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Abstract

In this paper, we first introduce a cyclic generalized contraction map in metric spaces
and give an existence result for a best proximity point of such mappings in the setting
of a uniformly convex Banach space. Then we give an existence and uniqueness best
proximity point theorem for non-self proximal generalized contractions. Moreover, an
algorithm is exhibited to determine such a unique best proximity point. Some
examples are also given to support our main results. Our results extend and improve
certain recent results in the literature.
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1 Introduction and preliminaries

Fixed point theory is indispensable for solving various equations of the form Tx = x for
self-mappings T defined on subsets of metric spaces. Given nonempty subsets A and B of
ametric space and a non-self mapping 7 : A — B, the equation Tx = x does not necessarily
have a solution, which is known as a fixed point of the mapping 7. However, in such cir-
cumstances, it may be speculated to determine an element x for which the error d(x, Tx) is
minimum, in which case x and Tx are in close proximity to each other. Best approximation
theorems and best proximity point theorems are relevant in this perspective. One of the
most interesting results in this direction is due to Fan [1] and can be stated as follows.

Theorem F Let K be a nonempty compact convex subset of a normed space E and let
T : K — E be a continuous non-self-mapping. Then there exists an x such that ||x — Tx|| =
d(K, Tx) = inf{|| Tx — u|| : u € K}.

Many generalizations and extensions of this theorem appeared in the literature (see [2—
6] and references therein).

On the other hand, though best approximation theorems ensure the existence of approx-
imation solutions, such results need not yield optimal solutions. But, best proximity point
theorems provide sufficient conditions that assure the existence of approximate solutions
which are optimal as well. A best proximity point theorem furnishes sufficient conditions
that ascertain the existence of an optimal solution to the problem of globally minimizing
the error d(x, Tx), and hence the existence of a consummate approximate solution to the
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equation Tx = x. Indeed, in view of the fact that d(x, Tx) > d(A, B) for all x, a best prox-
imity point theorem offers sufficient conditions for the existence of an element x, called
a best proximity point of the mapping T, satisfying the condition that d(x, Tx) = d(A, B).
Further, it is interesting to observe that best proximity point theorems also emerge as a
natural generalization of fixed point theorems for a best proximity point reduces to a fixed
point if the mapping under consideration is a self-mapping. Best proximity point theory
of cyclic contraction maps has been studied by many authors; see [7-15] and references
therein. Investigation of several variants of contractions for the existence of a best proxim-
ity point can be found in [16—19]. Best proximity point theorems for multivalued mappings
are available in [20, 21].

2 Best proximity points for cyclic generalized contractions
Let A and B be nonempty subsets of a metric space (X,d), T:AUB— AUB, T(A) C B
and T'(B) C A. We say that

(a) T is cyclic contraction [10] if
d(Tx, Ty) < kd(x,y) + 1 - k)d(A,B) forallx€ A,y e B
for some k € [0,1), where
d(A,B) = inf{d(x,y) x€A,ye B}.

(b) x € AU B is a best proximity point for T if d(x, Tx) = d(A, B).

We first introduce the following new class of cyclic generalized contraction maps.

Definition 2.1 Let A and B be nonempty subsets of a metric space (X,d). Amap T: AU
B — A UBisa cyclic generalized contraction map if T(A) € B, T(B) C A and

d(Tx, Ty) < a(d(x,9))d(x,y) + (1 - a(d(x,7)))d(A, B) (2.1)

for each x € A and y € B, where « : [d(A, B),00) — [0,1) satisfies limsup,_, ,+ «t(s) < 1 for
each t € (d(A, B), 00).

If a(t) = k for each ¢ € [d(A, B), 00), where k € [0,1) is constant, then T is a cyclic con-
traction.

A Banach space X is said to be uniformly convex if there exists a strictly increasing func-
tion § : (0,2] — [0,1] such that the following implication holds for all x;,%5,p € X, R >0

and r € [0,2R]:
X1+ Xo r
-p|=11-681 =) )R
7o =(-9(3))

Theorem 2.1 (Geraghty [22]) Let (X,d) be a complete metric space and let T : X — X be
a map satisfying

lxi—pll <R, i=12 and |x—-x|=>r =

d(Tx, Ty) < a(d(x,y))d(x,y) foreachx,y € X,
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where a : [0,00) — [0,1) satisfies limsup,_, ,+ a(s) < 1foreacht € (0,00). Then T has a fixed
point.

Now, we are ready to state our main result in this section.

Theorem 2.2 Let A and B be nonempty closed and convex subsets of a uniformly convex
Banach space X and let T : AU B — A U B be a cyclic generalized contraction map. Then
T has a best proximity point.

Proof Suppose that d(A, B) = 0, then the theorem follows from the above mentioned Ger-
aghty fixed point theorem. Therefore, we may assume that d(A,B) > 0. Let x5 € A and let
X441 = Ix, for each n € N. Then from (2.1) we have

”x2m+1 — X2n ”

< a(llx2m — Xona 1) 1%2m — %21 || + (1= ot ([1%2m — %24-111) ) d(A, B) (2.2)
for each m, n € N. Since a(||x2, — %2,-1]]) <1 and ||x2,, — %2,-1]| > d(A, B), so we have

@ ([1%2m = %2n1 1) 1%2m — Kana |l + (1 = (|| %2m — X2n-111) )d(A, B)
< ll%2m — %2011l- (2.3)
From (2.2) and (2.3), we get
%211 = %oull < ll%2m — X201l (2.4)
for each m,n € N. Then from (2.4) we get ||x, — x,.1]| < |l%y-1 — x| for each n € N, and
so {|l%, — x,.1]|} is @ nonnegative nonincreasing sequence in R. Hence {||x,, — x,,,1]|} con-
verges to some real number ry > d(A, B). On the contrary, assume that ro > d(A, B). Since
lim SUp;, s a(s) <1 and a(rg) < 1, there exist » € (0,1) and € > 0 such that «(s) < r for all
s € [rg, 1o + €]. We can take Ny € N such that ry < ||x, —%,.1|| < 1o + € for all # > Ny. Then

a(ll%n = xpi1ll) <7 for n>No.

Let m € {n,n -1} and let n > Nj. Then from (2.2) and the above inequality, we get (note
that [|x2,, — %2411 — d(A, B) > 0)

ll962me1 = %2 | < 0 (%2 — X2n1|l) (1%2m — %2011l — d(A, B)) + d(A, B)

< 7(1%2m — %2p-1 1| — d(A, B)) + d(A, B) = r||%2m — %opa | + (1 - r)d(A, B)
for each n > Ny and m € {n,n —1}. So, we get
%60 = X1l < 7llney —x4ll + (1 =7)d(A,B)  for n > 2Np. (2.5)
Letting n — o0, (2.5) implies ry = lim,,—, o ||%; — x,11]| < d(A, B), a contradiction. Then

lim ||, — %411l = d(A, B). (2.6)
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Now, we show that

lim ||x2n+2 _x2n|| =0 (27)
n—0oQ

and
lim (%243 — %2041 = 0. (2.8)
n—0o0

To show that lim,_, o || %2442 — X24]| = 0, on the contrary, assume that there exists €y > 0
such that for each k € N there exists #; > k such that

”x2nk+2 — Xomy ” = €o. (29)
Choose 0 < y <1 such that 570 > d(A, B) and choose € such that

0<e<min{j/—0_d(A,B)’M}

1-4(y)

By (2.6) there exists N; such that

120 42 — %21l < d(A,B) + € forall ny > Ny (2.10)
Also, there exists N5 such that

1620, = Xom+1ll < d(A,B) +€ forall ng > Ny. (2.11)

Let N = max{Nj, N}. It follows from (2.9)-(2.11) and the uniform convexity of X that

€0
= <1_8(d(A,B) +e)>(d(A’B) +e)

for all mx > N. As w € A, the choice of € and the fact that § is strictly increasing

imply that

Xonp+2 + Xony

— X2m+1
2 k

Xom+2 + Xony

5 <d(A,B) foralln, >N,

— Xom+1

a contradiction. A similar argument shows ||x3,:3 — %2,,41]| — 0 as n — oco. Hence, (2.7)
and (2.8) hold.
Now we show that for each € > 0, there exists N € N such that forall m >n > N,

%2 = %2ns11l < d(A, B) + €. (2.12)

On the contrary, assume that there exists €; > 0 such that for each k > 1 thereis my > ny > k
satisfying

12y, — %omgs1ll = d(A, B) + €1 (2.13)
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and
1%2(mg-1) — X2m 11l < (A, B) + €1. (2.14)
It follows from (2.13), (2.14) and the triangle inequality that

d(A, B) + €1 < ||%am; — Xans1l]

< %2my = %20me-1) | + 1920 -1) = X2

< N %2my = X20m-1)ll + d(A, B) + €.

Letting k — o0, (2.7) implies

kll)fgo %2, — %2ms1ll = d(A, B) + €. (2.15)
Let ¢y = d(A, B) + €;. Since lim sup;_ a(s) <1and a(ty) < 1, there exist ' € (0,1) and ¢’ > 0
such that «(s) < ¥ for all s € [£y, to + €']. Thanks to (2.15), we can take K, € N such that
to < %om, — Xome1ll < to + €’ for all k > Ky. Then

o ([, = Xamenrll) <7 for k > Ko,
and so from (2.2) we get

62y 1 = Ko 2| < 7 %2y, — Xo2mpaall + (L= 7')d(A,B)  for k > K. (2.16)

From (2.4) and (2.16), we get

02, = %2me1ll < %2, = X2mga2ll + %2042 = Xomp a3l + (%2043 — X201l
= ||x2mk _mek+2” + ”x2mk+l _x2nk+2” + ||x2nk+3 _x2nk+1||
=< %2y — Xomge2ll + 1243 — X2 11

+ 7 || %2y, — X1 + (1 - '”/)d(A,B) (2.17)
for each k > Kj. Letting k — oo and using (2.7), (2.8), (2.15) and (2.17), we get
d(A,B) +€ < r'(d(A,B) + 61) + (1 - r/)d(A,B) =d(A,B) + e,
a contradiction. Thus (2.12) holds.
Now we show that {x,,} is a Cauchy sequence in A. To show the claim, we assume the
contrary. Then there exists €; > 0 such that for each k > 1, there exist px > g« > k such that
%62, — %2g, || > €2. (2.18)
Choose 0 < y <1 such that 572 > d(A, B) and choose € > 0 such that

€< min[j/—2 —d(A,B), W}

1-48(y)
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By (2.6) there exists N; such that

%2, — %2m 411l < d(A,B) + € for all m > Nj. (2.19)
By (2.12) there exists N; such that

1%2m, — %2m 11l <d(A,B) + € for all my > ny > Ny. (2.20)
Let N = max{Ny, N}. It follows from (2.18)-(2.20) and the uniform convexity of X that

Xomy + Xomy

— X2 +1
2 k

€3
1-8 ——=— A,B for all .
5( 6<d(A,B)+e>>(d( )+e) orall my >m >N

By the choice of € and the fact that § is strictly increasing, we have

x2mk + Xony

) <d(A,B) forall my>n; >N,

— X2 +1

a contradiction. Thus {x,,} is a Cauchy sequence in A. Now the completeness of X and
the closedness of A imply that

lim x5, =x € A. (2.21)

n—00

Since (note that x € A and x,,_1 € B)
d(A,B) < |lx = x2p-1]l < 1% = %24l + %21 = X%241]]  foreachn €N,

it follows from (2.6) and (2.21) that
lim [|% = %2,1] = d(A, B). (2.22)
Hn—0oQ

Since

d(A, B) < %2, — Tx|| = | Txan1 — Tx||
< a(llxan1 — ) %201 — %l + (1= c(ll%20-1 — %1))d(A, B)
< ll%2p-1 — || (2.23)

for each n € N, then from (2.21)-(2.23) we get ||x — Tx|| = d(A, B). Therefore, T has a best
proximity point. g

Now we illustrate our main result by the following example.

Example 2.1 Consider the uniformly convex Banach space X = R? with Euclidean metric.
Let A := {(0,x) : 0 <x} and B:= {(2,y) : 0 <y}. Then A and B are nonempty closed and
convex subsets of X and d(A, B) = 2.

Let T:AUB — AU B be defined as

T(0,x) = (2, ;) and T(2,y) = (O, %) for each x,y > 0.
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We show that T is a generalized cyclic contraction map with «(t) = % for t € [2,00). To
show the claim, notice first that the function f(¢) = v/4 + £2 -2, ¢ € [0, 00) is convex, f(0) =
0 and sof(%) < %f(t) for t € [0, 00). For each x,y € [0, 00), we have

2
d(T(0,%),T(2,y) =4+ <|x;y|>

<2+ %( 4+ (lx-y))*-2)
1, [ a1
:5( 4+(|x—y|)2)+52
1 1
= 5d((0,%),(2.9) + ;d(4,B).

Thus all of the hypotheses of Theorem 2.2 are satisfied and then T has a best proximity
point ((0,0) is a best proximity point of T in A).

Now we provide the following example to show that Theorem 2.2 is an essential exten-
sion of Theorem 3.10 of Eldred and Veeramani [10].

Example 2.2 Consider the uniformly convex Banach space X = R? with Euclidean metric.
Let A := {(0,x) : 0 <x} and B:= {(2,y) : 0 < y}. Then A and B are nonempty closed and
convex subsets of X and d(A,B) = 2.

Let T:AUB — AU B be defined as

T(0,x) = (2,1n(1 + x)) and T(2,y) = (0,1n(1 +y)) for each x,y > 0.

We first show that T is not a cyclic contraction map. To show the claim, on the contrary,
assume that there exists k € [0,1) such that

d(T(0,x), T(2,)) < kd((0,%),(2,y)) + 1 - k)d(A, B)

for each x,y € [0,00). Then

\/4+(1n(1+x)—ln(1+y))2 <ky4+@x-y?2+20-k)

for each x,y € [0, 00). Letting y = 0, we get

Va4 + (In(1 +x))2 -2 -k
Va+ x2 =2 N

for each x € (0,00). Then

2 _
1= lim V4 + (In(1 +x))2 -2 <k
x>0t VA +xr -2

a contradiction. Now, we show that T is a cyclic generalized contraction, where «(¢) =

M for ¢ € (2,00). Notice first that the function f(¢) = In(1 + ¢) : [0,00) —

Page 7 of 13
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[0,00) is increasing and concave and so is subadditive, that is, f(r + s5) < f(r) + f(s) for
each r,s € [0,00). For each x,y € [0,00) with x # y, we have (note that for x = y we have
d(T(0,x), T(2,y)) =d((0,%),(2,y)) =2 = d(A, B) and so (2.1) trivially holds for «(2) = 0)

d(T(0,x), T(2,7)) = \/ 4+ (In(1 +x) - In(1 + ))*
< \/4 +(In(1+ |x—y|))2
_ V4 + (In(L + |x—y|))2—2(m_2) .2

4+ (x—y)>-2
a(va+x-92)(Va+x-y?2-2)+2
= a(d((0,%),(2,9)))d((0,%),(2,p)) +2(1 - (d((0,%),(2,9)))).

Thus all of the hypotheses of Theorem 2.2 are satisfied and then T has a best proximity
point ((0,0) is a best proximity point of T in A). But since T is not a cyclic contraction,
we cannot invoke the main result of [10] to show the existence of the best proximity point
for T.

3 Best proximity points for generalized contraction
Given nonempty subsets A and B of a metric space, we recall the following notations and
notions, which will be used in the sequel.

d(A,B) = inf{d(x,y) :x € Aand y € B},

Ay = {x € A:d(x,y) =d(A,B) for some y € B},

By = {y € B:d(x,y) = d(A, B) for some x € A}.
The set B is said to be approximatively compact with respect to A if every sequence {y,}
in B, satisfying the condition that d(x,y,) — d(x,B) for some x in A, has a convergent
subsequence. It is trivial to note that every set is approximatively compact with respect to
itself, and that every compact set B is approximatively compact with respect to A.

A mapping T : A — B is said to be a proximal contraction if there exists a non-negative
number « < 1 such that for all 1, 15, %1, %2 in A,

d(m, Txr) = d(A, B) = d(ua, Txy) = d(u, uz) < ad(x1,%,).
To establish our results, we introduce the following new class of proximal contractions.
Definition 3.1 Let 7: A — B, g: A — A be two maps. Let ¢ : [0, 00) — [0, 00) satisfy

¢(0) =0, () <t, and limsupg(s)<t¢ foreacht>0.

s—>tt

Then T is said to be a (¢, g)-proximal contraction if
d(u, Tx1) = d(A,B) = d(uz, Txy) = d(u,up) < w(d(gxl,gxz))

for all uy, uy, x1, %o in A.

Page 8 of 13
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Now, we are ready to state our first main result in this section.

Theorem 3.1 Let A and B be nonempty closed subsets of a complete metric space (X, d)
such that B is approximately compact with respect to A. Moreover, assume that Ay and By
are nonempty. Let T : A — B and g: A — A satisfy the following conditions.

(@) T isa (¢,g)-proximal contraction,

(b) T(Ao) S Bo,

(c) g is a one-to-one continuous map such that g™' : g(A) — A is uniformly continuous,

(d) Ao S g(Ao).
Then there exists a unique element x € A such that d(gx, Tx) = d(A, B). Further, for any fixed
element x € Ay, the sequence {x,} defined by d(gx,.1, Tx,) = d(A, B) converges to x.

Proof Let xy be a fixed element in Ag. Since T(Ao) € By and Ag € g(Ao), then there ex-
ists an element x; € Ay such that d(gx;, Txo) = d(A, B). Proceeding in this manner, having
chosen x, € Ay, we can find x,,; € Ay satisfying

d(gxy.1, Tx,) = d(A,B)  for each n e N. (3.1)
Since T is a (¢, g)-proximal contraction, then from (3.1) we have

(g1, 8%n42) < go(d(gx,,,gxml)) for each n € N. (3.2)

We shall show that {gx,} is a Cauchy sequence. Let 8,, = d(gx,,, gxn.1). From (3.2) we get
that the sequence {§,} is non-increasing (note that ¢(¢) < ¢ for all £ > 0). Therefore, there
is some & > 0 such that lim,_, o 8, = §*. We show that § = 0. Suppose, to the contrary, that
8 > 0. Then from (3.2) we get

8 = lim §,,; <limsup¢(s,) <4,
n—0oQ

n—00

a contradiction. Thus § = 0, that is,
lim 6, =0. (3.3)

n—00

Suppose, to the contrary, that {gx,} is not a Cauchy sequence. Then there exists an € > 0
and two subsequences of integers {/(k)} and {m(k)}, m(k) > [(k) > k with

Tk = d(gxl(k),gxm(k)) >e¢ forkef{l,2,...}. (3.4)
We may also assume
A(gxip, &xmio-1) <€  forke{l,2,...}, (3.5)

by choosing m(k) to be the smallest number exceeding /(k) for which (3.4) holds. From
(3.4), (3.5) and by the triangle inequality,

€ < rr < d(@xiky, Zxmi-1) + A(@Xm(k)-1, 8Xm(k)) < € + Spmii)-1-
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Taking the limit as k — oo, we get (note that limy_, o 8,(4)-1 = 0)

lim ry =€*. (3.6)

k—o00

By the triangle inequality

rx = d(gxik), §Xmk))
< d(gxik) 810 +1) + A(@X1k) 11, Gt +1) + B @Xn(k) 41 EXmk))

=81y + Smik) + A(@X1k)+15 8Xm(k)+1)- (3.7)

From (3.2), we have

A(@xi+1> &Emitr+1) < @ (A(@X10), §5mn))) = @ (i) (3.8)

Then from (3.7) and (3.8), we have

Tk < 81y + Sty + @ (rx).
Letting k — oo and using (3.2) and (3.6), we get

€ <limsupg(r) <,

k— 00

a contradiction. Therefore {gx,} is a Cauchy sequence. Since g~! is uniformly continuous
and {gx,} is a Cauchy sequence, then we get that {x,} is also a Cauchy sequence. Since X
is complete and A C X is closed, there exists x € A such that lim,,_, », x,, = x. Further, it can
be noted

d(gx, B) < d(gx, Tx,)
=< d(gx;gxnﬂ) + d(gxnﬂy Tx,)
< d(gx, gxn1) + d(A, B) < d(gx, gxns1) + d(gx, B).
Since g is continuous and lim,,_, o %, = %, then lim,,_, 5, gx,, = gx. Therefore from the above,
d(gx, Tx,) — d(gx, B) as n — o0. Since B is approximatively compact with respect to A, it
follows that the sequence { T, } has a subsequence converging to some element y € B. Thus

d(gx,y) = d(A, B) and hence gx € Ag. Since Ag C g(Ao), gx = gu for some u € Ag. Therefore
x=u € Ag. Since TAy C By, then

d(z, Tx) = d(A,B) for some z € A. (3.9)
From (3.1), (3.2) and (3.9), we have

d(gxni,2) < 9(d(gx, gxni1)) < d(gx, gns).
Therefore

z= lim gx,.1 = gx.
n— 00
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Hence

d(gx, Tx) = d(z, Tx) = d(A, B). (3.10)
Suppose that there is another x* such that

d(gx*, Tx*) = d(A, B). (3.11)
Then from (3.10) and (3.11) we get

d(gx.gx") < p(d(gx,8x)),
which implies that x = x*. g
The following theorem, which is the main result of Sadiq Basha [18], is immediate.

Theorem 3.2 Let A and B be nonempty closed subsets of a complete metric space (X, d)
such that B is approximately compact with respect to A. Moreover, assume that Ay and By
are nonempty. Let T : A — B and g : A — A satisfy the following conditions.

(a) T is a proximal contraction,

(b) T(Ao) S By,

(c) g is an isometry,

() Ap € g(Ay).
Then there exists a unique element x € A such that d(gx, Tx) = d(A, B). Further, for any fixed
element x € Ay, the sequence {x,} defined by d(gx,.1, Tx,) = d(A, B) converges to x.

Now we illustrate our best proximity point theorem by the following example.

Example 3.1 Consider the complete metric space X = [0,1] x [0, 1] with Euclidean metric.
Let A:={(0,x):0<x<1}and B={(1,y):0 <y <1}. Thend(A,B) =1, Ay = A and By = B.
Let g : A — A be defined as g(0,x) = (0, 1%). Then g is a one-to-one continuous map,
g1 A — Ais uniformly continuous and g(4,) = Ao.

Let T: A — B be defined as T(0,x) = (1, 7). Let ¢(¢t) = % for each t > 0. Then it is easy
to see that T is (¢, g)-proximal contraction. So, all the hypotheses of Theorem 3.1 are
satisfied. Further, it is easy to see that (0, 0) is the unique element satisfying the conclusion
of Theorem 3.1. However, we cannot invoke the above mentioned Theorem 3.2 of Sadiq

Basha to show the existence of a best proximity point because g is not an isometry.
The following are immediate consequences of Theorem 3.1.

Theorem 3.3 Let A and B be nonempty closed subsets of a complete metric space (X, d)
such that B is compact. Moreover, assume that By is nonempty.Let T : A — Bandg: A — A
satisfy the following conditions.

(@) T isa (¢,g)-proximal contraction,

(b) T(Ao) S By,

(c) g is a one-to-one continuous map such that g™' : g(A) — A is uniformly continuous,

(d) Ao S g(Ao).
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Then there exists a unique element x € A such that d(gx, Tx) = d(A, B). Further, for any fixed
element x € Ao, the sequence {x,} defined by d(gx,.1, Tx,) = d(A, B) converges to x.

Theorem 3.4 Let (X,d) be a complete metric space and let T, g : X — X satisfy the fol-
lowing conditions.

(@) T isa (p,g)-contraction,

(b) g:X — X is a one-to-one, onto continuous map such that g™! is uniformly

continuous.

Then there exists a unique element x € X such that gx = Tx, that is, (T, g) has a coincidence
point x. Further, for any fixed element xo € X, the sequence {x,} defined by gx,,1 = Tx,
converges to x.

Theorem 3.5 Let (X, d) be a complete metric space and let T : X — X be a ¢-contraction.
Then T has a unique fixed point x € X. Further, for any fixed element x, € X, the sequence

{x,} defined by x,,1 = Tx, converges to x.
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