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Abstract
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1 Introduction
Fixed point theory is of wide and endless applications in many fields of engineering and
science. Its core, the Banach contraction principle, has attracted many researchers who
tried to generalize it in different aspects. Some dealt with the contractive condition itself,
of worthmentioningMeir-Keeler contractive type [–], some extended it to more gener-
alized metric-type spaces [–] and others applied to common [], coupled and tripled
versions (see [, ] and the references therein). In Meir and Keeler [] established
a fixed point theorem in a metric space (X,d) for mappings satisfying the following con-
dition, called the Meir-Keeler type contractive condition:

∀ε > ,∃δ > : ε ≤ d(x, y) < δ + ε implies d(fx, fy) < ε. ()

In  Maiti and Pal [] generalized a fixed point for maps satisfying the following con-
dition:

∀ε > ,∃δ > : ε ≤ max
{
d(x, y),d(x, fx),d(y, fy)

}
< δ + ε implies d(fx, fy) < ε. ()

Later in , Park and Rhoades in [] established fixed point theorems for a pair of map-
pings f , g satisfying a contractive condition that can be reduced to the following general-
ization of () when f = g .

∀ε > ,∃δ > : ε ≤ max

{
d(x, y),d(x, fx),d(y, fy),

d(x, fy) + d(y, fx)


}
< δ + ε

implies d(fx, fy) < ε. ()
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In this article we develop the fixed point theorems for α-contractive typemaps introduced
recently in [] (for theα-ψ-contractivemultivalued case, see []) toMeir-Keeler versions
and hence generalize the results obtained in [] and the references therein. Then, we apply
part of our results to the coupled case on the basis of Amini-Harandi [].

2 Fixed and common fixed point theorems for generalizedMeir-Keeler
α-contractivemaps and pairs

The first part of the following definition was introduced in [].

Definition  Let f , g : X → X be self-mappings of a set X and α : X × X → [,∞) be a
mapping, then the mapping f is called α-admissible if

x, y ∈ X, α(x, y)≥  ⇒ α(fx, fy) ≥ 

and the pair (f , g) is called α-admissible if

x, y ∈ X, α(x, y)≥  ⇒ α(fx, gy)≥  and α(gx, fy)≥ .

Example  Let X =R and

α(x, y) =

⎧⎨
⎩
, x, y ∈ [, ],

, otherwise.

Then the pair (x/,x/) is α-admissible but the pair (x/,x + ) is not α-admissible.

Definition  Let (X,d) be a metric space and f : X → X be a self-mapping, α : X × X →
[,∞) be a mapping. Then f is called Meir-Keeler α-contractive if, given an ε > , there
exists a δ >  such that

ε ≤ d(x, y) < ε + δ implies α(x, y)d(fx, fy) < ε.

Definition  Let (X,d) be a metric space and f : X → X be a self-mapping, α : X × X →
[,∞) be a mapping. Then f is called generalized Meir-Keeler α-contractive if, given an
ε > , there exists a δ >  such that

ε ≤ Mf (x, y) < ε + δ implies α(x, y)d(fx, fy) < ε,

where

Mf (x, y) =max

{
d(x, y),d(x, fx),d(y, fy),

d(x, fy) + d(y, fx)


}
.

Definition  Let (X,d) be a metric space and f , g : X → X be self-mappings, α : X ×X →
[,∞) be a mapping. Then the pair (f , g) is called generalized Meir-Keeler α-contractive
if, given an ε > , there exists a δ >  such that

ε ≤ M(f ,g)(x, y) < ε + δ implies α(x, y)d(fx, gy) < ε, ()
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where

M(f ,g)(x, y) =max

{
d(x, y),d(x, fx),d(y, gy),

d(x, gy) + d(y, fx)


}
.

We writeMf (x, y) =M(f ,f )(x, y).

Clearly, f is generalized Meir-Keeler α-contractive if and only if (f , f ) is generalized
Meir-Keeler α-contractive.

Definition  Let X be any set, x ∈ X and f , g be self-maps of X. Define xn+ = fxn and
xn+ = gxn, n = , , , . . . . Then {xn} is called the (f , g)-orbit of x. If d is a metric on X,
then (X,d) is called (f , g)-orbitally complete if every Cauchy sequence in the (f , g)-orbit of
x is convergent and the map f or g is called orbitally continuous if it is continuous on the
orbit.

The proof of the following lemma is immediate.

Lemma  Let f , g : X → X be self-mappings of a set X, α : X × X → [,∞) be a mapping
and {xn} be the (f , g)-orbit of x with α(x, fx) ≥ . If the pair (f , g) is α-admissible, then
α(xn,xn+) ≥  for all n = , , , . . . .

Theorem  Let (X,d) be an (f , g)-orbitally complete metric space, where f , g are self-
mappings of X. Also, let α : X ×X → [,∞) be a mapping. Assume the following:
. (f , g) is α-admissible and there exists an x ∈ X such that α(x, fx)≥ ;
. the pair (f , g) is generalized Meir-Keeler α-contractive.

Then the sequence dn = d(xn,xn+) is monotone decreasing. If,moreover, we assume
that

. on the (f , g)-orbit of x, we have α(xn,xj) ≥  for all n even and j > n odd and that f
and g are continuous on the (f , g)-orbit of x.

Then either () f or g has a fixed point in the (f , g)-orbit {xn} of x or () f and g have a
common fixed point p and limxn = p. If,moreover, we assume that the following condition
(H) holds: If {xn} is a sequence in X such that α(xn,xn+) ≥  for all n and xn → x implies
α(xn,x)≥  for all n, then uniqueness of the fixed point is obtained.

Proof Define dn = d(xn,xn+) for n = , , , . . . . If dn =  for some even integer n, then f
has a fixed point. If dn =  for some odd integer n, then g has a fixed point. Hence, we
may assume that dn 
=  for each n. The fact that the pair (f , g) is generalized Meir-Keeler
α-contractive implies that

α(x, y)d(fx, gy) <Mf (x, y) for each x, y ∈ X,x, y 
= . ()

Note that assumption () implies that α(x, fx) ≥ . Hence, since (f , g) is α-admissible,
then Lemma  implies that α(xn,xn+) ≥  for all n = , , , . . . and hence by (), we have

dn = d(fxn, gxn–)

≤ α(xn,xn–)d(fxn, gxn–)
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< max

{
dn–,

d(xn–,xn+)


}

≤ max

{
dn–,

dn– + dn


}
, ()

whence dn < dn–. �

Similarly, it can be shown that dn+ < dn. Thus, {dn} is monotone decreasing in n and
converges to a limit, say �.
Suppose � > . Then, for each δ > , there exists a positive integer N = N(δ) such that

� ≤ dN = d(xN ,xN+) < � + δ, where N can be chosen even. Thus, from assumption () and
Lemma , we have dN+ ≤ α(xN ,xN+)d(fxN , gxN+) < �, a contradiction. Therefore, � = .
To show that {xn} is Cauchy, we assume the contrary. Thus, there exists an ε′ >  such
that for each integer N , there exist integersm > n >N such that d(xm,xn) ≥ ε′. Define ε by
ε′ = ε. Choose a number δ,  < δ < ε, for which () is satisfied. Since � = , there exists an
integer N =N(δ) such that di < δ

 for i≥ N . With this choice of N , pick integersm > n >N
such that

d(xm,xn)≥ ε > δ + ε, ()

inwhich it is clear thatm–n > .Otherwise, d(xm,xn) ≤ ∑
i= di+n < δ < δ+ε, contradicting

(). Without loss of generality, we may assume that n is even since from () it follows that
d(xm,xn+) > ε + δ

 . From () there exists the smallest odd integer j > n such that

d(xn,xj) ≥ ε +
δ


. ()

Hence, d(xn,xj–) < ε + δ
 , and so d(xn,xj) ≤ d(xn,xj–) + dj– + dj < ε + δ

 + ( δ
 ) = ε + δ

 .
Therefore, we have

ε < d(xn,xj) ≤ M(f ,g)(xn,xj)

≤ max

{
d(xn,xj),

d(xn,xj+) + d(xj,xn+)


}

≤ d(xn,xj) + dj + d(xj,xn) + dn


≤ d(xn,xj) +
δ


≤ ε + δ,

so that, by () and assumption (), d(xn+,xj+)≤ α(xn,xj)d(xn+,xj+) < ε. Then we have

d(xn,xj) ≤ dn + d(xn+,xj+) + dj

<
δ


+ ε +

δ


= ε +

δ


.

This contradicts the choice of j in (). Therefore, {xn} is Cauchy.
Since X is (f , g)-orbitally complete, {xn} converges to some point p ∈ X. Since f and g

are orbitally continuous, then p is a common fixed point of f and g . To prove uniqueness,
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assume p is the common fixed point obtained as xn → p and q is another common fixed
point. Then () and the condition (H) yield

d(p,q) = d(fp,q) ≤ d(fp, gxn) + d(gxn,q)

≤ α(xn,p)d(fp, gxn) + d(gxn,q)

< M(f ,g)(xn,p) + d(gxn,q).

If we let n → ∞, then we reach d(p,q) < d(p,q), which implies that p = q.

Corollary  Let (X,d) be an f -orbitally complete metric space, where f is a self-mapping
of X. Also, let α : X ×X → [,∞) be a mapping. Assume the following:
. f is α-admissible and there exists an x ∈ X such that α(x, fx) ≥ ;
. f is generalized Meir-Keeler α-contractive.

Then the sequence dn = d(xn,xn+) is monotone decreasing. If,moreover, we assume
that

. on the f -orbit of x, we have α(xn,xj) ≥  for all n even and j > n odd.
Then either () f has a fixed point in the f -orbit {xn} of x or () f has a fixed point p
and limxn = p. If, moreover, we assume that the following condition (H) holds: If {xn} is a
sequence in X such that α(xn,xn+) ≥  for all n and xn → x, then α(xn,x) ≥  for all n, then
uniqueness of the fixed point is obtained.

Since generalized Meir-Keeler α-contractions are Meir-Keeler α-contractions, then
Corollary  is valid also for Meir-Keeler α-contractions. In the following example, the ex-
istence and uniqueness of the fixed point cannot be proved in the category of Meir-Keeler
contractions, but can be proved by means of Corollary .

Example  LetX = [, ] with the absolute valuemetric d(x, y) = |x–y|. Define f : X → X
by

f (x) =

⎧⎪⎪⎨
⎪⎪⎩
, x = 

 ,

, x ∈ [,  ) – { 
 },


 , x ∈ [  , ].

Then, for ε = 
 , x = 

 and any δ > , we have 
 ≤ |  – y| < δ + 

 implies y ∈ [  , ] and
hence d(fx, fy) = d(,  ) =


 > ε. Hence, f is not a Meir-Keeler contraction. However, f is a

Meir-Keeler α-contraction, where

α(x, y) =

⎧⎨
⎩
, x, y ∈ [  , ],

, otherwise.

Indeed, for  < ε <  (the case ε ≥  is trivial, since |fx – fy| ≤ ), let δ = ( – ε), then ε ≤
α(x, y)d(x, y) < δ + ε =  implies that x, y ∈ [  , ] and hence d(fx, fy) = |  – 

 | =  < ε. Also,
notice that f is continuous on the orbit of x =  and that α(xn,xj) ≥  for all n, j. Clearly,
p = 

 is the unique fixed point.
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Remark  Note that the admissibility condition () in Theorem  is not enough to pro-
ceed to guarantee the existence of the fixed point. However, such an admissibility condi-
tion was used in obtaining the main result in Theorem . of [].

3 GeneralizedMeir-Keeler α-f -contractive fixed points
Definition  Let f be a continuous self-map of a metric space (X,d), Cf = {g : g : X →
X, such that fg = gf and gX ⊆ fX}, the sequence {fxn} defined by fxn+ = gxn, n = , , , . . . ,
with the understanding that if fxn = fxn+ for some n, then fxn+j = fxn for each j ≥  is called
the f -iteration of x under g .

Definition  Let f be a self-map of a metric space (X,d) and g ∈ Cf . Then g is called
a Meir-Keeler α-f -contractive map if for each ε > , there exists a δ >  such that for all
x, y ∈ X,

ε ≤ d(fx, fy) < ε + δ implies α(x, y)d(gx, gy) < ε. ()

Definition  Let f be a self-map of a metric space (X,d) and g ∈ Cf . Then g is called a
generalized Meir-Keeler α-f -contractive map if for each ε > , there exists a δ >  such
that for all x, y ∈ X,

ε ≤ Mg(f )(x, y) < ε + δ implies α(x, y)d(gx, gy) < ε, ()

whereMg(f )(x, y) =max{d(fx, fy),d(fx, gx),d(fy, gy), d(fx,gy)+d(fy,gx) }.

Lemma  Let f , g be continuous self-maps of a metric space (X,d) such that g ∈ Cf . As-
sume g is a generalized Meir-Keeler α-f -contractive map such that α(xn,xn+) ≥  for all n.
Then inf{d(fxn, fxn+) : n = , , , . . .} = .

Proof Let σ = inf{d(fxn, fxn+) : n = , , , . . .} and σ > . From the definition of the f -
iteration of x under g and from the fact that g is a generalizedMeir-Keeler α-f -contractive
map, for each n, we have

d(fxn+, fxn+) = d(gxn, gxn+)≤ α(xn,xn+)d(gxn, gxn+)

< max

{
d(fxn, fxn+),d(fxn, gxn),d(fxn+, gxn+),

d(fxn, gxn+) + d(fxn+, gxn)


}

= max

{
d(fxn, fxn+),d(fxn, fxn+),d(fxn+, fxn+),

d(fxn, fxn+) + 


}

= max

{
d(fxn, fxn+),

d(fxn, fxn+)


}

≤ max

{
d(fxn, fxn+),

d(fxn, fxn+) + d(fxn+, fxn+)


}
.

Hence, d(fxn+, fxn+) < d(fxn, fxn+) and {d(fxn, fxn+)} is monotone decreasing so that
σ = limn→∞ d(fxn, fxn+). From the assumption that g is a Meir-Keeler α-f -contractive
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map, for ε = σ , find δ >  such that () is satisfied. For the chosen δ, pick N so that
σ ≤ d(fxn, fxn+) < σ + δ. Noting that for x = xn and y = xn+, Mg(f )(x, y) = d(fxn, fxn+),
we by () conclude that d(gxn, gxn+) ≤ α(xn,xn+)d(gxn, gxn+) < σ . But d(gxn, gxn+) =
d(fxn+, fxn+) < σ , a contradiction. �

Theorem  Let f , g be continuous self-maps of a metric space (X,d) such that g ∈ Cf .
Assume α(xn,xm) ≥  for all m > n. If g is a generalized Meir-Keeler α-f -contractive map
such that α satisfies the condition (f-H): If {xn} is a sequence in X such that α(xn,xm) ≥ 
for all m > n and fxn → z, then α(fxn, z) ≥  and α(fxn, fz) ≥  for all n. Then f and g have
a unique common fixed point.

Proof Let x ∈ X for which its f -iteration under g satisfies the assumptions of the theorem.
The proof will be divided into four steps.
• Step : By Lemma , inf{d(fxn, fxn+) : n = , , , . . .} = .
• Step : We find a coincidence point for f and g . That is to find a z ∈ X such that
fz = gz. If there exists an n such that d(fxn, fxn+) = , then fxn+ = gxn = fxn, and we are
finished. Hence, we may assume that d(fxn, fxn+) 
=  for each n. We claim to show
that {fxn} is Cauchy. Suppose not. Then there exists an ε >  and a subsequence {fxni}
of {fxn} such that d(fxni , fxni+ ) > ε. From (), there exists a δ satisfying  < δ < ε for
which () is true. Since limn→∞ d(fxn, fxn+)=, there exists an N such that

d(fxm, fxm+) <
δ


for allm >N .

Let ni ≥ N . We will show that there exists an integer j satisfying ni < j < ni+ such that

ε +
δ


≤ d(fxni , fxj) < ε +

δ

. ()

First of all, there exist values of j such that d(fxni , fxj)≥ ε + δ
 . For example, choose

j = ni+. The inequality is also true for j = ni+ – . If not, then d(fxni , fxj) < ε + δ
 and

hence

d(fxni , fxni+ ) ≤ d(fxni , fxni+ – ) + d(fxni+ – , fxni+ )

< ε +
δ


+

δ


< ε,

a contradiction. There are also values of j such that d(fxni , fxj) < ε + δ
 . For example,

choose j = ni +  and j = ni + . Pick j to be the smallest integer greater than ni such
that d(fxni , fxj) ≥ ε + δ

 . Then d(fxni , fxi – ) < ε + δ
 , and hence

d(fxni , fxj) ≤ d(fxni , fxj – ) + d(fxj – , fxj) < ε +
δ


+

δ


< ε +

δ

.

Thus () is established. Now, note that

ε+
δ


≤ d(fxni , fxj)≤ max

{
d(fxni , fxj),d(fxni , gxni ),d(fxj, gxj),

d(fxni , gxj) + d(fxj, gxni )


}
.

http://www.fixedpointtheoryandapplications.com/content/2013/1/19
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Then from the choice of j and the fact that fxni +  = gxni , fxj +  = gxj, we reach

ε ≤ d(fxni , fxj) < δ + ε.

Hence,

d(fxni+, fxj+) = d(gxni , gxj) ≤ α(xni ,xj)d(gxni , gxj) < ε.

On the other hand,

d(fxni , fxj) ≤ d(fxni , fni+) + d(fni+, fxj+) + d(fxj+, fxj)

<
δ


+ ε +

δ


= ε +

δ


,

contradicting (). Therefore, {fxn} is Cauchy hence convergent to z ∈ X . Since
ffxn = fgxn– = gfxn–, the continuity of f and g implies that fz = gz.

• Step : We show that η = fz = gz is a common fixed point for f and g . Assume f η 
= η,
then f z 
= fz and by the help of the (f-H) condition, we have

d(η, f η) = d(gz, fgz) = d(gz, gfz)

≤ d(gz, gfxn) + d(gfxn, gfz)

≤ α(fxn, z)d(gz, gfxn) + α(fxn, fz)d(gfxn, gfz)

< max

{
d(fz,ffxn),d(fz, gz),d(ffxn, gfxn),

d(fz, gfxn) + d(ffxn, gfz)


}

+max

{
d(ffxn,ffz),d(ffxn, gfxn),d(ffz, gfz),

d(ffxn, gfz) + d(ffz, gfxn)


}
.

If we let n→ ∞ above and use continuity and commutativity of f and g , then we
reach d(η, f η) < d(η, f η) and hence f η = η. Moreover, gη = gfz = f η = η.

• Step : Uniqueness of the common fixed point. Assume η = fz = gz is our common
fixed point for f and g where fxn → z and ω is another common fixed point. Then, by
the (f-H) condition, we have

d(η,ω) = d(gη,ω) ≤ d(gη, gfxn) + d(gfxn,ω)

≤ α(η, fxn)d(gη, gfxn) + d(gfxn,ω)

< max

{
d(f η,ffxn),d(f η, gη),d(ffxn, gfxn),

d(f η, gfxn) + d(ffxn, gη)


}
.

If we let n→ ∞ above and use the continuity of f and g , we conclude that
d(η,ω) < d(η,ω) and hence η = ω. �

Remark  Theorem  has been proved for commuting maps. It would be interesting to
extend it for weakly commuting and compatible mappings and so forth. For example, can
we extend the results in [–] to α-type contractions?
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4 Application to coupled α-Meir-Keeler fixed points
Let F : X × X → X be a mapping. We say that (x, y) ∈ X × X is a coupled fixed point of F
if F(x, y) = x and F(y,x) = y. If we define T : X × X → X × X by T(x, y) = (F(x, y),F(y,x)),
then clearly (x, y) is a coupled fixed point of F if and only if (x, y) is a fixed point of T . If
(x, y) ∈ X ×X, then the F-orbit of (x, y) means the orbit {(xn, yn) : n = , , , . . .}, where
(xn+, yn+) = T(xn, yn).
If (X,d) is a metric space, then ρ : X ×X →R defined by ρ((x, y), (u, v)) = d(x,u) +d(y, v)

is a metric on X ×X.

Theorem  Let (X,d) be a complete metric space and F : X × X → X be a continuous
mapping. Also, let α : X ×X → [,∞) be a mapping. Assume the following:
. For all (x, y), (u, v) ∈ X ×X , we have

α
(
(x, y), (u, v)

) ≥  implies α
((
F(x, y),F(y,x)

)
,
(
F(u, v),F(v,u)

)) ≥ .

Also, assume there exists (x, y) ∈ X ×X such that α((F(y,x),F(x, y)), (y,x)) ≥ 
and α((x, y), (F(x, y),F(y,x)))≥ ;

. For each ε > , there exists δ >  such that

ε ≤ 

[
d(x,u) + d(y, v)

]
< δ + ε implies α

(
(x, y), (u, v)

)
d
(
F(x, y),F(u, v)

)
< ε.

Then the sequence ρn = ρ((xn, yn), (xn+, yn+)) is monotone decreasing. If,moreover, we
assume that

. on the F-orbit of (x, y), we have α((xn, yn), (xj, yj)) ≥  and α((yj,xj), (yn,xn))≥  for
all n, j.

Then either () F has a coupled fixed point in the F-orbit {(xn, yn)} of (x, y) or () F has a
coupled fixed point (p,q) and limρ(xn, yn) = (p,q). If,moreover, we assume that the follow-
ing condition (H) holds: If {(xn, yn)} is a sequence in X×X such that α((xn, yn), (xn+, yn+)) ≥
 for all n and d(xn,x) → , d(yn, y) → , then α((xn, yn), (x, y))≥  and α((y,x), (yn,xn)) ≥ 
for all n, then uniqueness of the coupled fixed point is obtained.

Proof The proof will follow by applying Corollary , with f = T as above, to the metric
space (X ×X,ρ). The controlling function will be β : X ×X → [,∞) given by

β
(
(x, y), (u, v)

)
=min

{
α
(
(x, y), (u, v)

)
,α

(
(y,x), (v,u)

)}
.

In fact, if ε >  is given, then by assumption (), find δ′ >  such that

ε


≤ 


[
d(x,u) + d(y, v)

]
< δ′ +

ε


implies α

(
(x, y), (u, v)

)
d
(
F(x, y),F(u, v)

)
<

ε


.

Let δ = δ′ and assume ε ≤ ρ((x, y), (u, v)) < δ + ε. Then

ε


≤ 


[
d(x,u) + d(y, v)

]
< δ′ +

ε



and

ε


≤ 


[
d(v,u) + d(u,x)

]
< δ′ +

ε


.
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Hence,

α
(
(x, y), (u, v)

)
d
(
F(x, y),F(u, v)

)
<

ε



and

α
(
(v,u), (y,x)

)
d
(
F(y,x),F(v,u)

)
<

ε


,

which leads to

β
(
(x, y), (u, v)

)
ρ
(
T(x, y),T(u, v)

)
< ε. �
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