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1 Introduction and preliminaries

The fixed point theory is one of the most powerful and fruitful tools in nonlinear anal-
ysis. Its core subject is concerned with the conditions for the existence of one or more
fixed points of a mapping 7 from a topological space X into itself, that is, we can find
x € X such that Tx = x. The Banach contraction principle [1] is the simplest and one of
the most versatile elementary results in fixed point theory. Moreover, being based on an
iteration process, it can be implemented on a computer to find the fixed point of a contrac-
tive mapping. It produces approximations of any required accuracy, and, moreover, even
the number of iterations needed to get a specified accuracy can be determined. Recently,
Samet et al. [2] introduced a new concept of a-contractive type mappings and established
various fixed point theorems for such mappings in complete metric spaces. The presented
theorems extend, generalize and improve several results on the existence of fixed points
in the literature.

In 1994, Matthews [3] introduced the concept of a partial metric space and obtained
a Banach-type fixed point theorem on complete partial metric spaces. Later on, several
authors (see, for example, [4—31]) proved fixed point theorems in partial metric spaces.
After the definition of the partial Hausdorff metric, Aydi et al. [28] proved the Banach-type
fixed point result for set-valued mappings in complete partial metric spaces.

The aim of this paper is to generalize various known results proved by Nadler [32],
Kikkawa and Suzuki [33], Mot and Petrusel [34], Dhompongsa and Yingtaweesittikul [35]
to the case of partial metric spaces and give one example to illustrate our main results.

We start with recalling some basic definitions and lemmas on partial metric spaces.
The definition of a partial metric space is given by Matthews [3] (see also [7, 29, 30]) as
follows.
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Definition1 A partial metric on a nonempty set X is a function p: X x X — [0, +00) such
that the following conditions hold: for all %, y,z € X,

Py) p(x,x)=p(y,y) =plx,y) ifand only if x = y,
Py) plx,x) < p(x,),

P3) px,y) = p(,%),

Py) p(x,2) < p(x,y) + p(y,2) = p(3,9).

—~ o~ o~ o~

The pair (X, p) is then called a partial metric space.

If (X,p) is a partial metric space, then the function p* : X x X — [0, +00) given by
Pi(x,9) =2p(x,y) — p(x,x) — p(y,y) for all x,y € X is a metric on X.

A basic example of a partial metric space is the pair ([0, +00), p), where p(x,y) = max{x, y}
for all x,y € [0, +00).

Lemma 1 Let (X,p) be a partial metric space, then we have the following:

(1) A sequence {x,} in a partial metric space (X, p) converges to a point x € X if and only
iflimy, +o0 p(%, %) = p(x, x).

(2) A sequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if the
1imy, ;s 400 P(%n, X)) exists and is finite.

(3) A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X
converges to a point x € X, that is, p(x,x) = liMy, s +00 P(X Xin).-

(4) {x4} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric
space (X, p°).

(5) A partial metric space (X, p) is complete if and only if the metric space (X, p®) is
complete. Furthermore, lim,_, .o p*(x,,, 2) = 0 if and only if

p(z,2) = lim p(x,,z)= lim p(x,,x,).
n—+00 n

11— +00

Remark 1 ([7], Lemma 1) Let (X, p) be a partial metric space and let A be a nonempty set
in (X, p), then a € A if and only if

p(ﬂ¢A) =P(ﬂrﬂ),

where A denotes the closure of A with respect to the partial metric p. Note A is closed in
(X,p) ifand only if A = A.

Now, we state the following definitions and propositions of a very recent paper of Aydi
etal. [28].

Let CB?(X) be a collection of all nonempty closed and bounded subsets of X with respect
to the partial metric p. For any A € CB?(X), we define

pla,A) = inf{p(a,x) tx € A}.
On the other hand, for any A, B € CB?(X), we define

8,(A,B) = sup{p(a,B) cac A},

8,(B,A) = sup{p(b,A) :bhe B}
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and
H,(A, B) = max{8,(A, B), 8,(B,A)}.
Proposition1 [28] Let (X, p) be a partial metric space. For any A, B, C € CB?(X), we have
(1) 8,(A,A) =sup{p(a,a):acA}.
(2) 8,(A,A) <8,(A,B).
(3) 8,(A,B) =0 implies that A C B.
(4) 8,(A,B) <8,(A,C) +6,(C,B) —infeec ple, ©).
Proposition 2 [28] Let (X, p) be a partial metric space. For any A, B, C € CBP(X), we have
(1) Hy(A,A) <H,(A,B).
(2) H,(A,B) = H,(B,A).
(3) Hy(A,B) < Hy(A,C) + Hy(C, B)  infecc plc, ).

Lemma 2 [28] Let A and B be nonempty closed and bounded subsets of a partial metric
space (X, p) and h > 1. Then, for all a € A, there exists b € B such that p(a, b) < hH,(A, B).

The following result was proved by Aydi et al. in [28].

Theorem 1 Let (X, p) be a partial metric space. If T : X — CB?(X) is a multi-valued map-
ping such that, for all x,y € X,

Hy(Tx, Ty) < kp(x,y),
where k € (0,1). Then T has a fixed point.
2 Main results
Now, we characterize the celebrated theorem of Kikkawa and Suzuki [33] in the framework

of partial metric spaces.

Theorem 2 Define a strictly decreasing function ® from [0,1) onto (%, 1] by O(r) = = Let

T 1+r

(X, p) be a complete partial metric space and F : X — CBP(X) be a multi-valued mapping.
Assume that there exists r € [0,1) such that

O(rpx, Fx) <p(x,y) = H,(Fx,Fy) <rp(x,y) (2.1)
forall x,y € X. Then there exists u € X such that u € Fu.
Proof Let xy € X be arbitrarily chosen. For all x; € Fx,, we have

O(r)p(x0, Fxo) < O(r)p(x0,%1) < p(xo,%1)
and, by the condition (2.1), we get

Hp(Fxo,Fxﬂ < rp(x0,%1).
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Leth e (d, %), by Lemma 2, there exists x, € Fx; such that p(x1,%,) < hH,(Fxo, Fx1). Using
the previous inequality, we obtain

p(x1,%0) < hH,(Fxo, Fx1) < hrp(xo,x1).
Now, we have
O(r)p(x1, Fx1) < ©(r)p(x1,%2) < p(x1,%2)
and, by the condition (2.1), we get
Hy(Fxy, Fxz) < rp(x1,%2).
By Lemma 2, there exists x3 € Fx, such that
p(x2,%3) < hH,y(Fx1, Fxy) < hrp(x1,%2) < (hr)?p(o, %1).
Continuing in this way, we can generate a sequence {x,} in X such that x,,; € Fx, and
P, xp11) < K" plxo, x1) (2.2)
for all n € N, where k = hr < 1.

Now, we show that {x,} is a Cauchy sequence. Using (2.2) and the triangle inequality for
partial metrics (py), for all n,m € N, we have

P(xm Knem) < p(xm Xns1) +P(9€n+1y Xnem) _p(xnﬂyxnﬂ)
< p(xnr xn+1) +p(xn+l) xn+m)
=< P(xm Xns1) +p(xn+lr Xpi2) +p(xn+2’ Knem) _p(xn+2:xn+2)

< p(xnrxnﬂ) +p(xn+lrxn+2) +p(xn+2rxn+m)-

Inductively, we have

p(xn;erm) = P(xmxnﬂ) +}7(xn+1:xn+2) t +P(xn+m—1:xn+m)

n+m-1

< K"p(x0,%1) + k"+1p(x0,x1) +otk p(xo,%1)

IA

(K" + K" 4o+ K g, 1)

n

1-k

IA

p(xo,%1) > 0
as n — +00 since 0 < k < 1. By the definition of p*, we get
P’ Xnem) < 2P0 Xnim) = 0
as n — +00, which implies that {x,} is a Cauchy sequence in (X,p*). Since (X,p) is

complete, by Lemma 1, the corresponding metric space (X, p*) is also complete. There-
fore, the sequence {x,} converges to some u € X with respect to the metric p?, that is,

Page 4 of 13
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lim,,, ;00 p° (%, #) = 0. Again, by Lemma 1, we have
pu,u)= lim p(x,u)= lim p(x,,x,)=0. (2.3)
n—+00 n,m—+00
Next, we show that
p(u, Fx) < rp(u,x)
for all x € X\ {u}. Since p(x,, u) — 0 as n — +00, there exists ny € N such that
1
p(xy, 1) < gp(u,x)

for all n € N with n > ny. Then we have

O p(xy, Fxp) < P, Fxy) < p(Xns Xne1) < P&y 1) + p(Uh, X11) — p(1, 1)
= p(xn, u) + p(th; Xp11)
2
< gp(u,x) < p(u, %) — p(xn, 1)

< p(xn,x)
and hence H,(Fx,, Fx) < rp(x,,x). Since

pu, Fx) < p(ut, %1) + p(Xs1, F)
S p(urerl) + Hp(Fxm Fx)

< P(u,xml) + rp(xnrx)¢
letting n — +00, we obtain
p(u, Fx) < rp(u,x) (2.4)

for all x € X\ {u}.
Next, we prove that

H,(Fx, Fu) < rp(x, u)

for all x € X with x # u. For all n € N, we choose v, € Fx such that
Plasv) < plaE) + - pl o).

Then, using (2.4) and the previous inequality, we get

px, Fx) < p(x,v,) < plx,u) + p(u,v,) — p(u, u)
= p(x,u) + p(u,v,)

1
< p(x,u) + p(u, Fx) + —p(x, u)
n

Page 5of 13
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1
< px,u) + rp(u,x) + —p(x, u)
n

= (1 +r+ l)p(x, u)
n

for all m € N. As n — +00, we obtain ﬁ (%, Fx) < p(x, u). From the assumption, we have

H,(Fx, Fu) < rp(x, u).

Finally, if, for some n € N, we have x,, = x,,,1, then x,, is a fixed point of F. Assume that
%, # x,41 for all m € N. This implies that there exists an infinite subset / of N such that
x, #u for all n € J. From

P(MrFM) =< p(urxnﬂ) +p(xn+lrFu)
< p(, xp01) + Hp(Fmeu)

= P(M»xml) + ’"P(xn; M);
letting n — +o0 with n € J, we get
p(u, Fu) =0 = p(u, u).

By Remark 1, we deduce that u € Fu and hence u is a fixed point of F. This completes the
proof. O

It is obvious that Theorem 1 of Aydi et al. follows directly from Theorem 2.
The following theorem is a result of Reich type [36] as well as a generalization of Kikkawa
and Suzuki type in the framework of partial metric spaces.

Theorem 3 Let (X,p) be a complete partial metric space and let F : X — CB?(X) be a
multi-valued mapping satisfying the following:

Op(x, Fx) <p(x,y) = H,(Fx,Fy) <ap(x,y) + bp(x, Fx) + cp(y, Fy) (2.5)

forall x,y € X, nonnegative numbers a, b, cwitha+b+c € [0,1) and 6 = lzf;C. Then F has

a fixed point.

Proof Let h € (1, m
x5 € Fx; such that

) and xp € X be arbitrary. Let x; € Txy. By Lemma 2, there exists

p(x1, %) < hHy(Fxo, Fxy).
Since Op(xo, Fxo) < Op(x9,%1) < p(xo,x1), we have

p(x1,%2) < hH,(Fxo, Fx1) < h(ap(xo,%1) + bp(xo, Fxo) + cp(x1, Fx1))

< h(a + b)p(xg,x1) + hep(xy,x2)
- h(a +b)
~ 1-hc

p(x0,%1).
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Continuing in a similar way, we can obtain a sequence {x,} of successive approximations
for F, starting from x,, satisfying the following:

(@) %441 € Fx, forallmeN;

(b) p(%,Xns1) < k"p(x0,%1) for all m € N,

where k = hl(‘_’—zcb) < 1. Now, proceeding as in the proof of Theorem 2, we deduce that

the sequence {x,} converges to some u € X with respect to the metric p°, that is,
lim, 400 p° (%, #) = 0. Moreover, (2.3) holds by Lemma 2.
First, we show that

p(u, Fx) < (a + g)p(u,x) + cp(x, Fx)

for all x € X\{u}. Since p(x,,u) — 0 as n — +00 under the metric p, there exists ny € N
such that

1
Py, u) < §p(u,x)

for each n > ny. Then we have

Qp(xn; Fxn) < p(xn;Fxn) fp(xnrxrul)
< Py, u) + p(tt, %41) — p(us, 1)

= p(xm M) +p(u1xn+1)
2
< gp(u,x) < p(u,x) — p(x,, u)

= p(xn, %),
which implies that

Hy(Fxy, Fx) < ap(xn, x) + bp(xn, Fx,,) + cp(x, Fx)

b
< ap(x,,x) + gp(xn,x) + cp(x, Fx)
b
=|a+ 9 p(xy, %) + cp(x, Fx)
for all n > ny. Thus we have

pu, Fx) < p(ut, %1) + p(Xi1, F)
< p(t,%1) + Hp(Fx,, Fx)

b
< p(t,%41) + (u + 5)p(xn,x) +cp(x, Fx)
for all n > ny. Letting n — +00, we get
b
pu,Fx) < |a+ 7 p(u,x) + cp(x, Fx)

for all x € X\ {u}.
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Next, we show that
b
H,(Fx,Fu) < |a+ g p(x, u) + cp(u, Fu)
for all x € X with x # u. Now, for all n € N, there exists y, € Fx such that
1
p(u,y) < p(u, Fx) + ;p(x, u).
From

px, Fx) < p(x,y,) < px,u) + pu, y,) — p(u, u)
= p(x, u) + p(u,y,)

1
< px,u) + p(u, Fx) + —p(x, u)
n

< plx,u) + (a + g)p(u,x) + cp(x, Fx) + %p(x, )

b 1
= 1+a+5+— p(x, u) + cp(x, Fx)
n

for all n € N, it follows that, as n — +00,
b

Q-op,Fx)<|{l+a+ g p(x, u)
and so Op(x, Fx) < p(x, u). Thus we have

H,(Fx,Fu) < ap(x,u) + bp(x, Fx) + cp(u, Fu)

b
< (a + 5)p(x, u) + cp(u, Fu)
forall x € X \ {u}.
Finally, if, for some n € N, we have x, = x,,,1, then x,, is a fixed point of F. Assume that

%, # x,41 for all m € N. This implies that there exists an infinite subset / of N such that

x, # u for all n € J. Now, for all n € J, we have

p(u, Fu) < p(u, %41) + p(Ki1, F11)

= p(urxnﬂ) + Hp(Fmeu)
b
< p(u,%p01) + <a + g)p(xn, u) + cp(u, Fu).
Letting n — +oo with n € ], we get
p(u, Fu) = 0 = p(u, u).

By Remark 1, we deduce that # € Fu and hence u is a fixed point of F. This completes the
proof. d

Page 8 of 13
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The following theorem is a generalization of a result of Dhompongsa and Yingtaweesit-
tikul [35] to the setting of partial metric space.

Theorem 4 Let (X,p) be a complete partial metric space and let F : X — CB?(X) be a
multi-valued mapping such that

Op(x, Fx) <plx,y) = H,(Fx,Fy) < A(p(x, Fx) + p(y, Fy)) + up(,y) (2.6)

1

Tl with A, i nonnegative real numbers and 0 < 2X + < 1.

forall x,y € X, where 0 =
Then F has a fixed point.

Proof Let h € (1, ﬁ) and % € X be arbitrary. Following the same proof of Theorem 3,
1-b— 1
1+uc 2A+p+1

(a) xy41 € Fx,, forallm e N;

(b) p(xy,x041) < k"p(x0,%x1) for all m € N,

h(A+u)
1-ha 1

Now, proceeding as in the proof of Theorem 2, we deduce that the sequence {x,} con-

, we can obtain a sequence {x,,} such that

by replacing 6 = in the proof by 6 =

where k =

verges to some u € X with respect to the metric p°, that is, lim,_, ;o p* (x4, 4) = 0. Again,

from Lemma 2, we have
pu,u) = lim p(x,,u)= lim p(x,,x,)=0. (2.7)
n—>+00 n—+0Q
Next, we show that
p(u, Fx) < up(u,x) + Ap(x, Fx)

for all x € X\{u}. Since p(x,, u) — 0 as n — +00, there exists ny € N such that p(x,, 1) <
%p(u,x) for all n > ny. We have

Op(x, Fxy) < p(xn, Fxy) < p(%y Xp141)
< p(y, u) + p(ut, xXy11) — p(u, u)
= p(xm u) +p(uvxn+1)

2
< gp(u, x) < p(u, x) — p(xy, u) < p(%x, ).
Now, using the conditions (2.6) and (2.7), we obtain

P, Fx) < p(ut, X41) + p(Kpa1, Fx)
< p(t, %11) + Hy(Fxy, Fx)
f p(u,xnﬂ) + )‘p(mexn) + )\P(x,Fx) + Mp(xmx)

< P(u’xml) + )\p(xntxrnl) + )"p(erx) + :up(xn:x)
for all n > ny. Letting n — +00, we get
p(u, Fx) < Ap(x, Fx) + up(u, x),

as desired.
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Next, we show that
H,(Fx, Fu) < Ap(x, Fx) + Ap(u, Fu) + up(x, u)

for all x € X \ {u}. By Lemma 2, for all n € N, there exists y,, € Fx such that

1
p(u,y,) < p(u, Fx) + ;p(u,x).

Clearly, we have

p(x, Fx) < p(x,y,) < p(x,u) + p(u, y,) — p(u, 1)
= p(x, u) + p(u,y,)

1
< p(x,u) + p(u, Fx) + —p(x, u)
n
1
< p(x, u) + Ap(x, Fx) + up(u,x) + —p(x, u)
n
1
< <1 + 0+ —>p(x, u) + Ap(x, Fx)
n
for all » € N. Hence, as n — +00, we get
- M)px, Fx) < 1+ w)p(x, u)
and so Op(x, Fx) < p(x, u) since ® < ﬁ Now;, using the condition (2.6), we obtain
H,(Fx, Fu) < Ap(x, Fx) + Ap(u, Fu) + up(x, u)
forall x € X \ {u}.
Finally, if, for some n € N, we have x,, = x,,,1, then x,, is a fixed point of F. Assume that

%y, # x,41 for all m € N. This implies that there exists an infinite subset / of N such that
x, #u for all m € J. From

P, Fu) < p(it, %41) + p(Xns1, F)
= P(M,xnu) + Hp(Fmeu)
= P(M,xml) + )‘p(xm Fxn) + )»P(u: FM) + /’Lp(xn: x)

1+p
< Pty Xni1) + h—p(n, %) + Ap(ut, F2) + 1p (6, %),
letting n — +o00 with n € ], we get
pu, Fu) = 0 = p(u, u).

By Remark 1, we deduce that u € Fu and hence u is a fixed point of F. This completes the
proof. O

Now, we give one example to illustrate Theorem 3.

Page 10 0f 13
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Example1 Let X ={2,3,4} and p: X x X — [0, +00) be a partial metric on X defined by

PR2=p3I=0,  paY= PRI =pB=,

20
(2,4) = (42)—1 (3,4) =p(4,3) = o
p 4 —P ’ _2) P ) —P b —19.
Let F: X — CB?(X) be defined by

2} ifxe{2,3),
{2,3} otherwise.

It is easy to see that {2} and {2, 3} are closed in X with respect to the partial metric p. Now,
we have

H,(F2,F2) = H,(F3,F3) = H,(F2,F3) = H,({2},{2}) = 0
H,(F4,F4) = H,({2,3},{2,3}) = 0;

H,(F2,F4) = H,(F3,F4) = H,({2},{2,3}) =

Ulll\)

p2,F2)=p(2,{2}) =0;  p(3,F3)=p(3,{2}) =

U‘lll\J

p(4:F4) :P(4, {2,3}) = E

If we choose a = § b=z and ¢ = 55, the multi-valued mapping F satisfies the hypotheses

10’
of Theorem 3 and ) has a fixed point. To such end, it is enough to show that (2.5) is
satisfied in the following cases.

Casel.x =2 and y = 4. Now, 0p(2, F;) < p(2,4), where 6 = and

2

H,(F2,F4) = - < Zp(Z 4) + —p(2 F2) + p(4,F4).

(ﬂl\.)
Or—-ﬂ

Case 2. x =3 and y = 4. Now, 6p(3, F3) < p(3,4) and

\&}

9
H,(F3,F4) == < — < =p(3,4 3,F3 4,F4
( )=z =55 = 2B+ p( )+ P& E.

w

Case 3. x =4 and y = 3. Now, Op(4, F4) < p(4,3) and

9

2 3
H,(F4,F3) == < “p(4,3 4,F4 3,F3).
o ( ) S50 = 4( )+ p( )+ p( )

Case 4.x =4 and y = 2. Now, 6p(4, F4) < p(4,2) and

w

43

H,(F4,F2
Hy( )= 100

< —p(4,2) + p(4 F4) + p(2,F2).

(ﬂll\)
,.;;

Thus all the conditions of Theorem 3 are satisfied. Here x = 2 is a fixed point of F.
On the other hand, the metric p* induced by the partial metric p is given by

4
ra)=p122)=p'33)=0, p12,3)=p"3,2)= 3

189 1

p'(4,3)=p'(3,4) = 3807 P'(4,2) =p(2,4) = 20"
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Note that, in the case of an ordinary Hausdorff metric, the given mapping does not

satisfy the condition (2.5). Indeed, for x = 2 and y = 4, the condition 6p*(2, F2) < p*(2,4) is
satisfied. But the condition H(F2, F4) < ap®(2,4) + bp*(2, F2) + cp*(4, F4) is not satisfied.

In fact, we have

H(F2,F4) = H({2},{2,3})

-3
PO = (4,2,3) = o
’ ) ) 20
and
4 3/11 1 1 /11 187
22 ()0 (=)= 22,
57 4\20 8 10\ 20 400
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