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Abstract

Saadati et al. (Math. Comput. Model. 52:797-801, 2010) introduced the concept of
Q2-distance in generalized metric spaces and studied some nice fixed point theorems.
Very recently, Jleli and Samet (Fixed Point Theory Appl. 2012:210, 2012) showed that
some of the fixed point theorems in G-metric spaces can be obtained from
quasi-metric space. In this paper, we utilize the concept of £2-distance in the sense of
Saadati et al. to establish some common coupled fixed point results. Also, we
introduce an example to support the useability of our results. Note that the method
of Jleli and Samet cannot be used in our results.
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1 Introduction

In 2006, Mustafa and Sims [1] introduced a generalization of metric spaces, the G-metric
spaces, which assigns to each triple of elements a non-negative real number. Very recently,
Jleli and Samet [2] showed that some of the fixed point theorems in G-metric spaces can
be obtained from quasi-metric spaces. For some works in G-metric spaces, see [3—36]. In
2010, Saadati et al. [26] introduced the concept of Q2-distance and studied some nice fixed
point theorems (also, see [13]). Meanwhile, Bhaskar and Lakshmikantam [37] introduced
the concept of coupled fixed point and proved several fixed point theorems. Lakshmikan-
tam and Ciri¢ [38] generalized the concept of coupled fixed point to the the concept of
coupled coincidence point of two mappings [39]. After that, many authors established
coupled fixed point results (please, see [19—-44]). In the present paper, we utilize the con-
cept of Q-distance to establish some coupled fixed point results. Also, we introduce an

example to support the useability of our study.

2 Preliminaries
Definition 2.1 ([1]) Let X be an nonempty set. The mapping G: X x X x X — X is called
G-metric if the following axioms are fulfilled:

(1) G(x,9,2) =0 if x = y = z (the coincidence);

(2) Glx,x,9)>0forallx,ye X, x#y;

(3) G(x,x,2) < G(x,y,z) for each triple (x,y,2) from X x X x X with z # y;

(4) G(x,9,2) = G(p{x,y,2}) for each permutation of {,y,z} (the symmetry);

(5) G,y,2) < Gx,a,a) + G(a,y,z) for each «, y, zand a in X (the rectangle inequality).
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Definition 2.2 ([1]) Consider X a G-metric space and (x,) a sequence in G.
(1) (xy,) is called G-Cauchy sequence if for each € > 0 there is a positive integer n so that
for all m, n,l > no, G(x,,, %1, %;) < €.
(2) (x4) is said to be G-convergent to x € X if for each € > 0 there is a positive integer ng

such that G(x,,,x,,x) < € for each m, n > ny.

Definition 2.3 ([26]) Consider (X, G) a G-metric spaceand Q: X x X x X — [0, +00). The
mapping 2 is called an Q-distance on X if it satisfies the three conditions in the following:
(1) Qx,9,2) < Qx a,a)+ Qa,y,z) forall x, y, z, a from X.
(2) Foreachx,yfrom X, Q(x,y,-), 2(x,-,y): X — [0, +00) are lower semi-continuous.
(3) for each € >0 there is § > 0, so that Q(x,a,a) < 3§ and Q(a,y,z) < § imply
G(x,9,2z) <e.

The following lemma [13, 26] is going to be very helpful in computing the limits of sev-

eral sequences.

Lemma 2.1 Let X be a metric space, endowed with metric G, and let Q be an Q-distance
onX. (x,), (y,) aresequences in X, («,) and (B,,) are sequences in [0, +00) with lim,_, .o &t =
lim,— 100 B, = 0. If x, ¥, z and a € X, then
(1) If Yy, xux,) < oy and Qxy,y,2) < By for n €N, then G(y,9,2) < €, and, by
consequence, y = z.
(2) Inequalities QYu, Xu, %4) < &ty and QLxy, Y, 2) < By for m > n imply Gy, ym,z) = 0,
hence y,, — z.
(3) If Qxy, x4 x1) < 0ty for I, m,n € Nwithn <m <1, then (x,) is a G-Cauchy sequence.
(4) If Qxy,a,a) <ay, neN, then (x,) is a G-Cauchy sequence.

Definition 2.4 ([37]) Consider X a nonempty set. A pair (x,y) € X x X is called coupled
fixed point of mapping F: X x X — X if

F(x,y) = x, F(y,x) = y.

Definition 2.5 ([38]) Let X be a nonempty set. The element (x,y) € X x X is a coupled
coincidence point of mappings F: X x X - X and g: X — X if

F(x,y) = gx, F(y,x) = gy.

3 Main results

Theorem 3.1 Let (X, G) be a G-metric space and Q2 an Q-distance on X such that X is
Q-bounded. g: X — X and F: X x X — X are mappings. Suppose there exists k € [0,1)
such that for each x, y, z, x*, y* and z* in X

Q(F(x,y),F(x*,y*),F(z,z*)) + Q(F(y,x),F(y*,x*),F(z*,z))
< kmax{Q(gx, gx*, gz) + Q(g7,8"> g2"),

Q(gx* g%, g2) + Qey*, 27,877,
Q(gx, F(x*,5%), g2) + gy, F(y*,x%),g2%),
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Q(F(x,5).gx",g2) + Q(F(y, %), 8y, g2"),
Q(gx*, F(x,y),g2) + 2(gy", F (5, %), g2"),
Q(F(x,9), F(x*, %), gz) + Q(F(y,x), F(y*, %), gz") }.
Consider also that the following conditions hold true:
(1) F(X x X) CgX;

(2) gX is a complete subspace of X with respect to the topology, induced by G;
(3) IfF(u,v) #gu or F(v,u) # gv, then

inf{Q(gx, F(x,), gu) + Q(gy, F (5, %), gv)
+ Q(gx, gu, F(x,9)) + (g9, gv, F(y,%)) } > 0.

Then, F and g have a unique coupled coincidence point (u,v). Moreover, F(u,v) = gu =

gv=F(v,u).

Proof Consider xp € X and yo € X. Because F(X x X) C gX, there exist x; and y; in X such
that gy = F(xo,y0) and y1 = F(¥0,%0). By continuing the process, we obtain two sequences,
(x,) and (y,), with the properties

Xps1 = F(xmyn)) &YVn+1 = F()’mxn)

Using the contraction condition, we obtain

Q(gxn, &%n1) nvs) + RLYn> EVns1, GYnss)

= Q(F(n-1,Yn-1)» F @ Yn)s F Krrs-1, Ynas-1))
+ QFWn-15%n-1)s F Qs %)y F W1 Xvs1))

< kmax{Q(gxn-1, 8% Eonrs-1) + LYn-1,Vn» Lnes-1)s
Q(%, %n-1,&%n+s5-1) + RLVn> EYn-1,&Vn+s-1),
Q(g%n-1,8%n+1, G¥nss-1) + R(Vn-1,&Vn+1,&Vn+s-1),
Q(gxn, gxn> Ghns-1) + (V> V> &Ynas—1)
Qg% @1 Gnas—1) + LV ni1r Pines—1) -

By applying the contraction inequality repeatedly, we get that

(8% §Xn1, Gnvs) + GV &Vns1:nss)

< k"t (ir;ltr;lécA{Q(gxi,gx/,gxt) + gy gy 1)} 1)

where A={(i,j,t)[1<i<nl<j<n+ls+1<t<n+s-1}
Since X is ©2-bounded, there is M > 0 such that Q(x,y,z) < M for each triple (x,y,2) €

X x X x X. Hence, relation (1) becomes

Q(gxn:gxnﬂygxnﬂ) + Q(gymgynﬂtgynﬂ) < 2k”71M-
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Consider now [ > m > n > 0, [, m,n € N. The following relations hold true:

Qg% i, 8> g%1) < Q8%1> i1 &Xni1) + (X415 8> GX1)
< Q(gxmgxnﬂxgxnﬂ)
+ Q(gXnr1) GXne2s GHna2) + -+ + RGXn—158%ms §X1); ()

and, also

Q(gymgym;gyl) =< Q(gymgyn+1’gyn+l) + Q(gynﬂrgym’gyl)
< QY Yn+1>&Yn+1)
+ Q(gyn+1’gyn+27gyn+2) L Q(gym—lrgym’gyl)- (3)

Making the sum of relations (2) and (3), and using inequality (1), it follows that

Qg% s, 8> g%1) + Q&Y Ymr V1)
<OM(K" 4K 4+ K72

1
<2MK'"' —.
- 1-k
Lemma 2.1, part (3), implies that (gx,,) and (gy,) are G-Cauchy sequences. Since gX is a
complete G-subspace of X, there are gu and gv in gX such that gx, — gu and gy, — gv.
Let € > 0. From the lower semi-continuity of €2, we get

Qg g, gu) < lgg)riglofﬂ(gxn,gxm,gxp) <€, m>n, (4)
gy gYm>gV) < lggljgof QY &m Qp) <€, m=n, 5)
Q(gx,, gu, gx;) < lggjgofﬂ(gxn,gxp,gxl) <e¢, I>n (6)
Q(gyn,gvgy1) < lljgjgof Q) <€, l=n @)

Suppose that F(u,v) # gu or F(v,u) # gv. Applying hypotheses (3) of the theorem, and
using inequalities (4)-(7), we obtain
0 < inf{ (¥, F (%> ) g1t) + (Vs F s %), gV)
+ (g gt F%s Y)) + (Y 8V F Oy %)) } < 4
for each € > 0, which is a contradiction.
Therefore, F(u,v) = gu and F(v,u) = gv.
Using the contraction condition from the hypotheses, we get
Q(F(u: V)¢gxn+1:gxn+l) + Q(F(V¢ M)¢gyn+1;gyn+l)
= Q(F(u» V))F(xnxyn)xp(xn:yn)) + Q(F(V) u))F(yn:xH))F(Yann))

< kmax{Q(gu,gx,,,gx,,) + Q(gv, 2V, &Vn);

Page 4 of 15
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Qg% g1, g%n) + 28V &V>ZVn)»
Q(gu;gxnﬂ;gxn) + Q(g‘/,gynﬂygyn)
Q(gxn, gt §%1) + QY &> V) }-

We apply repeatedly the contraction inequality, and we obtain

Q(F (4, V), gns1,&8ni1) + QE(WV, 1), @11, QYns1)
<k" max{ Q(gu, gxi, gx1) + Qgv, gyi, g01),
Q(gnj, gu, gn1) + Qgypgv. )1 <i<nl<j<n+1}.

Since X is -bounded, it follows that
Q(F(u4, V), @%ns1,&ns1) + QE(V, 1), @ne1, Qni1) < 2MK". (8)
In a similar manner, it can be proved that
Q(gxns1, F(u,v), F(v, 1)) + Qgymsr, F(v, ), F(u,v)) < 2MK". 9)

Taking into account (8), (9) and the first statement of Lemma 2.1, we get gu = gv.
We will prove now the uniqueness of the coupled coincidence point of F and g.
Suppose (#,v) and (u*, v*) are coupled coincidence points of F and g. Using the contrac-

tion condition, we obtain

Qgu, gu, gu) + Q(gv, gv, gv) < k(Qgu, gu, gu) + (g, gv.gv)),

hence 2(gu, gu, gu) = Q(gv, gv,gv) = 0.
On the other hand,

Q(gu*, gu, gu) +Q(gv, gv.gv)
<k max{Q(gu*,gu,gu) +Q(gv*, gv.gv), Q(gu,gu*,gu) + Q(gv,gv*,gv)} (10)
and
Q(gu, gu®, gu) + Q(gv, av', gv)
< kmax{Q(gu*, gu, gu) + Q(gv*,gv. gv), gu, gu*, gu) + Q(gv.gv*,gv)}. (11)
Relations (10) and (11) imply that Q(gu*, gu, gu) = Q(gu, gu*, gu) = 0 and also Q(gv*, gv,gv) =
Q(gv,gv*,gv) = 0. Lemma 2.1 imposes that gu = gu™ and gv = gv*, and the uniqueness is
proved. O

If we take g = Idx in Theorem 3.1, we easily get the following.

Corollary 3.1 Let (X, G) be a complete G-metric space, and let Q2 be an Q-distance on X
such that X is Q-bounded. Suppose F: X x X — X is a mapping for which there exists
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k € [0,1) such that for each x, y, z, x*, y* and z* in X

Q(F(x,9), F(x*,5%), F(z,2")) + Q(F(y,x), F(y*,%%), F(z",2))
< kmax{Q(x 2%, 2) + Q1,55 2%), Q(x*,%,2) + @y, 3,27),
Q(x, F(x*,5"),2) + Q. F(y*,5*),2%),
Q(F(x,9),x%,2) + Q(F(y,%),y",2"),
Q(x*, F(x,9),2) + Q(y", F(5,%),2"),
Q(F(x,9), F(x*,5%),2) + Q(F (9, %), F(y*,x%),2%) }.

Counsider also that if F(u,v) # u or F(v,u) # v, then

inf{Q(x, F(x,y), u) + Q(y, F(5,%),v)

+Q(F(x,), u,x) + Q(F(y,%),v,9)} > 0.

Then, F has a unique coupled fixed point (u,v). Moreover, F(u,v) = u =v = F(v, u).

Corollary 3.2 Let (X, G) be a G-metric space, and let Q be an Q-distance on X such that
X is Q-bounded. g: X — X and F: X x X — X are mappings. Suppose that there exists
k1, ka, k3, ka, ks, kg € [0,1) with ki + ky + k3 + kg + ks + k¢ < 1 such that for each x, y, z, x*, y*
and z* in X

Q(F(x,y), F(x*,y%),F(2,2%)) + Q(F(y,%), F(y*,x%), F (", 2))
< ki (Q(gx g, g2) + Qgy, 29", 82"))
+ ko (Qgx", gx, g2) + Q(ey",99,82"))
ko Qe F(x97),22) + 2en FO ) 2))
+ ka(QF(x,7), 85", g2) + Q(F(3,%),y", g2"))
+ ks (Q(gx*, F(x,9),g2) + Qgy*, F(y,x),82%))
+ ke ((F(x,9), F(x*,5*), g2) + Q(F(y,x), F(y*,x%), g2")).
Consider also that the following conditions hold true:
(1) F(X x X) € gX;

(2) gX is a complete subspace of X with respect to the topology induced by G;
(3) If F(u,v) # gu or F(v,u) # gv, then

inf{2(gx, F(x,), gu) + Q(gy, F (5, %), gv)
+ Q(gx, gu, F(x,y)) + Q(gy,gv, F(y,x))} >0

Then, F and g have a unique coupled coincidence point (u,v). Moreover, F(u,v) = gu =

gv=F(v,u).
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Proof Follows from Theorem 3.1 by noting that

ki (gw, gx*,g2) + (g9, 87" 82")
+ ko Q(gx", gr, g2) + Qgy",27,82")
+ k3 Q(gx, F(x*,y*), g2) + Q(gy, F(v*,%*), g2")
+ ka2 (F(x,9), g%, 82) + Q(F(9,%), 8y", g2*)
+ ksQ2(gx*, F(x,9),g2) + Qgy*, F (5, %), g2%),
+ ke Q2(F(x,9), F(x*,5%), g2) + Q(F(y,x), F(y*,x"),g2")
< kmax{Q(gx, gx*, gz) + Q(27,2" . g2"),
Q(gr",gx.g2) + 2(ey",89,87")
Q(gn, F(x*,y"), g2) + gy F(y*,x"), g2°),
Q(F(x,y),g5",g2) + Q(F(y,x), 8y"> g2"),
Q(gr', F(x,), g2) + Qgy* E(p %), 827),
Q(F(x,9), F(x*,y%), g2) + Q(F(y,%), F(y*,x*), g2") }. O

If we take g = Idx in Corollary 3.2, we easily get the following.

Corollary 3.3 Let (X, G) be a complete G-metric space, and let Q be an Q-distance on X
such that X is Q-bounded. Suppose F: X x X — X is a mapping, for which there exists
k1, ko, k3, ka, ks, ke € [0,1) with ki + ky + k3 + kg + ks + k¢ < 1 such that for each x, y, z, x*, y*
and z* in X

Q(F(x,9), F(x*,5%), F(2,2)) + Q(F(y,x), F(y*,%%), F (z*,2))
<k(Qxx%2) + Qyy"2%))
+ ko (", x,2) + sz(y*,y,z*))
(@ F(x,5),9) + Q0 F(27), 2))
+ ka (Q(F(x,y), % z) + Q(F(y,x),y%,2"))
+ ks (Qx", F(x,9),2) + QY F(y,%),2%))
+ ke (Q(F(x,9), F(x*,5%),2) + Q(F (3, %), F(y*,%%),2")).

Counsider also that if F(u,v) # u or F(v,u) # v, then

inf{S2(x, F(x, ), ) + (3, F(3,%), )
+ Q(F(x,), u,x) + Q(F(y,%),v,5)} > 0.

Then, F has a unique coupled fixed point (u,v). Moreover, F(u,v) = u =v = F(v, u).

By modifying the contraction condition, we get the following theorem.
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Theorem 3.2 Let (X, G) be a G-metric space, and let Q2 be an Q-distance on X such that
X is Q-bounded. g: X — X and F: X x X — X are mappings. Suppose that there exist
ki, ky € [0,1) with ky + ky < 1 such that for each x, y, z, x*, y* and z* in X
Q(F(x,y),gx", F(z,2")) + Q(F(y,%),gy", F(z",2))
< ky max{Q(g, gx*, g2) + Q(gy,2y",22"),
Q(gx",gx,g2) + ey, 29,87),
Q(F(x,y), g5, g2) + QE (1, %), 8v",g2%),
Q(gx", F(x,9),g2) + Q(gy*, F (5, %), gz*) }
+ ko (QF@,), F(x",5") F(2,2)) + Q(F0, %), F(y",2%), F (2", 2))),

and the conditions (1)-(3) from Theorem 3.1 hold.
Then, F and g have a unique coupled coincidence point (u,v). Moreover, F(u,v) = gu =

gv=F(v,u).

Proof Let xo and yo be elements of X. Since F(X x X) C gX, there exist x; and y; in X such
that gx; = F(x0,%0) and y1 = F(y0,%0). Repeating this procedure, we obtain two sequences,
(%,,) and (y,), with the properties

Xps1 = F(xmyn)’ Vn+1 = F(yn’xn)~

The contraction condition implies that

Q(gxn, g¥ns1) &nvs) + (Vs Vn+1,&Ynss)

= Q(F(n-1,Yn-1)s @ns1s F Ks—15 Ynes-1))
+ Q(F(yn—l,xn—l)’gynﬂrF(y;«l+s—1rxn+s—1))

<k max{Q(gxu_1,@¥n+1,nes-1) + 2Vn-1,ns1, Qnes-1);
Q(g%n+1,&%n-1,%nss-1) + RVn+1,&Vn-1,&Vn+s-1),
Q(g%u, gXns1, nvs1) + Vi) 8Vns1) &nss-1)
QX115 G Gnas—1) + QLLYni1s Qs Qnrs1) |
+ ky (g% §%ne1, @nes) + QLns QY1 nes))»

which leads us to

Q(gxn, X1, nvs) + 2LVnr Vi1, §Vnss)
< kmax {Q(gx-1, 8¥ns1r Gnss-1) + RLn-1,&Vn+1,nrs-1)s
Q(g%n+1,8%n-1,%nss-1) + RVn+1,&Vn-1,&Vn+s1),
Q(g%n, gxns1, nvs1) + Vi) 8Vns1) &nss-1)
Q(gxns1, &> Gnrs—1) + RLVns1, Qs Qnrs-1) >

wherek=%<1.
—K2

Page 8 of 15
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Following the same steps, as we did in Theorem 3.1, the conclusion is straightfor-
ward. O

Theorem 3.2 leads us to a coupled fixed point property, by considering g = Idy.

Corollary 3.4 Let (X, G) be a complete G-metric space, and let Q be an Q-distance on X
such that X is Q-bounded. Suppose that F: X x X — X is a mapping, for which there exist
ki, ky € [0,1) with ki + ky < 1 such that for each x, y, z, x*, y* and z* in X

Q(F(x,y),5",F(z,2%)) + Q(F(y,%),5", F(z",2))
< kamax{Q(x,x%,2) + (35", 2°),
Q(x%,x,2) + Q5 3,2%),
Q(F(x,9),x%,2) + QF(y,%),5",2"),
Q(x*, F(x,9),2) + Qv F(9,%),2") }

+k2( (F(x,) ( ) ( z*))+Q(F(y,x),F(y*,x*),F(z*,z))),

and if F(u,v) # u or F(v,u) # v, then

inf{Q(x, F(x,9), 1) + Q(y, F(y, %), v)

+Q(x, 1, F(%,9)) + 2(y,v, F(y,x)) } > 0.
Then, F has a coupled fixed point (u,v). Moreover, F(u,v) =u =v = F(v,u).

Theorem 3.3 Let (X, G) be a G-metric space, and let Q2 be an Q-distance on X. Consider
F: XxX—>X,g:X— Xand¢: gX - R, such that

Q(gx, F(x,9),F(z.2")) + 2(gy, F(9, %), F (%, 2))
< p(gw) + d(gy) + B(g2) + P (g2)
~¢(F) = $(F0r%) - ¢ (F(2.2")) - $(F(2"2))
forall x,y,z,z* € X. Suppose that the following conditions are fulfilled:
(1) F(X x X) CgX.
(2) gX is a complete subspace of X with respect to the topology, induced by G

(3) There exists k > 0 such that Q(x,x,y) < kQ(x,y,y) holds for all x,y € X.
(4) IfF(u,v) # gu or F(v,u) # gv, then

inf{2(gx, F(x, ), gu) + Q(gy, F (5, %), gv)
+ Q(gx,gu, F(x,y)) + Q(gy,gV,F(y,x))} >0

Then F and g have a coupled coincidence point (u,v).

Proof Consider (x9,%0) a pair from X x X. As F(X x X) C gX, there exist (x1,)1) € X x X
so that gx1 = F(x0,%0), g1 = F(¥0,%0).

Page 9 of 15
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We continue the process, and we obtain two sequences (x,), (y,) from X, having the
properties that

X1 = F(xn’yn): &Vn+1 = F()/mxn)'

Using the contraction condition, we get

Q(gxmgxmlygxnﬂ) + Q(gymgynﬂ:gynH)
= Q(gme(xmyn),F(xmyn)) + Q€Y1 FOns %)y F Yy %)

= 2Q(gxn) + ZQ(gyn) - 2Q(gxn+l) - 2Q(gyn+l)~ (12)

For m > n, the first part of the definition Q-distance and (12) yields

Qg% 8Xm» &%m) + ULYns &Y m> &Ym)
m-1

< ) [QAgwk g¥ki15gFki1) + ALYk ki1, Vks1)]- (13)
k=n

Let

Su= ) [Qgxkr&Xki1,g%ks1) + Vi ki1, LYkr1) |-
k=0

According to (12),

Sn = 2¢(gx0) + 2¢(gy0) — 2¢(g%ni1) — 2¢(gyn1) = 2(gx0) + 2¢(gyo).

Thus, (S,) is an increasing bounded sequence, so

lim s, =) " [Q(gxk k1, ki) + gV ka1, Qi)
n—+00 =

exists.

Now, we shall show that (gx,,) and (gy,) are G-Cauchy sequences in gX. Consider € > 0.
By part (3) of the definition of an Q-distance, we choose § > 0 such that if Q(x,a,4) < §
and Q(x,9,2) <, then G(x,y,z) < €. Let n = min{3, %}.

Using the fact that

> [Qgxi ki1, @5k1) + LYk k1, EYkr1)] < +00

n=0

and letting n — +00 in (13), we choose 1y € N such that

Qg% 8> &Xm) + LV LV &Ym) <1 < 8

for all m > n > ny.
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Thus,
Q(gx, GXm> gxm) < 8
and
ey 8Ymr 8Ym) < 8
for all m > n > ny. Also we have
Qs G 8X1) + 2AZYim> &Y V1) < K[ 2(Hs Gy €1) + QLYrr &Y V1)) < k) < 8
for all [ > m > ngy. Thus,
Q(gx 1, @ gX1) < 8
and
QY &Y &Y1) < 8
for all m > n > ny. Thus, by part (3) of the definition of Q2-distance, we have
G(gxy, g, gxy) < €
and

G(gYn, &Ymr &) < €

forl>m>n> ng.

Therefore, (gx,) and (gy,) are G-Cauchy sequences. As gX is G-complete, it follows that
there are u, v € X so that lim,,_, ;oo g%, = gu and lim,,, ;0 gV, = gVv.

Since €2 is lower semi-continuous in its second and third variable, we obtain, for € > 0

Q(gxy,, g, gu) < Eg}&fﬂ(gxn,gxm,gxp) <e, m>n, (14)
gy gym gv) < iminf gy, gym &yp) <€ m=zm, (15)
Q(gx,, gu, gx;) < llggjgofﬂ(gxn,gxp,gxl) <e, I>n (16)
gy gv,gy) = liminfQ(gyn gyp.gy) <€, Lz n. (17)

We make the sum of inequalities (14), (15), (16) and (17). It follows that

0 < inf{ (¥, F (%> ) g1t) + (Vs F s %), gV)

+ (g% g1, F % 1)) + Qgyno gV, Fym %)) | < e,

for each € > 0, which contradicts the hypothesis.
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Hence, F(u,v) = gu and F(v,u) = gv, that is, (&, v) is a coupled coincidence point of F
and g. O

By considering g = Idy, we get the following corrolary.

Corollary 3.5 Let (X, G) be a complete G-metric space, and let Q be an Q2-distance on X.
Consider F: X x X — X and ¢: X — R, such that

Q(x,F(x,9),F(z,2")) + (3, F(3, %), F(z%,2))
<o) + () + () +9(2")
$(F) - $(FG ) ~ $(F(52)) - 6(F(2",2)
forall x,y,z,z* € X. Suppose that the following conditions are fulfilled:
(1) There exists k > 0 such that Q(x,x,y) < kQx,y,y) holds for all x,y € X.
(2) If F(u,v) Zu or F(v,u) # v, then

inf{Q(x, F(x,y), u) + Q(y, F(5,%),v)

+ Q(x, u, F(x,9)) + Q(y,v,F(y,x))} > 0.
Then F has coupled fixed point (u,v).
Now, we introduce the following example to support the useability of our result.

Example 3.1 Let X = [0,1]. Define

G: X xXxX—R", Gx,y,2)=lx—yl+|x—zl+|y—z|

and
Q: X x X xX— RY, Qx,9,2) =[x —y| + |x - z|.
Also define
F: XxX—X, F(x,y):%x; g X—>X, gx=x ¢: X —>RY, ¢x) =4«
Then,

(1) (X,Q) is a complete G-metric space.
(2) Qis Q-distance.

(3) Qx,x,9) <2Q(x,y,y) forallx,y € X.
(4) F(X x X) C gX.

(5) Forx,y,z,2* € X we have

Q(x, F(x,9),F(z,2")) + Q(3, F(5, %), F(2%,2))
<o) + () +d(2) + ¢ (2")
 0(F) - (F00) - 62 9(F(2)
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(6) If F(u,v) # u or F(v,u) #v, then

inf{Q(x, F(x,9), ) + Q(y,F(,%),v)

+ Q(x, u,F(x,y)) + Q(y,v,F(y,x))} > 0.
Proof The proof of (1), (2), (3) and (4) is clear. To prove (5) given x,y,z,z* € X.
Q(x, F(x,9),F(z,2")) + Q3. F (5, %), F(z*,2))

ol Y ofs 11
= X, =X, = + y S S
272" V¥ a*

1 1] 1 1,
=—x+|x——z|+=y+|y-=
XTI TRH YT TSR

3 1 3 1,
<X+ -z+ =Y+ -2
22 202

<2x+2y+2z+27
= 6(x) + $0) + 6(2) + 6 (27)
~¢(F(x) -6 (Frx) - ¢(F(2,27)) - 6 (F(2"2))-

To prove (6), let F(u,v) #u or F(v,u) #v. Then u #0 or v # 0. Thus,

inf{Q(x, F(x,y), u) + Q(y, F(5,%),v)

+Q(x, 1, F(%,9)) + Q(y, v, F(y,%)) 15,y € X}
inf{ Q 1 Q 1
=1n y SN U |+ SV
2 X
1 1
+Q<x,u,§x>+Q(y,v,§y):x,y€X}

:inf{x+2|x—u|+y+2|y—v| :x,yeX}
=inf{x+2|x—u|:x€X} +inf{y+2|y—v|:yeX}

>u+v>0.

So, F and g satisfy all the hypotheses of Corollary 3.5. Hence the mappings F and g have
a coupled coincidence point, Here (0, 0) is the coupled coincidence point of Fand g. [J
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