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1 Introduction and preliminaries

The fixed point theory for monotone operators in ordered Banach spaces has been inves-
tigated extensively in the past 30 years [1-8]. Many new fixed point theorems have been
proved under the nonlinear contractive condition by using the theorem of cone and mono-
tone iterative technique. These results have been applied to study the ordinary differential
equations, partial differential equations, and integral equations.

In this paper, we investigate decreasing operators in ordered Banach spaces with lat-
tice structure. The theoretical results of fixed points are extended by using the famous
Schauder fixed point theorem for the operators. We weaken the conditions of the Schauder
fixed point theorem. The results of this paper have no need for the closed bounded and
convex property of domains for the operators. To demonstrate the applicability of our re-
sults, we apply them to study a problem of nonlinear second-order elliptic equations in
the final section of the paper, and the existence of solution is obtained.

Let E be a Banach space and P be a cone of E. We define a partial ordering < with
respect to Pbyx < yifonlyif y—x € P. A cone P C E is called normal if there is a constant
N > 0 such that 6 <x <y implies ||x|| < N||y| for all x,y € E. The least positive constant
N satisfying the above inequality is called the normal constant of P.

Let E be a partially ordered set. We call E a lattice in the partial ordering <. For arbitrary
x,y € E, sup{x, y} and inf{x, y} exist. One can see [7] for the definition and the properties
of the lattice.

Let D C E, the operator A : D —> E is said to be an increasing operator ifx,y € D, x < y,
implies Ax < Ay; the operator A : D — E is said to be a decreasing operator if x,y € D,
x <y, implies Ay < Ax.

Lemma 1.1 [9] Let E be a real Banach space, D C E be nonempty, closed bounded convex,
and A : D — D be condensing. Then A has a fixed point in D.

© 2013 Li and Wang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons At-

L]
@ Sprlnger tribution License (http:/creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in

any medium, provided the original work is properly cited.


http://www.fixedpointtheoryandapplications.com/content/2013/1/18
mailto:lxctsq@mail.163.com
http://creativecommons.org/licenses/by/2.0

Li and Wang Fixed Point Theory and Applications 2013, 2013:18 Page2of 6
http://www.fixedpointtheoryandapplications.com/content/2013/1/18

Lemma 1.2 [10] Let E be a real Banach space, D C E be nonempty, closed bounded convex,
and A : D — D be completely continuous. Then A has a fixed point in D.

Lemmal.3 [11] Let E be a real Banach space, D C E be nonempty, closed bounded convex,
and A : D — D be strict-set-contraction mappings. Then A has a fixed point in D.

Remark 1 Lemma 1.1 is the famous Sadovskii fixed point theorem; Lemma 1.2 is the fa-

mous Schauder fixed point theorem; Lemma 1.3 is the famous Darbo fixed point theorem.
2 Main results
Theorem 2.1 Let E be an ordered Banach space with lattice structure, D C E be bounded,
and A : D —> D be a decreasing and condensing operator. Then the operator A has a fixed
point in D.
Proof Foranyx € D, since A: D — D, we have Ax € D.
Since E is a Banach space with lattice structure and D C E is bounded, there exists uy € D

such that

inf{Ax, x} = ug.
That is,

uy < Ax, Uy < x. (2.1)
Since A is a decreasing operator, we have

A’x <Aug,  Ax < Au,. (22)
(2.1) and (2.2) show that

uy < Auyp. (2.3)
Similar to the proof of (2.3), there exists vy € D such that

sup{Ax,x} = vp.
That is,

Ax < vy, x <. (2.4)
Since A is a decreasing operator, we have

Avg < A%, Avg < Ax. (2.5)

(2.4) and (2.5) show that

AV() <. (26)
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(2.3) and (2.6) together with uy < vy show that
ug < Avg < Aug < vy. (2.7)
For any x € [ug, vo], since A is a decreasing operator, we have
Avy < Ax < Auyg.
By (2.7), we have
Alug, vol —> [uo, vol.
It is easy to know that [ug, Vo] is a closed convex set. Since D C E is bounded, we have

[2£9, vo] is bounded. Hence, [0, vo] is a closed bounded convex set. Thus, Lemma 1.1 im-
plies that the operator A has a fixed point in D. 0

Theorem 2.2 Let E be an ordered Banach space with lattice structure, P C E be a normal
cone, and A : E — E be a decreasing and condensing operator. Then the operator A has a
fixed point in E.

Proof For any x € E, since A : E—> E, we have Ax € E.
Since E is a Banach space with lattice structure, there exists #o € E such that

inf{Ax, x} = uyp.
That is,

uy < Ax, Uy < x. (2.8)
Since A is a decreasing operator, we have

A?x < Au, Ax < Auy. (2.9)
(2.8) and (2.9) show that

ug < Auyg. (2.10)
Similar to the proof of (2.10), there exist vy € E such that

sup{Ax, x} = vp.
That is,

Ax < vy, x < vyg. (2.11)
Since A is a decreasing operator, we have

Avg < A?x, Avy < Ax. (2.12)
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(2.11) and (2.12) show that

Avg <. (2.13)
(2.10) and (2.13) together with o < vy show that

uy < Avg < Augy < vp. (2.14)
For any x € [ug, vo], since A is a decreasing operator, we have

Avy < Ax < Auyg.
By (2.14), we have

Alug, vo]l —> [uo, vol.

It is easy to know that [ug, Vo] is a closed convex set. Since P is a normal cone of E, we
have [ug, Vo] is bounded. Hence, [1g, 5] is a closed bounded convex set. Thus, Lemma 1.1
implies that the operator A has a fixed point in D. d

3 Corollaries and relative results
Similar to the proof of Theorem 2.1, by Lemma 1.2 and Lemma 1.3, we can get the following
corollaries and relative results.

Corollary 3.1 Let E be an ordered Banach space with lattice structure, D C E be bounded,
and A : D —> D be a decreasing and completely continuous operator. Then the operator A
has a fixed point in D.

Corollary 3.2 Let E be an ordered Banach space with lattice structure, P C E be a nor-
mal cone, and A : E —> E be a decreasing and completely continuous operator. Then the
operator A has a fixed point in E.

Corollary 3.3 Let E be an ordered Banach space with lattice structure, D C E be bounded,
and A : D —> D be a decreasing and strict-set-contraction mapping. Then the mapping A
has a fixed point in D.

Corollary 3.4 Let E be an ordered Banach space with lattice structure, P C E be a nor-
mal cone, and A : E — E be a decreasing and strict-set-contraction mapping. Then the
mapping A has a fixed point in E.

4 Applications

In this section, we use Theorem 2.1 to show the existence of a solution for the uniformly
elliptic differential problem. Let € be a bounded convex domain in R” (n > 2) whose
boundary 9€2 is assumed to be sufficiently smooth. Consider a uniformly elliptic differ-
ential operator on Q

" %u i du
Lu=-) aix)— + bi(x) — + c(x)u
; 1) g ; () g+ @)
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i.e., there exists a positive constant py such that Zijl aj(x)&€j > pol€|* for any x € Q
and & = (§,&,...,&,) € R", where a;;(x) = a;;(x), c(x) > 0. For the sake of simplicity, we will
assume that all functions a;;(x), b;(x), c(x) are sufficiently smooth.

Considering the Dirichlet problem

Lu=f(xu), ulpa=0, (4.1)
we have the following conclusions.

Theorem 4.1 Suppose that f(x,u) € C(Q x [0, 00), [0, 00)), which is decreasing on u, then
the problem (4.1) has a positive solution.

Proof 1t is easy to know that E = C(2) is a Banach space with a maximum norm || - || and
it is also a lattice. Let P = {u € E | u(t) > 0,Vt € I} and P be a normal cone in E. It is well
known (see [1, 10]) that the solution of the Dirichlet problem (4.1) is equivalent to the fixed
point of the integral operator A

Aulx) - /5 Gl )f (3, u(y)) dy,

where G(x, y) denotes the Green function of a differential operator L with boundary con-
dition u|sq = 0. It is also well known that G(x, y) satisfies the following inequality:

Kolx—y>™, n>2,

0<Gxy) < (x,y € Q2,x#y).

Kolln|x—y||, n=2

Hence, the linear integral operator

5vta) = [ Gy dy
e
is a completely continuous operator from E into E. Clearly, the superposition operator
Fo(x) = f(x, ¢(x)) that maps P into P is continuous and bounded. Therefore, the operator

A = BF that maps P into P is completely continuous, and thus A is condensing.
Moreover, the mapping A is decreasing in u. In fact, by hypotheses, for u > v,

Flou) <f(6v),
implies that
(Au)(x) = /ﬁ Gl )f (3, u() dy
< /ﬁ Glx)f (V) dy = (AV@, x<Q,

so A is decreasing.
So, the condition of Theorem 2.1 holds, Theorem 4.1 is proved. g
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