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1 Introduction and preliminaries

Throughout this paper, by R*, we denote the set of all nonnegative real numbers, while N
is the set of all natural numbers. Let (X,d) be a metric space, D be a subset of X and
f:D — X be a map. We say f is contractive if there exists « € [0,1) such that for all
x,y €D,

d(fx, fy) <« - d(x,).

The well-known Banach fixed point theorem asserts that if D = X, f is contractive and
(X,d) is complete, then f has a unique fixed point in X. It is well known that the Banach
contraction principle [1] is a very useful and classical tool in nonlinear analysis. Also,
this principle has many generalizations. For instance, in 1969, Boyd and Wong [2] in-
troduced the notion of ®-contraction. A mapping f : X — X on a metric space is called
®-contraction if there exists an upper semi-continuous function ® : [0, 00) — [0, c0) such
that

d(fx,fy) < ®(d(x,y)) forallx,yeX.

In 1994, Mattews [3] introduced the following notion of partial metric spaces.

Definition 1 [3] A partial metric on a nonempty set X is a function p: X x X — R* such
that for all x,7,z € X,

(p1) x=yifand only if p(x, x) = p(x,y) = p(,);
(p2) px,x) < p(x,);
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(p3) p(x,y) = p(y,x);
(pa) px,y) < p(x,2) + p(z,y) - pz,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric
on X.

Remark 1 It is clear that if p(x,y) = 0, then from (p;) and (p2), x = y. But if x = y, p(x,7)

may not be 0.

Each partial metric p on X generates a 7, topology 7, on X which has as a base the family
of open p-balls {B,(x,y) :x € X,y > 0}, where B,(x,y) = {y € X : p(x, ) < p(x,x) + y} for all
x€ X and y >0.If p is a partial metric on X, then the function d,, : X x X — R* given by

dy(x,y) = 2p(x,y) — p(x, %) — p(y,y)

is a metric on X.
We recall some definitions of a partial metric space as follows.

Definition 2 [3] Let (X, p) be a partial metric space. Then

(1) asequence {x,} in a partial metric space (X, p) converges to x € X if and only if
P, %) = limy,, 0 p(, %4);

(2) asequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if and
only if limy,; - 0o P(%m, %,) exists (and is finite);

(3) apartial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X
converges, with respect to 7,, to a point & € X such that p(x,x) = 1imy,, y— 00 P, %1);

(4) asubset A of a partial metric space (X, p) is closed if whenever {x,} is a sequence in

A such that {x,} converges to some x € X, then x € A.
Remark 2 The limit in a partial metric space is not unique.

Lemma 1 [3, 4]
(@) {x4} is a Cauchy sequence in a partial metric space (X, p) if and only if it is a Cauchy
sequence in the metric space (x,d,);
(b) a partial metric space (X, p) is complete if and only if the metric space (X,d,) is
complete. Furthermore, lim,,_, o d, (X, %) = 0 if and only if

P(x, JC) = limn—>oop(xmx) = limneoop(xm xm)

In 2003, Kirk, Srinivasan and Veeramani [5] introduced the following notion of the

cyclic representation.

Definition 3 [5] Let X be a nonempty set, m € N and f : X — X be an operator. Then
X =J”, A; is called a cyclic representation of X with respect to f if

(1) A;,i=1,2,...,m are nonempty subsets of X;

(2) f(A1) C Az f(A2) C A3, f(Am1) CAwf(Am) C AL

Kirk, Srinivasan and Veeramani [5] also proved the following theorem.
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Theorem 1 [5] Let (X,d) be a complete metric space, m € N, Ay, A,,...,A,,, be closed
nonempty subsets of X and X = J!", A;. Suppose that f satisfies the following condition:

d(fx,fy) < ¥ (d(x,y)), forallxe€A,y€Aim,ic{l,2,...,m},

where ¥ : [0,00) — [0,00) is upper semi-continuous from the right and 0 < (t) < ¢t for
t>0. Then f has a fixed point z € (i, A;.

Recently, the fixed theorems for an operator f : X — X defined on a metric space X with
a cyclic representation of X with respect to f have appeared in the literature (see, e.g.,
[6-8]). In 2010, Pacurar and Rus [7] introduced the following notion of a cyclic weaker

@-contraction.

Definition 4 [7] Let (X,d) be a metric space, m € N, Aj,A,,...,A,, be closed nonempty
subsets of X and X = | J”; A;. An operator f : X — X is called a cyclic weaker ¢-contraction
if
(1) X =, A; is a cyclic representation of X with respect to f;
(2) there exists a continuous, non-decreasing function ¢ : [0, 00) — [0, 00) with ¢(£) > 0
for t € (0, 00) and ¢(0) = 0 such that

d(fx.fy) < d(x,y) - ¢(d(x,))
foranyx € A;, y € Ain,i=1,2,...,m, where A,,.1 = A;.
And Pacurar and Rus [7] proved the following main theorem.

Theorem 2 [7] Let (X,d) be a complete metric space, m € N, Ay, A,,...,A,, be closed
nonempty subsets of X and X = J", A;. Suppose that f is a cyclic weaker ¢-contraction.
Then f has a fixed point z € (i A;.

In the recent years, fixed point theory has developed rapidly on cyclic contraction map-
pings, see [9-15].

The purpose of this paper is to study fixed point theorems for a mapping satisfying the
cyclical generalized contractive conditions in complete partial metric spaces. Our results
generalize or improve many recent fixed point theorems in the literature.

2 Fixed point theorems (I)
In the section, we denote by W the class of functions 1 : R*®> — R* satisfying the following

conditions:

(Y1) ¥ is an increasing and continuous function in each coordinate;

() fort e R, ¥ (t,t,t) <t, ¥(¢,0,0) < £and ¥(0,0,¢) < ¢.

Next, we denote by ® the class of functions ¢ : R* — R* satisfying the following condi-

tions:

(1) ¢ is continuous and non-decreasing;
(p2) fort>0, @(t) >0 and ¢(0) = 0.
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And we denote by ® the class of functions ¢ : R* — R* satisfying the following condi-

tions:

(¢1) ¢ is continuous;
(¢2) fort>0,$(t) >0 and $(0) = 0.

We now state a new notion of cyclic CVW-contractions in partial metric spaces as follows.
Definition 5 Let (X, p) be a partial metric space, m € N, Ay, A,,..., A, be nonempty sub-
sets of X and Y = J”; A;. An operator f : Y — Y is called a cyclic CWW-contraction if

(1) U, A; is a cyclic representation of Y with respect to f;
(2) foranyxe A;,y€ A1, i=12,...,m,

o) < ¥ (e(p(. ), 0 (P, /%), 0 (P,f))) = d(M(x,)), 2.1)

where Y € W, ¢ € O, ¢ € , and M(x,y) = max{p(x,y), p(x,fx), p(y,/¥)}.

Theorem 3 Let (X,p) be a complete partial metric space, m € N, Ay,A,,...,A,, be
nonempty closed subsets of X and Y =\, A;. Let f : Y — Y be a cyclic CW-contraction.
Then f has a unique fixed point z € (1 A;.

Proof Given x¢ and let x,,,; = fx, = f"xo for n =0,1,2,.... If there exists ny € N such that
Xng+1 = Xny, then we finished the proof. Suppose that x,,,; # x, forany n=0,1,2,.... Notice
that for any # > 0, there exists i, € {1,2,...,m} such that x, € A;, and x,,,1 € 4;,1.

Step 1. We will prove that

lim p(x,,%,,1) =0, thatis, 1im d,(x,, x,.1) = 0.
n—00 n—00
Using (2.1), we have

(p(p(xn;xwrl)) = go(p(fxn—lyfxn))
(g{) (p(xn—lr xn)): (p(p(xn—lyfxn—l))¢ w(p(xmfxn))) - ¢(M(xn—1,xn))
(¢ (pGtn-1,%1)), @ (DXt %)), 0 (P (s %01)) ) — D (M (-1, %4))5

IA

v
v

where

M(xn—l: xn) = max {p(xn—lr xn)’p(xn—l:fxn—l)’p(xn’fxn)}

= max {P(xn—l» xn);P(xn—hxn)»p(xm Kpe1) } .

If M(%-1,%0) :p(xm %n41), then

‘p(P(xman)) = 1//(§0 (p(xm xn+1))» SD(P(xm xn+1))r <P(P(xm xn+1))) - ¢(p(xmxn+l))
5 Qo(p(xmxnﬂ)) - ¢(p(xmxn+l)):

which implies that ¢(p(x;, x,11)) = 0, and hence p(x,,, x,,4,1) = 0. This contradicts our initial
assumption.
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From the above argument, we have that for each n € N,

(p(p(xmxnﬂ)) = ‘/’(P(an,xn)) - ¢(p(xn—1:xn)): (2.2)

and

DXy Xpi1) < P(Kpo1,%n).

And since the sequence {p(x,,%,1)} is decreasing, it must converge to some 1 > 0. Taking
limit as # — o0 in (2.2) and by the continuity of ¢ and ¢, we get

o) <o) - o),

and so we conclude that ¢(n) = 0 and 5 = 0. Thus, we have
Jlim P&, %011) = 0. (2.3)
By (p2), we also have
lim p(x,,x,) = 0. (2.4)
n>00

Since d,(x,y) < 2p(x,y) — p(x,x) — p(y,y) for all x,y € X, using (2.3) and (2.4), we obtain
that

lim d,(%,,%,.1) = 0. (2.5)

n—00

Step 2. We show that {x,} is a Cauchy sequence in the metric space (Y,d,). We claim
that the following result holds.

Claim For every ¢ > 0, there exists n € N such that if ,q > n with r — g = 1mod m, then
dp (%, %g) < €.

Suppose the above statement is false. Then there exists € > 0 such that for any n € N,
there are r,,q, € N with r, > g, > n with r, — g, = 1 mod m satisfying

Ay (X, %r,,) = €.
Now, we let n > 2m. Then corresponding to g, > n use, we can choose r, in such a way
it is the smallest integer with r,, > g, > n satisfying r, — g, = 1modm and d,(x,,,%,,) > €.
Therefore, d,(x4,,%r,-m) < € and

€= dp (an ’ xrn)

m
= dp(qul’xrn*M) + de(xrn—i’xrn—iﬂ)

i=1

m
<€+t Z dl’(xrn—i’ KXrp_iv1 )

i=1

Page 5 of 15
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Letting n — 00, we obtain that
lim d,(x,,,x,,) = €. 2.6
lim d(x,,,%,) (2.6)
On the other hand, we can conclude that

€= dp (xq,,, 1 Xry )
= dp (an 4 an+1) + dp (an+l ’ erHl) + dP (xrn+1 ’ xrn)
= dp(xQn’xq;ﬁl) + dp(‘anﬂ’an) + dp(xQn’xrn) + dp(xrn’xrnﬂ) + dp(xrn+1’xrn)'
Letting # — 00, we obtain that
lim d,(xg,,,s%r,,,) = €. (2.7)

n—00

Since d,(x,y) = 2p(x,y) — p(x,x) — p(y,y) and using (2.4), (2.6) and (2.7), we have that

. €
A Pl ) = 5 2
and
. €
ngngop(x%ﬂ’xrml) - E‘ (2‘9)

Since x,, and x,, lie in different adjacently labeled sets A; and A;,; for certain1 < i < m,
by using the fact that f is a cyclic CVV-contraction, we have

@ (P(fg, 1, f5r,41)) = @(p(fXg, . f%1,))
< V(@ (plg, ), 0 (0g, fq,)) 0 (D5, fr,)))
— ¢ (M(xg,,%y,))
= ¥ (0P, %1,))> @ (X, %g,41))s 0 (D, %1,51)) )

- ¢(M(xg, %1,)),
where
M(xg,,%y,) = max {p(an,x,n),p(an,anﬂ),p(x,”,x,nﬂ) }
Thus, letting n — oo, we can conclude that
w(%) =< 1/f<¢<§>,<0(0),<0(0)> —¢>(§> = w(%) —¢>(§>,

which implies q‘)(%) =0, that is, € = 0. So, we get a contradiction. Therefore, our claim is
proved.


http://www.fixedpointtheoryandapplications.com/content/2013/1/17

Chen Fixed Point Theory and Applications 2013, 2013:17 Page 7 of 15
http://www.fixedpointtheoryandapplications.com/content/2013/1/17

In the sequel, we will show that {x,} is a Cauchy sequence in the metric space (Y, d,,). Let
& > 0 be given. By our claim, there exists n; € N such that if r,q > n; with r — g = 1mod m,
then

£
d T <.
p (x> 24) < 5

Since limy,_, o0 dp (%, ¥441) = 0, there exists n, € N such that

&
dp(xn;xnﬂ) = %
for any n > ny.

Let r,q > max{n;,ny} and r > g. Then there exists k € {1,2,...,m} such that r — g =
kmod m. Therefore, r — g + j = 1mod m for j = m — k + 1, and so we have

dp(xq’ %) < dp(xqr xr+j) + dp(xr+j1 xr+j—1) +-o dp(xr—b xr)

e e
SS5HiX 5

2 2m

e e
<—+mx —=¢

2 2m

Thus, {x,} is a Cauchy sequence in the metric space (Y, d,).

Step 3. We show that f has a fixed point v in () A;.

Since Y is closed, the subspace (Y,p) is complete. Then from Lemma 1, we have that
(Y,d,) is complete. Thus, there exists v € X such that

lim d,(x,,v) = 0.
n—0o0
And it follows from Lemma 1 that we have

p(v,v) = lim p(x,,v) = lim p(x,,x,,). (2.10)

n,m—> 00

On the other hand, since the sequence {x,} is a Cauchy sequence in the metric space
(Y,d,), we also have

lim d, (%, %) = 0.

n—00

Since d,(x,y) = 2p(x,y) — p(x,%) — p(¥,9), we can deduce that
lim p(x,,x,,) = 0. (2.11)
n—00
Since Y = |J!%; A; is a cyclic representation of X with respect to f, the sequence {x,} has
infinite terms in each A; for i € {1,2,...,m}. Now, for all i = 1,2,...,m, we may take a sub-
sequence {x,, } of {x,} with x,, € A;_; and also all converge to v. Using (2.10) and (2.11),

we have

pw,v) = lim p(x,,v) = lim p(x,,,v)=0.
n—0o0 n— 00
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By (2.1),

@ (PG 1, fV)) = @(P(ftny V)
<V (@(pGn ), 0 (PG o fon))s 0 (P (0, 1)) = S (M (s, ,v))
= U (@ (pGtns ), @ (PFnr X 41)) 0 (p(0, /1)) — D (M (i, ),

where

M(xrlk) v) = max{p(xnk¢ v)’p(xnernkﬂ)’p(v:f‘))}'

Letting k — 00, we have

P (p(v,fv)) < ¥ (9(0),9(0),0(p(v,f1))) - P (p(v.fv))
<¢(pw.fv)) - o (pv.fv),
which implies ¢(p(v,fv)) = 0, that is, p(v,fv) = 0. So, v = fv.

Step 4. Finally, to prove the uniqueness of the fixed point, suppose that u, v are fixed
points of f. Then using the inequality (2.1), we obtain that

o(p(,0)) = e(p(f 1, v)) < ¥ (@ (p(1s)) (s f 1)), 0 (P(V, £ 1))
- ¢(M(I'L: ‘)))¢

where

M(u,v) = max{p(u, v), p(u, f 1), p(v,fv) } = p(, v).
So, we also deduce that
o(p(w,v)) < ¥ (@(p(w,v),0,0))
< o(p(i,v)) - ¢ (p(1, v)),

which implies that ¢(p(u, v)) = 0, and hence p(u, v) = 0, that is, 1 = v. So, we complete the
proof. d

The following provides an example for Theorem 3.

Example1 Let X =[0,1] and A = [0,1], B=[0, %], C = [0, i]. We define the partial metric
pon X by

px,y) =max{x,y} forallx,yeX,

and define the function f : X — X by

52
=—— forallxeX.
fx) Ten orallx e
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Now, we let ,¢ : R* — R* and ¢ : R*> - R* be

2t 4
= d t E t,t,t .
5010 and ¥ (2) z max{t, ty, t3}

p)=2t,  $(t)

Then f is a cyclic CW-contraction and 0 is the unique fixed point.

Proof We claim that f is a cyclic CVV-contraction.

(1) Note that f(A) = [0, 1] C B, f(B) = [0, ¢] C Cand f(C) = [0, 35] C A. Thus, AUBUC
is a cyclic representation of X with respect to f;

(2) Forx € A and y € B (or, x € B and y € C), without loss of generality, we may assume

that x > y, then we have

2 2 2 2x2
¢ (p(fx. ) =¢(P(1ix’1yTy>) z‘”(lix) ) lfx’

¥ (0(p)), 0(p.f%), 0 (p(,17)))

Aot o5 55))o(r:25)))

=Y (o), 0(x), (%))

8x
=Y (2x,2x,2y) = =

and

) (max {p(x, ), 0, fx), (v, ) })

2 2
colamfpers ol )

2x
51 +x)

= ¢>(max{x, x,y}) =

2> 8x 2

1+x~ 5 5(1+x)

we have

o (p(fe.1) < ¥ (0 (p@), ¢ (p@.fx)), 0 (P1:1)))
—¢ (max {p(x, ¥), 0%, %), p(y. fy) })

On the other hand, for x € C and y € A, without loss of generality, we may assume that
x <y, then it is easy to get the above inequality.

Note that Example 1 satisfies all of the hypotheses of Theorem 3, and we get that 0 is the
unique fixed point. d

3 Fixed point theorems (Il)
In this article, we also recall the notion of a Meir-Keeler function (see [16]). A function
¢ :[0,00) — [0, 0) is said to be a Meir-Keeler function if for each n > 0, there exists § > 0

Page 9 of 15
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such that for ¢ € [0, 00) with n < ¢ < n+ 35, we have ¢(£) < n. We now introduce a new notion
of a weaker Meir-Keeler function ¢ : [0,00) — [0,00) in a partial metric space (X, p) as
follows.

Definition 6 Let (X,p) be a partial metric space. We call ¢ : [0,00) — [0, 00) a weaker
Meir-Keeler function in X if for each 7 > 0, there exists § > 0 such that for x,y € X with
n < p(x,y) < n + 4, there exists ny € N such that ¢"° (p(x,)) < n.

In the section, we denote by @ the class of weaker Meir-Keeler functions ¢ : R* — R*
in a partial metric space in (X, p) satisfying the following conditions:

(¢1) ¢(t) >0 for £>0, p(0) = 0;
(¢2) {@"(£)}nen is decreasing;
(¢3) fort, €[0,00),
(a) iflim,_ o0 £y = ¥ >0, then lim,_, o ¢(¢,) < ¥ and
(b) iflim,— o £, = 0, then lim,,_, o B(2,) = 0.

And we denote by the class W of functions ¢ : R* — R* a continuous function satisfying
¥(t) >0 fort>0,%(0)=0.
First, we state a new notion of cyclic M/C-contractions in partial metric spaces as fol-

lows.

Definition 7 Let (X, p) be a partial metric space, m € N, A, A,,...,A,, be nonempty sub-
sets of X and Y = |J, A;. An operator f : Y — Y is called a cyclic MK-contraction
if
)
U, A; is a cyclic representation of Y with respect to f;
()

foranyxe A, y€Ai1,i=12,...,m,

pifx.fy) < ¢(px,y) - v (p(x,9)), (3.1)

where
Api1=4A1,0€d and Yew.

Theorem 4 Let (X,p) be a complete partial metric space, m € N, Ay, As,..., A be
nonempty closed subsets of X and Y = J'; A;. Let f : Y — Y be a cyclic MK-contraction.
Then f has a unique fixed point z € (1 A;.

Proof Given xg and let x,,,1 = fx,, = f"x¢, for n = 0,1,2,.... If there exists ny € N such that
Xng+1 = %ny, then we finished the proof. Suppose that x,,,; # %, foranyn =0,1,2,.... Notice
that for any #n > 0, there exists i, € {1,2,...,m} such that x,, € A;, and x,,,1 € A;, 1. Then
by (3.1), we have

p(xmxm—l) =p(fxn—1¢fxn) < ¢(P(xn717 xn)) - 1p(p(‘xn—ly xn))
Step 1. We will prove that

lim p(x,,%,.1) =0, thatis, lim d,(x,%,.1) = 0.
n— 00 n—0o0
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Since f is a cyclic MK-contraction, we can conclude that

Py %p11) < ¢(p(xn—1’xn))
S ¢(¢ (p(xn—Zr xn—l)) = ¢2 (p(xn—Z’ xn—l))

< ¢"(plxo, %1)).

Since {¢" (p(x0,%1))}nen is decreasing, it must converge to some 1 > 0. We claim that n = 0.
On the contrary, assume that 0 < 7. Then by the definition of a weaker Meir-Keeler func-
tion ¢, there exists § > 0 such that for xg,x; € X with n < p(xg,x;) < & + 7, there exists
no € N such that ¢ (p(x, x1)) < 1. Since lim,,_, o, " (p(x0,x1)) = 1, there exists ko € N such
that n < ¢*(p(x0,%1)) < 8 + 1, for all k > ky. Thus, we conclude that ¢*0*0 (p(xo,%1)) < 7.
So, we get a contradiction. Therefore, lim,,_, o ¢” (p(x0, 1)) = 0, and so we have

lim p(x,,%,41) = 0. (3.2)
By (p2), we also have

lim p(x,,x,) = 0. (3.3)

H—0Q

Since d,(x,y) < 2p(x,y) — p(x,x) — p(y,y) for all x,y € X, using (3.2) and (3.3), we obtain
that

lim d, (%, %.41) = 0. (3.4)

n—00

Step 2. We show that {x,} is a Cauchy sequence in the metric space (Y,d,). We claim
that the following result holds.

Claim For every ¢ > 0, there exists n € N such that if ,q > n with r — g = 1mod m, then

dp(xr,%4) < €.

Suppose the above statement is false. Then there exists € > 0 such that for any n € N,
there are r,,q, € N with r, > g, > n with r, — g, = 1 mod m satisfying

dp(an;xrn) > €.

Now, we let n > 2m. Then corresponding to g, > n use, we can choose r, in such a way
it is the smallest integer with r,, > g, > u satisfying r, — g, = 1mod m and d,,(x,,,x,,) > €.
Therefore, d,(x4,,%r,-m) < € and

€= dp (an ’ xrn)

m
= dp(qul’xrn*M) + de(xrn—i’xrn—iﬂ)

i=1

m
<€+t Z dl’(xrn—i’ KXrp_iv1 )

i=1
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Letting n — 00, we obtain that

lim d,(x,,,%:,) = €. (3.5)

n—00

On the other hand, we can conclude that

€ <dy(xg,, %)
= dp(xQH’anﬂ) + dp(xqrul’xrrHI) + dp(xrnﬂ’xrn)
= dp(an,xqul) + dp(xqrul’an) + dp(xQn’xrn) + dP(xrn’xrnH) + dp(xrn+1’xrn)'
Letting n — oo, we obtain that
nll>n;.10 dp (x%ﬂl 1 Xrus1 ) =€. (36)

Since d,(x,y) = 2p(x,y) — p(x,x) — p(y,y) and using (3.5) and (3.6), we have that

) €
nlglolop(an;xrn) = E, (3.7)
and
. €
nll)n;op(anﬂ’xrnH) - E (38)

Since x4, and x,, lie in different adjacently labeled sets A; and A;,; for certain1 <i < m,
by using the fact that f is a cyclic MK -contraction, we have

p(an+1’xrn+l) :p(fon’fxrn) = ¢(p(an’xm)) - ‘p(P(an:xrn))'

Letting n — 00, by using the condition ¢3 of the function ¢, we obtain that

E<€ €
5—5”(5)

and consequently, ¥/(5) = 0. By the definition of a function v/, we get € = 0 which is a
contraction. Therefore, our claim is proved.

In the sequel, we will show that {x,} is a Cauchy sequence in the metric space (Y, d,). Let
& > 0 be given. By our claim, there exists #; € N such that if ,qg > n; with » — g = 1mod m,
then

dp (xr: xq) ==

N ™

Since lim,,_, o0 dy (%4, %,.1) = 0, there exists 7, € N such that

&
dp (xn: xn+1) = ﬂ

for any n > ny.

Page 12 of 15
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Let r,q > max{ny,n,} and r > g. Then there exists k € {1,2,...,m} such that r — g =
kmodm. Therefore, r — q + j = 1mod m for j = m — k + 1, and so we have

dp(xq’ xr) = dp(xq: xr+j) + dp(xrﬁ: xr+j—l) +oo dp(xr—l’ xr)

e . €
<-4 X —

2 2m

£ e
<—4+mXxX —=¢

2 2m

Thus, {x,} is a Cauchy sequence in the metric space (Y, d,,).

Step 3. We show that f has a fixed point v in ()} A;.

Since Y is closed, the subspace (Y, p) is complete. Then from Lemma 1, we have that
(Y,d,) is complete. Thus, there exists v € X such that

lim d,(x,,v) = 0.
n—oQ
And it follows from Lemma 1 that we have
p(v,v) = lim p(x,,v) = lim_ p(x,, x,,). (3.9)
n—oQ n,m—> 00

On the other hand, since the sequence {x,} is a Cauchy sequence in the metric space
(Y,d,), we also have

nILrI;O dp(Xps Xm) = 0.
Since d, (x,y) = 2p(x,y) — p(x,x) — p(y,), we can deduce that

lim p(x,,x,,) = 0. (3.10)
n—0oQ

Since Y = [ J%; A; is a cyclic representation of X with respect to f, the sequence {x,} has
infinite terms in each A; for i € {1,2,...,m}. Now, for all i = 1,2,...,m, we may take a sub-
sequence {x,, } of {x,} with x,, € A;_; and also all converge to v. Using (3.9) and (3.10), we

have
p,v) = lim p(x,,v) = lim p(x,,,v)=0.
n—00 n— 00
By (3.1),

P fV) = p(fn, fV)
= ¢(p(xnk: V)) - ‘(//(p(xnkx U))
= ¢(P(xnk: V))

Letting k — oo, we have

p,fv) <0,

and so v =fv.
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Step 4. Finally, to prove the uniqueness of the fixed point, let « be another fixed point of
fin (), A;. By the cyclic character of f, we have u,v € (), A;. Since f is a cyclic weaker
MK -contraction, we have

pv, ) =p(v,fu)
= lim p(e, . f1)
= lim p(fie,.f 1)
< lim [ (p(on, 1)) = ¥ (Pt 1)) ]

EP(V, /’L) - W(P(V: M))r

and we can conclude that

1# (P(V; M)) =0,

which implies p(v, ) = 0. So, we have u = v. We complete the proof. d

The following provides an example for Theorem 4.

Example 2 Let X = [0,1] and A = [0,1], B= [0, %], C =0, i]. We define the partial metric
ponX by

plx,y) =max{x,y} forallx,yeX,

and define the function f : X — X by

x2

=—— forallxeX.
fx) Tex or all x

Now, we let ¥, ¢ : R* — R* be

4

(1) = g and (o) =

t
51+¢)
Then f is a cyclic MK-contraction and 0 is the unique fixed point.
By Theorem 4, it is easy to get the following corollary.

Corollary 1 Let (X,p) be a complete partial metric space, m € N, Ay, A,,...,A,, be
nonempty closed subsets of X, Y =\ Ji-) A; and let f : Y — Y. Assume that

(1) U, Ai is a cyclic representation of Y with respect to f;

(2) foranyx € A;, y€ A1, i=1,2,...,m,

pifx.fy) < ¢(px.),

where A1 = Ay and ¢ € .
Then f has a unique fixed point z € (2, A;.
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