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1 Introduction and preliminaries

In 1994, Matthews [1] introduced the notion of partial metric spaces and extended the Ba-

nach contraction principle from metric spaces to partial metric spaces. After that, many

fixed point theorems in partial metric spaces have been given by several authors (for exam-

ple, see [2—29]). Very recently, Haghi et al. [30, 31] showed in their interesting paper that

some of fixed point theorems in partial metric spaces can be obtained from metric spaces.
Following Matthews [1], the notion of partial metric space is given as follows.

Definition 1.1 [1] A partial metric on a nonempty set X is a function p: X x X — R* such
that for all x,y,z € X:

(p1) x=y <= pxx)=pxy) =p»y),
(p2) px,x) < p(x,9),

(p3) plx,y) =pOx),

(pa) px,y) < p(x2) + p(z,y) - p(z,2).

A partial metric space is a pair (X,p) such that X is a nonempty set and p is a partial
metric on X.

Karapinar et al. [32] introduced the concept of quasi-partial metric spaces and studied
some fixed point theorems on quasi-partial metric spaces.

Definition 1.2 [32] A quasi-partial metric on a nonempty set X is a functiong: X x X —
R* which satisfies:

(QPM,) If g(x,x) = q(x,9) = q(3,y), then x = y,
(QPM,) g(x,x) < g(x,y),

(QPM;) q(x,x) < q(y,x), and

(QPM,) q(x,y) +q(z,2) < q(x,2) + q(z,y)

forall x,7,z € X.
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A quasi-partial metric space is a pair (X,g) such that X is a nonempty set and ¢ is a
quasi-partial metric on X.

Let g be a quasi-partial metric space on the set X. Then

dg(x,y) = q(x,9) + q(y, %) — px, x) — p(y,)
is a metric on X.

Definition 1.3 [32] Let (X, q) be a quasi-partial metric space. Then:
(1) A sequence (x,) converges to a point x € X if and only if

q(x,x) = lim g(x,x,) = lim g(x,,x).
n— 00 n— 00

(2) A sequence (x,) is called a Cauchy sequence if lim,, ,—, 50 p(%y, %,,) and
limy, ;- 00 p(%n, Xy,) exist (and are finite).

(3) The quasi-partial metric space (X, gq) is said to be complete if every Cauchy sequence
(%) in X converges, with respect to 7,4, to a point ¥ € X such that

q(xr x) = lim q(xm xm) = lim q(xm: xn)'

n,m— 00

The following lemma is crucial in our work.

Lemma 1.1 [32] Let (X, q) be a quasi-partial metric space. Then the following statements
hold true:

(A) Ifq(x,y) =0, then x = y.

(B) Ifx #y, then q(x,y) > 0 and q(y,x) > 0.

Bhaskar and Lakshmikantham [33] introduced the concept of coupled fixed point and
studied some nice coupled fixed point theorems. Later, Lakshmikantham and Ciri¢ [34]
introduced the notion of a coupled coincidence point of mappings. For some works on a
coupled fixed point, we refer the reader to [35-46].

Definition 1.4 [33] Let X be a nonempty set. We call an element (x,y) € X x X a coupled
fixed point of the mapping F: X x X — X if

F(x,y)=x and F(y,x)=y.

Definition 1.5 [34] An element (x,y) € X x X is called a coupled coincidence point of the
mappings F: X x X - Xandg: X — X if

F(x,y)=gx and F(y,x)=gy.
Abbas et al. [47] introduced the concept of w-compatible mappings as follows.

Definition 1.6 [47] Let X be a nonempty set. We say that the mappings F : X x X — X and
g: X — X are w-compatible if gF (x,y) = F(gx, gy) whenever gx = F(x,y) and gy = F(y,x).
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In this paper, we study some coupled fixed point theorems in the setting of quasi-partial
metric spaces. We introduce some examples to support our results.

2 The main results
We start this section with the following coupled fixed point theorem.

Theorem 2.1 Let (X, q) be a quasi-partial metric space, g: X — X and F: X x X — X be
two mappings. Suppose that there exist ky, ky and ks in [0,1) with ky + ky + ks < 1 such that
the condition

q(F(x,), F(x*,5")) + q(F(, %), F(y*,x%))
<hki(q(gn.gx") +a(ey.gr")) + ka(a(gn F(x.9)) + q(gy, F(,)))
+ ks (q(gx*, F(x*,9%)) + q(gy", F(y*,x%))) (2.1)

holds for all x,y,x*,y* € X. Also, suppose the following hypotheses:

(1) F(X x X) CgX.

(2) g(X) is a complete subspace of X with respect to the quasi-partial metric q.

Then the mappings F and g have a coupled coincidence point (u,v) satisfying gu =
F(u,v) = F(v,u) = gu.

Moreover, if F and g are w-compatible, then F and g have a unique common fixed point
of the form (u, u).

Proof Letxg,yo € X. Since F(X x X) C gX, we put gx; = F(xo,y0) and gy = F(yo,%0). Again,
since F(X x X) C gX, we put gx; = F(xy, 1) and gy, = F(y1,1). Continuing this process, we
can construct two sequences (gx,) and (gy,) in X such that

g%y = F(xy_1,¥4-1), VneN,
and

&Vn = F()/n—bxn—l)r VneN.

e Let n € N. Then by inequality (2.1), we obtain

q(8%n, @%n+1) + (V> &Yn+1)
= q(F(tn-1,Yn-1)s F®ns Y1) + G(F Oty %1-1)s F Qs %))
< k1(q(g%n-1,8%n) + G(Qn-1,LVn))
+ ko (q(g%n-1, F 1, y1)) + 4 (€01, FOnts %1)))
+ k3 (q (g% F (o yn)) + 4(€9ms EGs %)) )
= k1 (q(g%n-1,8%n) + q(QVn-1,8Vn)) + ko (q(€Xn-1,8%n) + 4(&Vn-1,2Vn))
+ k3 (q(g%m &Xns1) + 4@V Q1)) 2.2)

From (2.2), we have

k1+k2
1—/(3

q(@%n» Gns1) + 4(@Yn> @Yns1) < (q(g%n-1,8%n) + 4(Vn-1,8Vn))- (2.3)
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Put k = % Then k < 1. Repeating (2.3) n-times, we get
q( g% 1) + G @V QYnn1) < k" (q(gx0,g%1) + q(gY0,01))-

Let m and n be natural numbers with m > n. Then

m-1
q(g%xn, &%m) + Q(@Vnr &m) < Z q(gxi, gxis1) + q(gYi ir1)
m-1
< Z kl(Q(gXOygxl) +q(gy0,2))
<

1-k

Letting n,m — +00, we get

lim  q(gxy, gxm) = nrliir}roochyn’gym) =0.

1,/m—>+00

e By similar arguments as above, we can show that

lim q(gx,,gx,) = lim  q(gym gy.) = 0.
o0 n,m—+00

n,m—+

(q(gxo, x1) + q(gy0,gn))-

(2.4)

(2.5)

(2.6)

Thus the sequences (gx,) and (gy,) are Cauchy in (gX, q). Since (gX, q) is complete, there

are # and v in X such that gx, — gu and gy, — gy with respect to 7,, that is,

q(gu,gu) = lim q(gu,gx,) = lim q(gx,,gu)
Hn—>+00 n—+0Q

= lim  q(gxm,gxn) = rign}wq(gxn,gxm)

1,M—>+00 n,

and

q(gv,gv) = lim gq(gv,gy,) = lim q(gy..gv)
n—+00 n—+00

= Jim  q@ymgy.) = Hm  q(gyngym)-

n,m—>+00

From (2.5) and (2.6), we have

q(gu,gu) = lim q(gu,gx,) = lim q(gx,,gu)
Hn—>+00

n—+00

= lim gq(gx,,gx,) = lim g(gx,,gx,) =0
n,M—> +00

H,M—>+00
and

q(gv.gv) = lim q(gv,gy,) = lim q(gy..gv)

= lim _ q@yu,gy,) = lim _ qgy,gym)=0.

1,M—>+00

(2.7)

(2.8)

Page 4 of 15
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For n in N, we obtain

q(gxns1, F(1,v)) < q(gnnsn, gut) + q(gu, F(u,v)) - q(gu, gu)
< q(gxni1,gu) + q(gu, F(u,v))
< q(gxn1, Q1) + q(git, 8ni1) + q (%1, F (1, V) — (@11, 8%11)
< q(gxni1, 1) + q(g, g5ni1) + q(gXni1, F(1,v)).

On letting n — +00 in the above inequalities and using (2.7) and (2.8), we have

lim q(gxn+1,F(u, V)) = q(gu, F(u, v)). (2.9)

n—+00

Similarly, we have

lim q(gyn, F(v,u)) = q(gv, F(v,u)). (2.10)

o We show that gu = F(u,v) and gv = F(v, ).
For 1 € N, we have
(%1, F(,)) + q(gyns1, F(v, 1))
= q(F (s yn), F(u,v)) + (F Y 60), F (v, 1))
< ki (4@ gu) + 4@y gV)) + ka (q(gn F (s 3n)) + 4(@0 F 0 %))
+ k3 (q(gu, F(u,v)) +q(gv, F(v, u)))
= ki (q(en g1) + 4@V gV)) + k1 (4(@% 8n11)) + (&Y1s Y1)
+ k3(q(gu, F(u,v)) + q(gv, F(v, u))).

Letting n — +00 in above inequalities and using (2.9)-(2.10), we get

q(gu, F(u,v)) + q(gv, F(v,u)) < ks(q(gu, F(u,v)) + q(gv, F(v, u))).

Since k3 < 1, we get q(gu, F(u,v)) = q(gv, F(v,u)) = 0. By Lemma 1.1, we get gu = F(u,v) and
gv = F(v,u). Next, we will show that gu = gv. Now, from (2.1) we have
q(gu,gv) + q(gv,gu)
= q(F(u,v), F(v,u)) + q(F(v,u), F(u,v))
<k (q(gu,gv) + q(gV,gu)) + ko (q(gu,F(u, V)) + q(gv,F(v, u)))
+ ks (q(gv, F(v, u)) +q(gu, F(u, v)))

=k (q(gu, gv) + q(gv, gu)) + ko (q(gu, gu) +q(gv, gv)) + k3 (q(gv, gv) + q(gu, gu)).

Using (2.7) and (2.8), we obtain

q(gu, gv) + q(gv, gu) < ki(q(gu, gv) + q(gv,gu)).
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Since k; < 1, we have g(gu,gv) = q(gv,gu) = 0 By Lemma 1.1, we get that gu = gv. Finally,
assume that g and F are w-compatible. Let #; = gu and v; = gv. Then

guy = ggu = g(F(u,v)) = F(gu,gv) = F(u1,v1) (2.11)
and
g =ggv =g(F(v,u)) = F(gv,gu) = F(vi,u). (2.12)

From (2.11) and (2.12), we can show that

q(gu1, gur) = q(gvi,gn1).

e We claim that guy = gu and gv; = gv.
From (2.1), we have

q(gur, gu) + q(gvi,gv)
= q(F(u1, ), F(u,v)) + q(F(v1, 1), F(v, )
< ki(q(gun1, gu) + q(gv1,gv)) + ka(q (g, F(ur, m)) + q(gvi, F(vi, 1))
+ ks (q(gu, F(u,v)) + q(gv, F(v,u)))
= ki (q(gm, gu) + 4(gv1,g)) + ka(q(gu1, gm1) + qlgvi, gv))
+ ks (qlgu gu) + q(gv.gv))
= ki (q(gu1, gu) + q(gv1,gv)).

Since ki < 1, we conclude that g(gu1, gu) = q(gvi,gv) = 0. By Lemma 1.1, we get gu; = gu
and gv; = gv. Therefore u; = gu; and v; = gv;. Again, since gu = gv, we get u; = v;. Hence F

and g have a unique common coupled fixed point of the form (i, ). d

Corollary 2.1 Let (X, q) be a quasi-partial metric space,g: X — X and F : X x X — X be
two mappings. Suppose that there exist a, b, ¢, d, e, f in [0,1) witha+b+c+d+e+f <1
such that

a(F(x,y), F(x",y"))
< aq(gr,gx*) + bq(gy.gy*) + cq(gx, Fx,y)) + dq(gy, F(y, %))
+eq(gx*, F(x",y")) + fa(9y", F (v, x")) (2.13)

holds for all x,y,x*,y* € X. Also, suppose the following hypotheses:
1) F(X x X) C gX.
(2) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then F and g have a coupled coincidence point (u,v) satisfying gu = F(u,v) = F(v, u) = gu.
Moreover, if F and g are w-compatible, then F and g have a unique common fixed point
of the form (u, u).
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Proof Given x,y,x*,y* € X. From (2.13), we have

q4(F(x,9), F(x*,5"))
< aq(gr,gx*) + bq(gy.gy*) + cq(gx, F(x,y)) + dq(gy, F(y,x))

+eq(gx", F(x*,y")) + fa(gy* F(y*,%")) (2.14)
and

a(F (%), F(y",x%))
<aq(gy.gy") + ba(gx.gx") + cq(gy, F(3,%)) + dq(gr, F(x,7))
+eq(gy*, F(y*, %)) + fa(gx*, F(x*,y%)). (2.15)

Adding inequality (2.14) to inequality (2.15), we get

q(F(x,), F(x*,5")) + q(F(, %), F(y*,x%))
< (a+b)(q(gxgx") + qa(g,97")) + (c + d)(q(gx, F(x,)) + q(gy, F(, %)) )
+(e+f)(a(gx", F(x",y")) + a(gy", F(y",x"))).

Thus, the result follows from Theorem 2.1. O

Corollary 2.2 Let (X, q) be a quasi-partial metric space, letg: X — X and F: X x X — X
be two mappings. Suppose that there exists k € [0,1) with ky + ky + k3 < 1 such that

q(F(x,), F(x*,5)) + q(F(3,%), F(y*, ")) < k(q(gx,gx*) + q(2y.2*))

holds for all x,y,x*,y* € X. Also, suppose the following hypotheses:
(1) FIX x X) CgX.
(2) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then F and g have a coupled coincidence point (u,v) satisfying gu = F(u,v) = F(v, u) = gu.
Moreover, if F and g are w-compatible, then F and g have a unique common fixed point
of the form (u, u).

Corollary 2.3 Let (X, q) be a quasi-partial metric space, g: X x X and F : X x X — X be
two mappings. Suppose that there exists k € [0,1) with k <1 such that

q(F(x,9), F(x",y")) + q(F(,), F(y*,x)) < k(q(gx, F(x,)) + q(2y, F(3,%)))

holds for all x,y,x*,y* € X. Also, suppose the following hypotheses:
1) F(X x X) C X.
(2) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then F and g have a coupled coincidence point (u,v) satisfying gu = F(u,v) = F(v, u) = gu.
Moreover, if F and g are w-compatible, then F and g have a unique common fixed point
of the form (u, u).
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Corollary 2.4 Let (X, q) be a quasi-partial metric space,g: X — X and F : X x X — X be
two mappings. Suppose that there exists k € [0,1) with k <1 such that

qa(Fy), F(x",5")) + a(F0,%), F(y",x")) < k(q(gx", F(x",y")) + a(gy", F(y",%%)))

holds for all x,y,x*,y* € X. Also, suppose the following hypotheses:
(1) FIX x X) CgX.
(2) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then F and g have a coupled coincidence point (u,v) satisfying gu = F(u,v) = F(v, u) = gu.
Moreover, if F and g are w-compatible, then F and g have a unique common fixed point
of the form (u, u).

Let g = Ix (the identity mapping) in Theorem 2.2 and Corollaries 2.1-2.4. Then we have

the following results.

Corollary 2.5 Let (X, q) be a quasi-partial metric space and let F : X x X — X be a map-
ping. Suppose that there exist ki, ko, k3 € [0,1) with ky + ky + k3 < 1 such that

q(Fx,y), F(x*,5")) + g(F(y, %), F(y*,x"))
<ki(q(xx") +a(3,5")) + ka(q (% F(x,9)) + 9 (5, F(0,%)))
+hs(q (™ F(x*,5%)) + a(y", F(y",27)))

holds for all x,y,x*,y* € X.
Then F has a unique coupled fixed point of the form (u, u).

Corollary 2.6 Let (X,q) be a quasi-partial metric space and let F: X x X — X be a
mapping. Suppose that there exist a,b,c,d,e,f € [0,1) witha+b+c+d+e+f <1 such
that

q(F(x,9), F(x*,y%))
<aq(xx*) + bq(y,y*) + cq(x, F(x,9)) + dq(y, F(y, %))
+eq(x*, F(x*,y%)) +fa(y*, F(y*,x"))

holds for all x,y,x*,y* € X.
Then F has a unique coupled fixed point of the form (u, u).

Corollary 2.7 Let (X,q) be a complete quasi-partial metric space and let F: X x X - X
be a mapping. Suppose that there exists k € [0,1) such that

qa(F(x9), F(x",y*)) + a(F» %), F(7",47)) < k(q(%2") + a(5,5"))

holds for all x,y,x*,y* € X.
Then F has a unique coupled fixed point of the form (u, u).
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Corollary 2.8 Let (X, q) be a complete quasi-partial metric space and let F: X x X — X
be a mapping. Suppose that there exists k € [0,1) with k <1 such that

q(F(x,9), F(x*,5")) + q(F(y,), F(y*,x")) < k(q(x F(x,9)) + (3, F(,%)))

holds for all x,y,x*,y* € X.
Then F has a unique coupled fixed point of the form (u, u).

Corollary 2.9 Let (X,q) be a complete quasi-partial metric space and let F: X x X — X
be a mapping. Suppose that there exists k € [0,1) with k <1 such that

qa(Fy), F(x",y")) + a(FO,%), F(y",x")) < k(q(«", F(x",5")) + a(y", F(y",%")))

holds for all x,y,x*,y* € X.
Then F has a unique coupled fixed point of the form (u, u).

Theorem 2.2 Let (X, q) be a complete quasi-partial metric space and let F: X x X — X,
g: X — X be two mappings. Suppose that there exists a function ¢ : gX — R, such that

q(gx, F(x,9)) + (g9, F(,%)) < ¢(gx) + ¢(gy) — ¢ (F(x,9)) — ¢ (F(3, %))

holds for all (x,y) € X x X. Also, assume that the following hypotheses are satisfied:
(a) F(X x X) C gX;
(b) if G: X x X = R, G(x,) = q(F(x,y),gx), then for each sequence (gx,, gy,) — (4, V),
we have G(u,v) < kliminf,_, oo G(x,, y,) for some k > 0.
Then F and g have a coupled coincidence point (u,v). In addition, q(gu,gu) = 0 and

q(gv,gv) = 0.

Proof Consider (xg,0) € X x X. As F(X x X) C gX, there are x; and y; from X such that
gx1 = F(x0,90) and gy1 = F(yo,%0). By repeating this process, we construct two sequences,
(%) and (y,,) with gx,.,1 = F(%, ) and gye1 = F(u, ).

The fourth property of the quasi-partial metric space gives us

q(g%n, 8%n+2) + (€Y EYn+2)
=< q(gxn;gxnﬂ) + q(gxn+lrgxn+2)
- q(gxnﬂrgxwrl) + q(gymgynﬂ) + q(gyn+1:gyn+2) - q(gynﬂ,gynﬂ)

= q(gxmgxml) + Q(gxmlygxnﬂ) + q(gymgynﬂ) + q(gyn+l:gyn+2)‘

Based on the above inequality, for 7 > 1, we obtain

m-1

4@ 85m) + 4@ @) < D _[4(@%085k11) + A€V k1) (2.16)
k=n

m-1

= Z[Q(gxk»F(xk:yk)) +q(gyi Fyio %)) |

k=n


http://www.fixedpointtheoryandapplications.com/content/2013/1/153

Shatanawi and Pitea Fixed Point Theory and Applications 2013, 2013:153 Page 10 of 15
http://www.fixedpointtheoryandapplications.com/content/2013/1/153

—

m—

< Z[¢(gxk) + (@) — ¢ (F (X 3x)) — ¢ (F s 1)) |

k=n
m-1

=) [plgxi) + plgi) — plgxien) — D(gyien)]

k=n

= ¢(gxn) + d(gyn) — P(gxm) — P(Ym)- (2.17)
Consider S,(x) = Y ;_o[q(gxk g%k+1) + 9(€k> €Yik+1)]. Inequality (2.17) implies that
Sn(x) < p(gxo) + P(gyo),

hence the nondecreasing sequence {S,} is bounded, so it is convergent. Taking the limit
as n,m — +00 in (2.16), we conclude that

lim  q(gx,, gxm) = nrliir}roochyn’gym)~

1,/—>+00

Using similar arguments, it can be proved that

lim  q(gx,gxn) = lim  q(gyum gyn) = 0.

n,m—> 00

As (gx,) and (gy,) are Cauchy sequences in the complete quasi-partial metric space
(X,q), there are u, v in X such that u = lim,_, o gx, and v = lim,,_, o gv,. Having in mind
hypothesis (b), the following relations hold true:

0< q(F(u, v),gu) = G(u,v) < kliminf G(x,, y,)
n— 00

= kliminfq(F(x,, ), &%)
n—0o0

= kliminf q(gx,1,g%,)
n—00

=0.

We get q(F(u,v),gu) = 0, and by Lemma 1.1, it follows that F(u, v) = g(u).

Analogously, it can be proved that F(v, u) = gv.

As a conclusion, we have obtained that (u, v) is a coupled coincidence point of the map-
pings F and g, and g(gu, gu) = 0, g(gv,gv) = 0. O

Corollary 2.10 Let (X, q) be a complete quasi-partial metric space and let F: X x X — X
be a mapping. Suppose that there exists a function ¢ : X — R, such that

a(x% F(x,9) +q(y, F(3,%)) < ¢(x) + $(¥) - ¢(F(x,9)) — (F(y, %))

holds for all (x,y) € X x X. Also, assume that the following hypotheses are satisfied:
(a) FX xX)CX;
(b) ifG: X x X = R, G(x,7) = q(F(x,y),x), then for each sequence (x,,y,) — (u,v), we
have G(u,v) < kliminf,_, o G(x,,y,) for some k > 0.
Then F has a coupled coincidence point (u,v). In addition, q(u,u) = 0 and q(v,v) = 0.

Proof Follows from Theorem 2.2 by taking g = Iy (the identity mapping). O
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3 Examples
Now, we introduce some examples to support our results.

Example 3.1 On the set X = [0,1], define
q:X x X — R, q(x,y) = |x—y| +=x.
Also, define

1
X — ’ xZ 5
F:XxX— X, F(x,y) = 1®-) )

0, X <Y,

and g: X — X by gx = 1x. Then
(1) (X,q) is a complete quasi-partial metric space.
(2) F(X x X) CgX.
(3) Foranyx,y,x* y* € X, we have

q(F(@,y), F(x",5%)) + (F(,2), F(y*,%")) <

N =

Proof The proofs of (1) and (2) are clear. To prove (3), we consider the following cases.

Case 1: x <y and x* < y*. Here we have

F(x,y) =0, F(x*,y%) =0, F(y,x):)%, F(y*,x*):y ;x
Therefore

q(F(x.y), F(x",5")) + q(F(,2), F(y",%"))
-q(o,0)+q< - )
1 * * l _
= 20-0-0" -2+ 20~
_1f1 1 1, 1.\ 1/1 1
S\ 7)) T\ TF )T\ P o
it 1. LA (L 1
S\ T%) T\ TY) | Ta\P TR

1, 1] 1 |1 1
2

1
< =
=5(

1 k *
= (lex" —gx| +gx + oy - [ + )

- %(q(gx,gx*) +4(g7.87"))-

Case 2: x <y and x* > y*. Here we have

* *

-y
4

—-X
) F(y7x)=yT

F(x,y) =0, F(x*,y*) -7

(q(gr.gx") + a(gr.97"))-
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and F(y*,x*) = 0. Therefore

q(F(x,9),F(x*,y")) + a(F(y,x), F(y*, "))

(0, Y >+q<y ,0>
4 4
1

IA I

—NIR O R N = NIR R = s
o
|
—~
I
=
*
=
+
dl
<
I
ka3
+
|
<
|
P

IA

= —(Jgx* —gx| +gx + gy - | + &)

= 5 (algv ex") +aler. ).

Case 3: x > y and x* < y*. Using similar arguments to those given in Case (2), we can
show that

(q(gxgx*) + q(e7.27%))-

N =

q(F(x,9),F(x*,y%)) + q(F(y,x), F(y*, %)) <

Case 4: x > y and x* > y*. Using similar arguments to those given in Case (1), we can
show that

(q(gxgx*) + q(er.27"))-

N =

q(F(x,9),F(x*,y%)) + q(F(y,x), F(y*, %)) <

Thus F and g satisfy all the hypotheses of Corollary 2.7. So, F and g have a unique com-
mon fixed point. Here (0, 0) is the unique common fixed point of F and g. O

We end with an example related to Theorem 2.2.
Example 3.2 Let X = [0, +00). Define
q:X x X — R, qx,y) = |x—y| +x.
Also, define

F: X xX—X, F(x,y) = x; g X—X,

gx = 2x; ¢: X —> R, d(x) = 2.

Then:

(1) (X,q) is a complete quasi-partial metric space.

Page 12 of 15
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(2) F(X x X) CgX.
(3) Foranyx,y € X, we have

q(gx F(x,)) + (2, F(0, %)) < ¢(gx) + d(gy) — #(F(x,9)) — ¢(F(y,%)).

(4) Let G: X x X — R* be defined by G(x,y) = g(F(x,),gx). If (gx,) and (gy,) are two
sequences in X with (gx,,, gy,) — (&, v), then G(u,v) < 4liminf,, o0 G(xy, y1).

Proof The proofs of (1) and (2) are clear. To prove (3) given x,y € X, gx = 2x, gy = 2y,
F(x,y) =x, F(y,x) =y, ¢(x) = 2x and ¢(y) = 2y. Thus

(g% F(x,9)) + 4(gy, F (%)) = q(2x,%) + q(29,)
= 2x+2y
<dx+dy—2x—2y
= ¢(2x) + ¢(2y) — ¢(x) — P(y)
= ¢(gx) + d(@) - 9(F(x,9)) - 9 (F(3,%)).

To prove (4), let (gx,,) and (gy,) be two sequences in X such that (gx,, gy,) — (&, v) for
some u,v € X. Then gx, — u and gy, — v. Thus

q(gxn, 1) = q(2%,, ) — q(u, 1)
and

q(u, gxn) = q(u, 2x,) — q(u, u).
Therefore

2%, — u| +2x, > u
and

|lu —2x,| +u— u.
Therefore

|u — 2x,| — 0.
Hence x,, — %u in R*. Now

G(u,v) = q(F(u, V), u)

= 4(14: M)

Page 13 0of 15
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= 4liminfx,
n—+00

= 4liminf G(x,, x,,)
n—+0Q

= 4liminf G(F(xy, y,), %,)-

n—+00

So, F and g satisfy all the hypotheses of Theorem 2.2. Hence F and g have a coupled

coincidence point. Here (0, 0) is the coupled coincidence point of F and g. O
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