeN,.
i\
A0 0

t))2 ’

Taking /1 = we have, from (2.7),

”xk —xk+1||2 M;

M
(a(i))z 2}"( ( ) ¢(p xk+1)) /(<) (222)
k

This implies that, as N; 3 k — oo,

FONING
Tk Tkl g, (2.23)
o0
k

Furthermore, from (2.1), we have

@ _

(t)
X~ X1

:((I—f)+ (k(z T)) . (2.24)

Yk
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0]
! Z’; (I — T;) graph converges to (I —f) + Ng(r).

o

k
Since the graph of (I - f) + Np(r,) is weakly-strongly closed, we obtain that by taking into
(2.23) and (2.19),

In addition, by Lemmas 1.5 and 1.6, (I - f) +

0 € (I —f)x* + Npr) (x*) (2.25)
This implies that ((I — f)a*,x* —x) <0, Vx € F(T;), that is,

(T-f)x*,x—x*)>0, VxeF, (2.26)
since F C F(T;). The proof is complete. a

Theorem 2.2 Let H be a real Hilbert space, and let C be a closed convex nonempty subset
of H. Let S : C — C be a nonexpansive, and let f : C — C be a contractive mapping with
a contractive constant p € (0,1), and let {T;}?°, : C — C be a sequence of nonexpansive
mappings. Let {B;} be a sequence in [0,1) with some B;, = 0 and p; — 0 as i — co. Starting
from an arbitrary x; € C, define {x,} by

Xne1 = f () + (L= ) (B Sxn + (1= BS) Ty %), Vm>1, (2.27)

where {a,} C (0,1) satisfying the same conditions as in Theorem 2.1; B = B;,, T, = T} with

iy satisfying the positive integer equation n =i + @ (m=>i,n=1,2,...),and T} denotes
the same as that in Theorem 2.1. For each i > 1, a sequence of nonexpansive mappings

{Gi}2, : C — Cis defined by
Gx=BSx+(1-B)T;x, Vix=1 (2.28)

If the interior of F := N E(G;) # 9, then {x,} converges strongly to some point x* = Pefx*,
which is the unique solution to the following variational inequality

(U-f)x*,x—x*)>0, VxeF. (2.29)

Proof Foreachj>1,setting';:={neN:n=j+ @,m > j}, then we have

Gix = ,Ble + (1 — ﬁi)Y}x, Vie Fj. (230)
Hence, for any p € F,

p= lim Gp= - lim (BSp+(1-B)Tip)=Tp, Vj=1, (2.31)
/91*)00

Ijzi—>o0

which means that p € F, i.e., F C F. Since there exists some f;, = 0, we also have F C
F(Gj).
Now, for each n > 1, putting G}, = G;, with i, satisfying the positive integer equation:

(m-1)m
e (

n=i+ m > i, m € N), we have

Gix=Gix=B;,Sx+(1-Bi,)Tix=BSx+ (1- ) T*x, Vn>1 (2.32)
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It then follows from (2.27) that
K1 = 0f (%) + (1 — )Gy, V> 1 (2.33)

Therefore, by the assumption that the interior of F # ¢ and Theorem 2.1, {x,} converges
strongly to some point x* € F C F such that (I —flx*,x—x*) > 0,Vx € F(Gy), i.e.,

((I —f)a*,x —x*) >0, VxeF, (2.34)

since F C F(Gj,). This is equivalent to x* = Prfx*, which is the unique solution to the vari-
ational inequality above. The proof is complete. g

Theorem 2.3 Let H be a real Hilbert space. Let S : H — H be a nonexpansive and f :
H — H be a contractive mapping with a contractive constant p € (0,1), and let {T;}S, :
H — H be a sequence of nonexpansive mappings. Let {B;} be a sequence in (0,1) with B; —
0 as i — oc. Starting from an arbitrary x, € C, define {x,} by (2.27), where {«,} C (0,1)

15

satisfying the same conditions as in Theorem 2.1; B, = B;,, T, = T} with iy satisfying the

positive integer equation: n = i + W (m=>i,n=1,2,...)and T} denotes the same as that

in Theorem 2.1. If the interior of F := N F(Gy) # 0, where {G;}°, : H — H is defined the
same as that in Theorem 2.2, then {x,,} converges strongly to some point x* € H, which is a
solution to the hierarchical fixed point problem (1.1), i.e., x* € F such that

(x* —Sx*,x* —x) <0, VxeF. (2.35)
Proof Letting I'; denotes the same as that in Theorem 2.2, we have,

Kt = Qf () + (1 — ) (BiSxn + (1= B)T;%s), VneT,. (2.36)

By Theorem 2.2, x, — x* € F as n — oco. Taking limit on both sides in the equality above

yields that

x* = BiSx* + (1 - By, (2.37)
that is,

x* = Sx*. (2.38)

This implies that x* € F is a solution to the fixed point problem (1.1), i.e., it is a hierar-
chically common fixed point of a countable family of nonexpansive mappings {T;}°, with
respect to another nonexpansive mapping S. The proof is complete. d

Remark 2.4 Since the strong convergence theorems for solving some variational inequal-
ity problems and hierarchical fixed point problems are obtained without the aid of the
convex linear combination of a countable family of nonexpansive mappings, the results in
this article improve those of the authors with related interest.
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