An et al. Fixed Point Theory and Applications 2013, 2013:150 ® Fixed Point Theory and Applications
http://www.fixedpointtheoryandapplications.com/content/2013/1/150 a SpringerOpen Journal

RESEARCH Open Access

Strong convergence theorems for three-steps
iterations for asymptotically nonexpansive
mappings in Banach spaces

Cui Yun An', Zuo Zhan Fei? and Henryk Hudzik®"

“Correspondence:
hudzik@amu.edu.pl

3Faculty of Mathematics and
Computer Science, Adam
Mickiewicz University,
Umultowska 87, 61-614, Poznan,
Poland

Full list of author information is
available at the end of the article

@ Springer

Abstract

We consider the problem of the convergence of the three-steps iterative sequences
for asymptotically nonexpansive mappings in a real Banach space. Under suitable
conditions, it has been proved that the iterative sequence converges strongly to a
fixed point, which is also a solution of certain variational inequality. The results
presented in this paper extend and improve some recent results.
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1 Introduction
Let X be a real Banach space with dual X*, J : X — 2X" denotes the normalized duality
mapping from X into X* given by

J@) = {f € X*: (o f) = XN IFIl A IFI = Dlxll}, Ve X.

Let C be a subset of X. A mapping T : C — C is called contraction if there exists a constant
a € (0,1) such that | Tx — Ty|| < a||x — y|| for any x,y € C. The mapping T is called nonex-
pansive if | Tx — Ty|| < ||x—y|| for any x,y € C, and it is called asymptotically nonexpansive
if there exists a sequence {k,} in the interval [1, co) with lim,_, - k,, = 1 and such that

1 T"% = Ty < kullx =l )

for all x,y € C and all n € N, where N is the set of natural numbers.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[1] as an important generalization of nonexpansive mappings. They proved that if C is a
nonempty, bounded, closed and convex subset of a real uniformly convex Banach space
and T is an asymptotically nonexpansive self-mapping of C, then T has a fixed point in C.
In 2000, Noor [2] introduced a three-steps iterative scheme and studied the approximate
solutions of a variational inclusion in Hilbert spaces. In 2002, Xu and Noor [3] introduced
and studied a new class of three-steps iterative schemes for solving the nonlinear equation
Tx = x for asymptotically nonexpansive mappings 7 in uniformly convex Banach spaces.
In 2006, Nilsrakoo and Saejung [4] defined a three-steps mean value iterative scheme and
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extended the results of Xu and Noor [3]. In 2007, Yao and Noor [5] made a refinement
and improvement of the previously known results.

Now we define a new three-steps iteration scheme for asymptotically nonexpansive
mappings as follows.

Definition 1.1 Let X be a Banach space, C be a nonempty convex subset of X, T: C — C
be an asymptotically nonexpansive mapping and f : C — C be a contraction. For a given
x1 € Cand n € N, let us define the sequences {x,}, {y,} and {z,} by the iterative scheme

Zn = (1 - yn)xn + Vn Tnxm
IYn = (1 - ,Bn)xn + ,Bn T”Zn, (2)
Xntl = (1 - an)f(xn) + oy Tnynr

where {«,}, {8} and {y,} are approximate sequences in [0, 1].

If y,, = 0, then the iterations defined in (2) reduces to the two-steps iterations defined

as follows.

Definition 1.2 For a given x; € C and n > 1, let us define the sequences {x,} and {y,} by
the iterative scheme

Yn = (1 - IBn)xn + Bn T"xy,
Xn+l = (1 - an)f(xn) +a, Tnym

3)

where {@,} and {B,} are approximate sequences in [0,1].

If B, = y,, = 0, then the iterations defined in (2) reduces to the one-step iterations defined
as follows.

Definition 1.3 For a given x; € C and #n € N, define the sequence {x,} by the iterative
scheme

Xn+l = (1 - an)f(xn) +ay, Tnxm (4)

where {,} is an approximate sequence in [0, 1].

The purpose of this paper is to establish a strong convergence theorem of the three-steps
iterations for asymptotically nonexpansive mappings in a real Banach space equipped with
a uniformly Gateaux differentiable norm and to present some corollaries. Our results ex-
tend and improve the corresponding ones announced by Ceng et al. [6], Chang et al. [7],
Lou et al. [8], Shahzad and Udomene [9] and others.

2 Preliminaries

Throughout this paper, we will use the following notions. Let X be a real Banach space
with the norm || - || and let X* be its dual space. When {x,} is a sequence in X, then x,, — x
(respectively x, — x, x, — x) will denote the strong (respectively the weak, the weak star)
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convergence of the sequence {x,} to x. Of course, the weak star convergence is consid-
ered in Banach spaces X which are dual spaces. We shall denote the single-valued duality
mapping and the set of fixed points for a mapping 7 by j and F(T), respectively.

Definition 2.1 Let Sy denote the unit sphere of a Banach space X. The space X is said to

have a uniformly Géteaux differentiable norm || - ||, if for each y € C the limit
X+ — ||x
i 1+ 0= U
t—0 t

exists uniformly with respect to x € Sy.

It is well known [10] that if X is equipped with a uniformly Géateaux differentiable norm,
then any duality mapping on X is single-valued and it is norm-to-weak* uniformly con-
tinuous, that is, x, — x implies that j(x,) — j(x).

Lemma 2.2 [11] Let X be a real Banach space. Then for each x,y € X, the following in-
equality holds:

e+ 912 < D2l + 20,6+ ), Vjilx+9) €T +).
Lemma 2.3 [12] Let {a,}, {b,}, {c.} be three nonnegative real sequences satisfying
an = (L= tp)ay + by + ¢y
with {t,} C [0,1], Y02 tn = 00, by = o(t,), and Y, ¢, < 00. Then a,, — 0.
Now, we start with our first result.

Lemma 2.4 Let X be a real Banach space, C be a nonempty convex subset of X and T : C —
C be an asymptotically nonexpansive mapping defined by (1) with F(T) # ¢ and {x,}52, be

n=

the composite process defined by iterative scheme (2). Then the sequence {x,} is bounded.

Proof Let p € F(T) and y’ = sup, {3(k,)* : n > 1}. We have from (2) that

lzn = pll < @ = y)llxn = pll + vu | T"%0 = p|| < (1 + yulks — 1)) llx - pl,
lyn =2l < @ = Bl —pll + Bu| T"20 — p|| < A= Ba)llxw - pll
+ Buknllzn — pll < (1 + Bulky, —1)(1 + ynkn)) llxn = Pl

and so

%51 —pll < (1—0oy) Hf(xn) —P” + oy ” "y —P”
< a(l-ay)lx,—pl + A - ) |[f®) - p|| + cukully, - pl
< (@ = ) + ek (1 + Bk — D)L + yukin))) 60 — pll + (L= 00) [ () - |

= (O‘ —aay, + ayk, + anﬂnkz + anﬁnkg - Buky — anﬂnynkﬁ) Il = pl|
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+(1-w)|f ) -p|
< (@ + (362 — @) s - pll + A - @) |[f () - p
< (a+an(y =)l —pll + (1 - ) |f(0) - P
( L Ao —) v If®) -p|
i

y -

@+, -a)

y/

' % = pll

Hence, it follows by induction that

||xn—p||smax{y’||xo—p||, Y ILf(p)—pll}‘
)/ -

Therefore, {x,} is bounded. O

In order to prove our results, we also need the following lemma; see [8].

Lemma 2.5 Let X be a real Banach space equipped with a uniformly Gateaux differen-
tiable norm, C a bounded, closed and convex subset of X, T : C — C an asymptotically
nonexpansive mapping defined by (1) with F(T) # 9, f : C — C a contraction with the con-
traction constant o. For any {a,} C (0,1) define the sequence of contractions Th.Cc—>C
by T£(2) = (1 -o,)f () + @, T"z, where a,, < kln_—_‘);, lim,,_, o0 @, = 1 and lim,,_, o, ﬁ =0. Let
z, € C be the unique fixed points of Tﬁ, that is,

Zn =1 —-an)f@y) +a,T"z,, VYneN. (5)

Then the sequence {z,} converges strongly to the unique solution of the following variational
solution p:

peF(T) and (I-flpJ(p-"))<0, Vx*eF(T). (6)

Lemma 2.6 Let C be a closed convex subset of a real Banach space X, T : C — C be an
asymptotically nonexpansive mapping and f : C — C be a contraction with the contraction
constant o. Let us assume that there are given three sequences {a,}, {,} and {y,} in [0,1]

satisfying the following conditions:
k-1

(i) oy < kln’—f;, lim, o0, =1, > oo (1 —ay) = 00 and lim,,_, i = 0;

(ii) Z;ﬁl”an =yl + 1 Bu = Bu-1l + lvu — Vn—1|) <00
and that {x,}52, is the composite process defined by the iterative scheme (2). Then we have
the following assertions:

() im0 %41 = %l = 0

(b) iflimsup, B,(1 + ) <1, then lim,,_, o ||%,, — Tx,|| = 0.

Proof (a) By Lemma 2.4, we know that the sequence {x,} is bounded. Hence, it follows
that the sequences {f(x,)}, {y.}, {T"x,} and {T"z,} are also bounded. Therefore, we have
from (2) that

20 = zn-all = || (L= y)@en = %n-1) + Vu(T"%0 — T"%1)

+ YH(Tnxn—l - Tnilxn—l) + (yn—l - yn)(xn—l - Tnilxn—l) ||
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< A= y)llxn = xpo1ll + Ykl — %l
+ Vn || Tnxn—l - Tn_lxn—l || + |yn - J/n—1| ”xn—l - Tn_lxn—l ||
= (1 + yn(kn - 1)) ”xn — Xn-1 ” + Vn || Tnxn—l - Tn_lxn—l ||

+ 1V = Vol |t = T 0 |

and

1y = ynall = [ (L= Bdtn + BuT"20 = (L= Bp)pr = Bua T" 2|
= [0 = Bu)tn = %01) + Bu(T"20 — T"201)
+ Bu(T" 201 = T" ' 20c1) + (Buot = Bu) (%t = T 20 |
< A= B)lxn = %1l + Buknllzn = Zu-1l
+ Bu| T"2nr = T" 2t | + 1Bn = Bua | |21 = T 2|
< (L= Bu)l1n = Xt Il + Bukn (1 + Y (ki = 1)) 1260 — X
t+ kB V|| T" %1 = T" % | + Bu | T"20o1 = T 20 |
+ kBl Vi = Vit | #ne1 = T" 21 |

+ |,Bn - ,Bn—l| ”xn—l - Tnilzn—l

’

where it follows that

Ier = 2nll = || (1= ) (F ) = f (1)) + @ (T"Y1 = T 1)
+ (et = o) (f @nt) = T yuct) + (T = T"yua) |
< (1= )l = Xt | + | Tt = T" s |
+ lotn = ot | |f Geno1) = Ty || + ctukin |y — yuca
< (a +au(1—a)) Iy — %1l
+ 0t (K = 1) (1 + Bk (L + Viukin) ) 1% — 251 |
0, | Tyt = T Yt || + cuBukin || T" 201 = T2 |
+ Bk || T" %1 — T 2 |
+ oty = @ | |[f () = T s |
+ kol Bn = But| | #n1 = T" 'z |
+ Bk Y = Vol %oy = T a0 |
(1= -)@ =) l1% — %1l
+ 0t (K = 1) (1 + Bk (L + Viukin) ) 1% — 1 |

+ oy H Tnyn—l - Tn_lyn—l || + ankn || Tnzn—l - Tn_lzn—l ||

IA

+ ankﬁ || Tnxn—l - Tnilxn—l || + |Ot,,, - Oln—1| Hf(xn—l) - Tnilyn—l ||

+ ankn“gn - :Bn—1| ||xn—l - Tnilzn—l ||
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+ Bk Y = Vol %no1 = T a0 |
< (1- (-0 =) l%n — %l
+ (ki = 1) (L + Bk (1 + Yukon)) 1% — X ||
+atn (K = 1)M + M(|otw — otua| + | Bn = Bl + [V — Va1l)

a,(k, —1)
(1-a)1-ay)

x [(1+ Bukn(X + yukn)) + (kS +1) (k3 + 1) (K2 + ky + 1) |M

= (1 -1-a)1- Ol,,)) % = xpall + (L= 0)(1 = )

+M(|O[,, - O‘n—ll + |,3n - ,Bn—ll + |Vn - yn—1|)’
where

Tnyn—l - Tn_lyn—l

[f n-1) = T" "y

),

N0~ T ).

M= max{”xn _xn—lnr ’ ’

kn(”xn—l - Tn_lzn—l

| T2y — T" 2,1

’

k(|| nt = T 0

Obviously, by condition (i), we have ¢, = (1 - «)(1 — ;) — 0 and

’Z_: - %[(l+ﬁnkn(l+ynkn))+(k2+1)(k3+1)(kﬁ+k,,+l)]M

-0 (n— o).

It follows from Lemma 2.3 and condition (ii) that lim,,_, o [|%,+1 — %, = 0.
(b) By (a), limy— 0 [[%141 — x| = 0, so it follows from (2) and (i) that ||x,4.1 — T"y,|| =
(1 - an)“f(xn) - T"J’n” — 0and

”xn = Tnyn ” =< oee1 =l + ||xn+1 - Tnyn ” — 0. (7)
Now, we will prove that lim,,_, o [|x, — T"x,|| = 0. We have from (2) that

N P M By T
< %0 = Ty + Kullt =y
= o0 = Ty + Bukin| 60 = T2, |
<%0 = TV | + Bukin |60 = T"%]| + Bukin| T"% = T" 2 |
< [l = T | + Bukn |20 = T + Buiy I = 2
= [ = Ty | + Bukin(L + yiukin) |0 — T"%,|.

It follows from (7) that lim,_, o [|%, — T"x,|| < Bu(1 + yy)lim,— ||, — T"x, ]|, where, by

the condition limsup,, 8,(1 + y,,) < 1, we have that

lim ”x,, - T"x, ” =0. (8)

n—00

Page6of 11
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Finally, we will show that lim,,, o ||x, — Tx,|| = 0. In fact, according to (8), we have

”xn+1 - Tnxn+l H = ||xn+1 _xn” + ”xn - Tnxn || + ” Tnxn - Tnxn+1 ||

< @+ k)% — %l + “xn —T"xy, “ — 0.
Hence,

”xn+1 - Txn+1 || = Hxn+l - Tn+1xn+1 || + H Tn+1xn+l - Tx}’H—l ||

=< ||xn+1 - TonnJrl || + kl || Tnxn+1 — Xn+l H - 0;
which implies that lim,,_, « ||, — Tx,| = 0. O

3 Main results

Theorem 3.1 Let X be a real Banach space equipped with a uniformly Gdteaux differen-
tiable norm, C be a bounded, closed and convex subset of X, T : C — C be an asymptotically
nonexpansive mapping defined by (1) with F(T) # ¥ and f : C — C be a contraction with
the contraction constant o. Let {x,} be the sequence defined by the iterative scheme (2) with
{an}, {Bu} and {y,} satisfying the following conditions:

kn—1

n_ —_ .
1-a, — 0;

(C1) an< kln’—f;, limy oo, =1, Y 00 (1 —ay) = 00 and lim,,_, oo
(Cy) limsup, B,(1+y,) <1;
(C3) Doporllon = nal + 1Bu = Bu-tl + 1Y — ¥uar]) < 00.

Then the sequence {x,} converges strongly to the unique solution p of the variational in-
equality:

peF(T) and ((I—f)p,](p—x*))fo, Vx* e F(T). 9)

Proof Since Cis closed, by Lemma 2.4, {x,} is bounded, so {f (x,,)}, {y.}, {T"x,} and {T"z,}
are also bounded. Let {z,} be the sequence defined by

zy =1 —-a,)f(z,) + 2, T"z,, VneN. (10)
It follows from Lemma 2.5 that the sequence {z,} converges strongly to a fixed point p of

T and p is also the unique solution of the variational inequality (6). We will next prove
that

limsup(f (p) — p. j(x» — p)) < 0. (11)

n—0oQ
By Lemma 2.6(b), lim,,—, o [|x, — T, || = 0. It is easy to show that

|| T"x, —x,,” -0 (n— o0),VYmeN,

where if we put P,(m) = || T"x, — x,|| 2k |Zis — xull + | T2, — x,,]|), then P,(m) — O as
n — 00. On the other hand, we have from (10) that

2m —Xn = (1 - am)(f(gm) _xn) + am(Tmzm _xn)'
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It follows by Lemma 2.2 that

Wz — a1 < 02| T"Zn — ) + 21 = ) Gon) — %o o — 61))
< o (17" = T + [ 770 — 24])°
+2(1 = ) ({(f @) = Zmrj @ — %)) + 12 — 2 1%)
< &2, (KnlZom = %l + | T = 2] )?
+2(1 = ) (F @) = Zins j @ — 20)) + Ko | Zon — % ]I)
= ap ko | Zm — %ull® + 0, Pu(1m) + 2(1 = )k |Zm — %a]|>
+ 20~ ) Gn) — Zn J B — %))

= k2, (1 + (= 0t)?) 12 — 21 + ), Pa(m)

+ 2(1 - am)(f(ém) - Erm](zm - xn))-
Hence,

K -1+k2(1-a,)? . a2 P,(m
= m( WI) ||Zm_xn||2+ = n( )

(5m ~f (@), j(Zm _x")> = 2(1 — ) 21— o)

Since lim,,_  ||%, — Tx,|| = 0 and the sequences {z,} and {x,} are bounded it follows that
for some constant M > sup,,, ,, 1Z,, — %, ||, we have

imsup(Zy, — f Zm), jEm — %)) < Az—/[<(km +1) fm -1

n—00

+ 2ki(1 - am)).

— Oy

Since z,, — p € F(T) as m — oo and the duality mapping is norm-to-weakly* uniformly
continuous, we obtain that

lim sup(f(p) —p,j(xy —p)> <0. (12)
Finally, we will show that x, — p. We have

2w = pll < (L= v l%w = pll + V| T"%0 = p|| < Kl = pl,
Iy = pll < A= B)l%w = pll + Bu | T"20 - |

< (1= B)ll%n = pll + Bukullzn - p

< (1= Bu+ Buky) % = pll < K Nl2n — pl

and so

B —P||2 = ” (1- an)(f(xn) —P) + an(Tnyn _P) ||2
< apkillyn = pII* +2(1 = a){f (%) = p,] (%1 — p))
< &2K8 1%, — pII? + @l = ) (1% — Pl + %1 — p11)’

+ 2(1 - an)(f(p) _p)](xr&l _p)>
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< («@=an) + o)) lxn = plI? + a1 = @) 1X0n - pI?
az (ks = 1) lxn = plI* +2(1 = @) [f (P) = T (a1 = D))
< (1-Q-a)1-an)lx, - pI? + a(l - o) %0 - pl?
+ (=) + (k= D)M +2(1 = @) Pis1»

where 7.1 = max{(f(p) — p,J(xn:1 — p)), 0}. By (11), we have 7,,1 — 0, and M > sup,, (k> +
kY + k3 + k2 + k, + 1) ||, — p|l. Then it follows that

1-Q2-a)1-ap) 2(1 - ay,) .
_pl? <« 2 I T _pl|2 e 2 T
%1 = plI" < 1ol —a,) lln = pII” + I —al—a,) ™
1-a,)? ky—1
+ (1-a,) + (ki ) M
l-al-a,) 1-a(l-a,)
If we define a, = |lx, — pl|% t. = % and b, %TM then applying

Lemma 2.3 we conclude that x, — p. Moreover, it follows from (12) that p satisfies condi-
tion (9). In order to show that p is unique, let p* € F be another solution of (9) in F. Then
adding the inequalities (f(p) — p,j(p* — p)) <0 and (f(p*) — p*,j(p — p*)) <0, we get that
(1-a)|lp - p*||? < 0, which implies the equality p = p*. O

The following example gives a mapping T, which is not nonexpansive but satisfying all
the assumptions of Theorem 3.1.

Example 3.2 Let B denote the unit ball in the Hilbert space /2 and let T : B — Bbe defined
as follows:

T : (x1,%2,%3,...) = (0,2x1,A0%7, Asx3, .. ),

where An = (1 - l)z(yﬁ-l n VI+2)

totically nonexpanswe mappmg with k, =2 H;’zzAi =1+ n%, but it is not nonexpansive. If

——),n=2,3,.... Then it is easy to verify that T is an asymp-

weseto,=1-- f(x) = —x and B, = yu = 3, L then the real sequences {a,}, {8,} and {y,}
satisfy COIldlthl’lS (C1), (Cy) and (C3) from Theorem 3.1, and it is easy to prove that 0 is
the unique fixed point of T in B.

If y, = 0 in Theorem 3.1, then we have by (2) that z, = x,. In fact, we have the following
corollary.

Corollary 3.3 Let X be a real Banach space equipped with a uniformly Gdteaux differen-
tiable norm, C be a bounded closed convex subset of X, T : C — C be an asymptotically
nonexpansive mapping defined by (1) with F(T) # ) and f : C — C be a contraction with
the contraction constant o. Let {x,} be the sequence defined by the iterative scheme (3) with
{a,} and {B,} satisfying the following conditions:

(C1) an< :0;, lim, 000, =1, > 000 (1— o) = 00 and lim,,_, ff—;i =0;

(Cy) limsup, B, <1;
(Cs) Y1 (lot — et + 1By = Buci]) < 00.


http://www.fixedpointtheoryandapplications.com/content/2013/1/150

An et al. Fixed Point Theory and Applications 2013, 2013:150 Page 10 of 11
http://www.fixedpointtheoryandapplications.com/content/2013/1/150

Then the sequence {x,} converges strongly to the unique solution p of the variational in-
equality (9).

If B, = ¥, = 0 in Theorem 3.1, then we have by (2) that z, = y, = x,,. Hence, it follows
that the following result is satisfied.

Corollary 3.4 Let X be a real Banach space equipped with a uniformly Gateaux differen-
tiable norm, C be a bounded closed convex subset of X, T : C — C be an asymptotically
nonexpansive mapping defined by (1) with F(T) # ¥ and f : C — C be a contraction with
the contraction constant a. Let {x,,} be the sequence defined by the iterative scheme (4) with

{a,} satisfying the following conditions:

k-1

(C) a,< kl_—_‘z, lim, oo 0y = 1 and lim,, o0 1~ = 0;
1 n

(C2) D opoo—ay) =00;
(C3) either Y02, oty — ay1| < 00 or limy,_ o0 (@ps1/aty) = 1.

Then the sequence {x,} converges strongly to the unique solution of the variational inequal-
ity (9).

Remarks 3.5
1. Ify,=0andf = u is a constant function in Theorem 3.1, then the iterative scheme

(2) reduces to the following iterative scheme:

Yn = (1 - lgn)xn + ﬂnTnxm

X1 = A —a)u +a,T"y,.

In consequence, Corollary 3.3 improves Theorem 1 of Chang et al. from [7].
2. Letin Theorem 3.1 y, = 0 and the iterative scheme (3) be replaced by the following
scheme:

Yn = (1 - ﬁn)xn + ﬁn Tnxm

Xp+l = (1 - an)f(xn) +0uYn.

Then by Theorem 3.1, we have the more general result than the result of Lou et al.
from [8] and Corollary 3.6 of Ceng et al. in [6]. If T and {«,} are as in Corollary 3.4,
assume that {8,}, {y.} € [0,1], &, + B, + y» =1 and 0 < liminf, 8, <limsup, B, < 1.
Then the sequence {x,} defined by x,,,1 = o, f (%) + Buxn + vuT"x, converges
strongly to the unique solution of the variational inequality (9).

3. Theorem 3.1 and Corollary 3.4 extend Theorem 3.3 of Shahzad and Udomene in [9]
to a more wide class of spaces.
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