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Abstract

Bregman strongly nonexpansive multi-valued mapping in reflexive Banach spaces is
established. Under suitable limit conditions, some strong convergence theorems for
modifying Halpern’s iterations are proved. As an application, we utilize the main
results to solve equilibrium problems in the framework of reflexive Banach spaces.
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1 Introduction

Let D be a nonempty and closed subset of a real Banach space X. Let N(D) and CB(D)
denote the family of nonempty subsets and nonempty, closed and bounded subsets of D,
respectively. The Hausdor{f metric on CB(D) is defined by

H(A,Ay) = max{ Suf d(x,As), SUAP d()/»Al)}
x€A] yeAs

for all A}, A; € CB(D), where d(x,A;) = inf{||x — y|l,y € A;}. The multi-valued mapping
T :D — CB(D) is called nonexpansive if H(Tx, Ty) < ||x — y|| for all x,y € D. An element
p € D is called a fixed point of T : D — N(D) if p € T(p). The set of fixed points of T is
denoted by F(T).

In recent years, several types of iterative schemes have been constructed and proposed in
order to get strong convergence results for finding fixed points of nonexpansive mappings
in various settings. One classical and effective iteration process is defined by

Kpe1 = Qb + (1 —a,) Ty, X1,u €D,

where o, € (0,1). Such a method was introduced in 1967 by Halpern [1] and is often called
Halpern’s iteration. In fact, he proved, in a real Hilbert space, strong convergence of {x,}
to a fixed point of the nonexpansive mapping T, where «, = n™%, a € (0,1).

Now, because of a simple construction, Halpern’s iteration is widely used to approx-
imate fixed points of nonexpansive mappings and other classes of nonlinear mappings.
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Reich [2] also extended the result of Halpern from Hilbert spaces to uniformly smooth
Banach spaces. In 2012, Halpern’s iteration for Bregman strongly nonexpansive mappings
in reflexive Banach spaces was introduced and a strong convergence theorem for Breg-
man strongly nonexpansive mappings by Halpern’s iteration in the framework of reflexive
Banach spaces was proved.

In this paper, Bregman strongly nonexpansive multi-valued mappings in reflexive Ba-
nach spaces are introduced. Under suitable limit conditions, strong convergence theorems
for the proposed modified Halpern’s iterations are proved. As an application, we use our
results to solve equilibrium problems in the framework of reflexive Banach spaces. The

results presented in the paper improve and extend the corresponding results in [3].

2 Preliminaries
In the sequel, we begin by recalling some preliminaries and lemmas which will be used
in our proofs. Let X be a real reflexive Banach space with a norm | - || and let X* be the
dual space of X. Let f : X — (—00, +00] be a proper, lower semi-continuous and convex
function. We denote by domf the domain of f.

Let x € intdomf. The subdifferential of f at x is the convex set defined by

8f(x):{x*€X* :f(x)+<x*,y—x> ff(y),VyeX}. (2.1)
The Fenchel conjugate of f is the function f* : X* — (—00, +00] defined by

SH(x*) = sup{(x*,x) - f(x) : x € X}.
We know that the Young-Fenchel inequality holds, that is,

(x* %) <f@x) +f*(x"), VxeX,x* X

Furthermore, equality holds if x* € 3f (x) (see [4]). The set levff(r) ={x e X:f(x) <r}for
some r € R is called a sublevel of f.
A function f on X is called coercive [5] if the sublevel sets of f are bounded, equivalently,

lim f(x) = +00.
||| — +00

A function f on X is said to be strongly coercive [6] if

fx)

el —+00 ||

For any x € intdomf and y € X, the right-hand derivative of f at x in the direction y is
defined by

t —
Sty = tim TEXDIZSE)
t—0t t
The function f is said to be Gdteaux differentiable at x if lim,_, ¢+ JM
In this case, f°(x,y) coincides with Vf(x), the value of the gradient Vf(x) of f at x. The

exists for any y.
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function f is said to be Gdteaux differentiable if it is Gateaux differentiable for any x €
intdomf. The function f is said to be Fréchet differentiable at x if this limit is attained
uniformly in [|y|| = 1. Finally, f is said to be uniformly Fréchet differentiable on a subset
D of X if the limit is attained uniformly for x € D and ||y|| = 1. It is known that if f is
Gateaux differentiable (resp. Fréchet differentiable) on intdomf, then f is continuous and
its Gateaux derivative Vf is norm-to-weak® continuous (resp. continuous) on intdomf
(see [7] and [8]).

Definition 2.1 (¢f [9]) The function f is said to be
(i) essentially smooth if 3f is both locally bounded and single-valued on its domain;
(ii) essentially strictly convex if (9f)~! is locally bounded on its domain and f is strictly
convex on every convex subset of dom df;

(ili) Legendre if it is both essentially smooth and essentially strictly convex.

Remark 2.1 (¢f [10]) Let X be a reflexive Banach space. Then we have
(a) f is essentially smooth if and only if f* is essentially strictly convex;
(b) ()~ =af";

(c) f is Legendre if and only if f* is Legendre;
(d) Iff is Legendre, then 9f is a bijection which satisfies

Vf = (Vf*)fl, ran Vf = dom Vf* = intdomf* and

ran Vf* = dom Vf = intdomf.

Examples of Legendre functions can be found in [11]. One important and interesting
Legendre function is }7 [l - I” (0 < p < +00) when X is a smooth and strictly convex Banach
space. In this case, the gradient Vf of f is coincident with the generalized duality mapping
of X, i.e,, Vf = J,. In particular, Vf = I the identity mapping in Hilbert spaces. In this paper,
we always assume that f is Legendre.

The following crucial lemma was proved by Reich and Sabach [12].

Lemma 2.1 (c¢f [12]) If f : X — R is uniformly Fréchet differentiable and bounded on
bounded subsets of X, then Vf is uniformly continuous on bounded subsets of X from the
strong topology of X to the strong topology of X*.

Let f: X — (—00,+00] be a convex and Géteaux differentiable function. The function
Dy :domf x intdomf — [0, +00), defined by

Dy(y,%) :=f(y) - f (%) = (Vf (%), y — x),

is called the Bregman distance with respect to f.

Recall that the Bregman projection [13] of x € intdomf onto a nonempty, closed and
convex set D C domf is the necessarily unique vector projg(x) € D (for convenience, here
we use PfD(x) for proj’;(x)) satisfying

Df(proij(x),x) = inf{Df(y,x) 1y € D}.
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The modulus of total convexity of f at x € intdomf is the function v/(x,t) : [0, +00) —
[0, +00) defined by

vr(x, t) == inf{Df(y,x) :y e domf, ||y — x| = t}.

The function f is called totally convex at x if v¢(x,£) > 0 whenever ¢ > 0. The function
f is called totally convex if it is totally convex at any point x € intdomf, and it is said to
be totally convex on bounded sets if v/(B, t) > 0 for any nonempty bounded subset B and
¢t > 0, where the modulus of total convexity of the function f on the set B is the function
vr rintdomf x [0, +00) — [0, +00) defined by

vr(B,t) = inf{vf(x, t):xe€BN domf}.

We know that f is totally convex on bounded sets if and only if f is uniformly convex on
bounded sets (see [14]).

Recall that the function f is said to be sequentially consistent [14] if for any two se-
quences {x,} and {y,} in X, such that the first sequence is bounded, the following impli-
cation holds:

lim Dy(x,y,)=0 =  lim_[x,—y.l =0.

n—+00

The following crucial lemma was proved by Butnariu and Iusem [15].

Lemma 2.2 (cf. [15]) The function f is totally convex on bounded sets if and only if it is
sequentially consistent.

Definition 2.2 (cf [16]) Let D be a convex subset of intdom f and let T be a multi-valued
mapping of D. A point p € D is called an asymptotic fixed point of T if D contains a se-
quence {x,}, which converges weakly to p, such that d(x,, Tx,) — 0 (as n — 00).

We denote by F(T) the set of asymptotic fixed points of T.

Definition 2.3 A multi-valued mapping 7 : D — N(D) with a nonempty fixed point set
is said to be:

(i) Bregman strongly nonexpansive with respect to a nonempty F(T) if
Dy(p2) < Dy(p,x), VxeD,peF(T),ze T(x)
and if, whenever {x,} C D is bounded, p € E(T) and

lim,,—, oo [Df (P %) — Df(p, 24)] = 0, then lim,,_, oo Ds (%1, 2,) = 0, where z, € Tx,,.
(ii) Bregman firmly nonexpansive if

(VF(x") =V (), x* =) < (V) - Vf (), 5" ~y*), Vx,yeD,x* € Tx,y* € Ty.

In particular, the existence and approximation of Bregman firmly nonexpansive single-
valued mappings was studied in [16]. It is also known that if T is Bregman firmly nonex-
pansive and f is the Legendre function which is bounded, uniformly Fréchet differentiable
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and totally convex on bounded subsets of X, then F(T) = F(T) and F(T) is closed and con-
vex (see [16]). It also follows that every Bregman firmly nonexpansive mapping is Bregman
strongly nonexpansive with respect to F(T) = F(T). The class of single-valued Bregman
strongly nonexpansive mappings was introduced first in [17]. For a wealth of results con-
cerning this class of mappings, see [18—22] and the references therein.

Remark 2.2 Let X be a uniformly smooth and uniformly convex Banach space, and let D
be a nonempty, closed and convex subset. An operator T : C — N(D) is called a strongly
relatively nonexpansive multi-valued mapping on X if F(T) # ® and

o(p,2) < d(p,x), peF(T),ze Tx,

and if, whenever {x,,} C D is bounded, p € F(T) and lim,— oo [@(p, x,) — ¢(p,2,)] = 0, then
lim,, . oo (%4, 24) = 0, where z,, € Tx,, and $(x,y) = [|x[1* — 2(x, Jy) + [ly[*.

Let D be a nonempty, closed and convex subset of X. Let f : X — R be a Géteaux differ-
entiable and totally convex function and x € X. It is known from [14] that z = P,g(x) if and
only if

(Vf(x)-Vf(2),y-2) <0, VyeD.
We also know the following characterization:
Dy (y,ij)(x)) + Dy (PfD(x),x) <Ds(y,x), Vx,yeD.

Letf : X — R be a convex, Legendre and Gateaux differentiable function. Following [23]
and [24], we make use of the function V; : X x X* — [0, +00) associated with f, which is
defined by

Vi x®) =f(x) + /(%) — (v, x%), VaeX,a" X"

Then V} is nonnegative and Vj(x,x*) = Dy (x, Vf*(x*)) for all x € X and x* € X*. Moreover,
by the subdifferential inequality (see [22], Proposition 1(iii), p.1047),

Vi(o,a™) + (7, VF* (5") —a) < Ve(% ™ +9%),  VxeX,x*y" € X*.

In addition, if f : X — (—o00, +00] is a proper and lower semi-continuous function, then
f*: X* - (—o00,+00] is a proper, weak* lower semi-continuous and convex function (see
[25]). Hence V7 is convex in the second variable (see [22], Proposition 1(i), p.1047). Thus,

Dy(z V*(£VF (%) + (1 = OVF()) < tDs(z,%) + (1 - )Dy(z,),

Vte (0,1),Vx,y € X. (2.2)

The properties of the Bregman projection and the relative projection operators were
studied in [14] and [26].

The following lemmas give us some nice properties of sequences of real numbers which
will be useful for the forthcoming analysis.


http://www.fixedpointtheoryandapplications.com/content/2013/1/197

Li et al. Fixed Point Theory and Applications 2013, 2013:197 Page 6 of 12
http://www.fixedpointtheoryandapplications.com/content/2013/1/197

Lemma 2.3 (¢f [27], Lemma 2.1, p.76) Let {o,} be a sequence of real numbers such that
there exists a nondecreasing subsequence o, of o, that is, oy, < @ty for all i € N. Then
there exists a nondecreasing subsequence {my} C N such that my — 00, and the following
properties are satisfied for all sufficiently large numbers sequence k C N:

Uy < Opps1 And O < Qg1
In fact, my = max{j < k: a; < 0,1}

Lemma 2.4 (see [3], Lemma 2.5, p.493) Assume that {a,} is a sequence of nonnegative
real numbers such that

pg < (1- Vn)an + Yubp,

where {y,} is a sequence in (0,1) and {3,} is a sequence such that
(@) limy oo ¥ =0, 3202 ¥ = 00;
(b) limsup,,_, ., 8, <O.

Then lim,_, oo, = 0.

3 Main results

To prove our main result, we first prove the following two propositions.

Proposition 3.1 Let D be a nonempty, closed and convex subset of a real reflexive Ba-
nach space X. Let f : X — R be a Gdteaux differentiable and totally convex function,
and let T : D — N(D) be a multi-valued mapping such that F(T) = E(T) is nonempty,
closed and convex. Suppose that u € D and {x,} is a bounded sequence in D such that
lim,,_, o0 d(x,, Tx,) = 0. Then

lim sup(Vf(u) - Vf(p),x, —p) <0, p= P;(T)(u). (3.1)
Proof Since X is reflexive and {x,} is bounded, there exists a subsequence {x,,} C {x,}
such that x,, — v e Das k — oo and

lim sup(Vf () - V (), % — p) = (V1) = Vf (p), v - p).
n—0oQ
On the other hand, since limy_, o d(x,,, T,y,) = 0, then v € F(T) = F(T). By the definition
of Bregman projection, we have

limsup(Vf () - Vf (), %, - p) = (Vf () = Vf(p),v - p) < O.

n—00

The proof of Proposition 3.1 is now completed. O

The proof of the following result in the case of single-valued Bregman firmly nonexpan-
sive mappings was done in ([16], Lemma 15.5, p.305). In the multi-valued case, the proof
is identical and therefore we will omit the exact details. The interested reader will consult
[16].
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Proposition 3.2 Let f: X — (—00, +00] be a Legendre function and let D be a nonempty,
closed and convex subset of intdomf. Let T : D — N(D) be a Bregman firmly nonexpansive
multi-valued mapping with respect to f. Then F(T) is closed and convex.

Theorem 3.1 Let X be a real reflexive Banach space and let f : X — (—00,+00] be a
strongly coercive Legendre function which is bounded, uniformly Fréchet differentiable and
totally convex on bounded subsets of X. Let D be a nonempty, closed and convex subset of
intdomf and let T : D — N(D) be a Bregman strongly nonexpansive multi-valued map-
ping on X such that F(T) = E(T) # 0. Suppose that u € X and define the sequence {x,}
by

x1 €D, xp =V (VW) + 1-an)Vf(zn)), 2n€ Tapn>1, (3.2)

where o, € (0,1) satisfying lim, ooy, =0 and Y -, a, = 00. Then {x,} strongly converges

to Plf,(T)(u).

Proof First, by Proposition 3.2, we know that F(T) is closed and convex. Letting p =
szf(T)(“) € F(T) = F(T), we have

Df(p’xrul) < Olan(P: u) + (1 - Oln)Df(P: Zn)
< a,Dr(p,u) + (1 — o, ) D (p, %)

< max{Df(p, M),Df(p»xn)}°

By the induction, the sequence Ds(p, ;) is bounded.
Next, we show that the sequence {x,} is also bounded. We follow the proof as in [16].
Since Dy(p,«,) is bounded, there exists L > 0 such that

F@) = (Vf (@) p) +f*(Vf %) = Vi (p, Vf (x4)) = Dr(p, %) < L.

Hence {Vf(x,)} is contained in the sublevel set levﬁ(L —f(p)), where ¢ = f* — (-, p). Since
f is lower semicontinuous, f* is weak* lower semicontinuous. Hence the function v is
coercive (see [4]). This shows that {Vf(x,)} is bounded. Since f is strongly coercive, f* is
bounded on bounded sets (see [9]). Hence Vf* is also bounded on bounded subsets of
E* (see [15]). Since f is a Legendre function, it follows that x, = Vf*(Vf(x,)), n € N, is
bounded. Therefore {x,} is bounded. So are {z,} and {Vf(z,)}.

We next show that if there exists a subsequence {x,, } C {x,} such that
kliflgo[Df(p7xnk+l) - Df(p)xnk)] = 07
then

[Df(p’zﬂk) - Df(prxnk)] =0,

lim
k—o00

where z,, € Tx,,.
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Since {Vf(z,)} is bounded, we have from (3.2)
klggo”Vf(xnkH) - Vf(znk) ” = khengo ank H Vf(u) - Vf(znk) ” =0. (3.3)

Sincef is strongly coercive and uniformly convex on bounded subsets of X, f* is uniformly
Fréchet differentiable on bounded subsets of X* (see [6]). Moreover, f* is bounded on
bounded sets. Since f is Legendre, by Lemma 2.1, we obtain

Jim %0 = 2 ) = Jim [V (V@) = V7 (V)| = 0 (34)

On the other hand, since f is uniformly Fréchet differentiable on bounded subsets of X,
then f is uniformly continuous on bounded subsets of X (see [28]). It follows that

Jim f @e1) = f(2n)| = 0. (3.5)
Since the following equality holds:

Ds(p,zw) = Dy (P, %) = f(B) = f (@) = (Vf (@n)s 2 = 2y ) — Dy (0 %)
= ) = f o) + £ ) = f @) = (Vf G 1), = o)
+(Vf W), = Zger) = (Vf @ )s 0 = 2 ) — Dy (0, %)
= Dr(p, %mye1) + (f 1) = f (2n)) + (Vf (1) P = Fgn)
~(Vf 2w )b — 2n) — Dr(pr6m;)
= (Dr(psxm41) = Dy (p, %)) + (f K1) —f (@) + (VS K1)
= Vf @) P = %ner) = (Vf @) Bt — 2 s

it follows from (3.3), (3.4) and (3.5) that
kli)nolo(Df(p’an) _Df(p’x”k)) =0.

The rest of the proof will be divided into two parts.

Case 1. Suppose that {Ds(p,«,)} is eventually decreasing, i.e., there exists a sufficiently
large k > 0 such that Dy (p, x,,) > Dy(p, x,.1) forall m > k. In this case, lim,,_, oo D (p, %,,) exists.
In this situation, we have that lim,,_, .o Dy (p, %) exists. This shows that lim,,_. .. (D (p, x,,) —
Dy¢(p,%441)) = 0 and hence lim,,_, o (Df(p, 2,) — Df(p, x,)) = 0.

Since T is a Bregman strongly nonexpansive multi-valued mapping, then

lim (Df(xn,z,,)) =0.

n—00
Since f is totally convex on bounded subsets of E, by Lemma 2.2, we have
lim (%, —z,| = 0.
n— 00
By Proposition 3.1, we obtain

lim sup(Vf(u) - Vf(p),x, —p) <0.

n—0o0
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Finally, we show that x,, — p as n — c0. Indeed

Dy(pxns1) = Vi (p,anVf () + (1= @) Vf (24)
Vi (0, anVf () + (1= ) VS (20) - an (Vf () = V£ (D))
+{n (Vf () = V() %1 — )
Vi (0, VI (p) + (1= ) Vf (2) + @ Vf (1) = Vf (p), X1 - P)
o Vy (0, V() + (1= ) Vy (0, VS (20)) + a(Vf (1) = Vf (0), %1 = p)
(1= @)Dy (p, 24) + a(Vf () = VS (p), i1 - p)

< (1 - ) Dys(p, %) + (VS () = Vf (p), X1 - p).

IA

IA

By Lemma 2.4, we conclude that lim,,_, .o Df(p, %,) = 0. Therefore, by Lemma 2.2, since f
is totally convex on bounded subsets of X, we obtain that x,, — p as n — oo.

Case 2. If {Df(p,x,)} is not eventually decreasing, there exists a subsequence
{Df(p,xn/.)} C {Dy(p,x4)} such that Df(p,x,,j) < Df(p,x,,jH) for all j € N. By Lemma 2.3,
there exists a strictly increasing sequence {m} of positive integers such that the following
properties hold for all k € N:

Df(lﬂ,xmk) SDf(P»xmkﬂ), Df(lﬂ;xk) st(p!xn’Ik+l)‘

Since the inequality Dy(p, z,) — D (p, x,) < 0 holds by Definition 2.3, hence, by Lemma 2.3,

we have

0< leIIolo(Df(p,xmku) —Df(P;xmk))

< lim sup(Dy(p, 1) — Dy (0, %))

n— 00

< limsup(ct, Dy (p, ) + (1 — @) Dy (p, 24) — Dy (p, %))

n—0o0

= limsup(a, (Dy(p, ) — Dy (p, 24)) + D(p, 2n) — Dy(p, %))

n—00
< limsupa, (Dy(p, u) — Dy(p, 21)) =

n—00

This implies that

lim sup(Dy (9, % +1) — Dy (0 %m,)) = 0. (3.6)

k— o0

Following the proof of Case 1, we have

lim sup(Vf - Vf(®) X, — > <0,

k—o00

and

Df(p7xmk+l) = (1 - amk)Df(pvxmk) + Olmk<Vf(bl) - Vf(p)rxmkﬂ _p>'
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This implies that

O‘mkDf(pr xmk) = Df(p’ xmk) - Df(Pr xmkH) + Olmk<vf(u) - Vf(P)» Kimg+1 —P>

S amk<vf(u) - Vf(p)!xmk+l _p>
Hence
lim Df(p, %y, ) = 0.
k—o00
Using this and (3.5) together, we conclude that
limsup Dy (p, xx) < lim Dr(p,%ym41) = 0.
k—00 k—o00

The proof of Theorem 3.1 is now completed.

O

As a direct consequence of Theorem 3.1 and Remark 2.2, we obtain the convergence

result concerning strongly relatively nonexpansive multi-valued mappings in a uniformly

smooth and uniformly convex Banach space.

Corollary 3.1 Let X be a uniformly smooth and uniformly convex Banach space. Let D be

a nonempty, closed and convex subset on X and let T : D — N(D) be a strongly relatively

nonexpansive multi-valued mapping on X such that F(T) = E(T) # . Suppose that u € D

and define the sequence {x,} as follows: x, € D and

Xpi1 = N W) + A= a)zn, 24 € Ty, ¥ > 1,

where o, € (0,1) satisfying o, — 0 and Y .- o, = 0o. Then {x,} converges strongly to

[ gcryu, where Ty is the generalized projection onto F(T).

4 Application

In this section, we give an application of Theorem 3.1, which is the equilibrium problems

in the framework of reflexive Banach spaces.

Let X be a smooth, strictly convex and reflexive Banach space, let D be a nonempty,

closed and convex subset of X, and let G : D x D — R be a bifunction satisfying the con-

ditions:
(Al) G(x,x) =0 forall x € D;
(A2) G(x,y) + G(y,x) <0 for any x,y € D;
(A3) for each x,y,z € D, lim;, o G(tz + (1 — £)x,y) < G(x,y);
(A4) for each given x € D, the function y — f(x,y) is convex and lower

semicontinuous.

The so-called equilibrium problem for G is to find a x* € D such that G(x*,y) > 0 for each

y € D. The set of its solutions is denoted by EP(G).

The resolvent of a bifunction G [18] is the operator Resé : X — 2P defined by

Resg(x) = {z €D, G(z,y) + (Vf(z) - Vfx)z,y — z) >0,Vye D}, VxeX.

(4.1)

Page 10 of 12
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If f: X — (—00,+00] is a strongly coercive and Gateaux differentiable function, and G
satisfies conditions (Al)-(A4), then dom(Res{;) =X (see [18]). We also know:

(1) Rest is single-valued;

(2) Rest is a Bregman firmly nonexpansive mapping;

(3) F(Res,) = EP(G);

(4) EP(G) is a closed and convex subset of D;

(5) forallx € X and forallp € F(Res};), we have

Dy(p,Resl(x)) + Dy (Resl; (%), %) < Dr(p, ). (4.2)

In addition, by Reich and Sabach [16], if f is uniformly Fréchet differentiable and bounded
on bounded subsets of X, then we have that F(Rest) = IA-"(Rest) = EP(G) is closed and
convex. Hence, by replacing T = Rest in Theorem 3.1, we obtain the following result.

Theorem 4.1 Let D be a nonempty, closed and convex subset of a real reflexive Banach
space X. Let f be a strongly coercive Legendre function which is bounded, uniformly Fréchet
differentiable and totally convex on bounded subsets of X. Let G : D x D — R be a bifunction
which satisfies conditions (Al)-(A4) such that EP(G) # (). Suppose that u € X and define the
sequence {x,} by

x1€X, xpa=Vf(a,Vfu)+(1-a,)Vf(z,), z,€ Rest(x,,),Vn >1, (4.3)

where &, € (0,1) satisfying o, — 0 and Y oo o, = 00. Then {x,} converges strongly to
ng(e)”‘
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