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1 Introduction

In 1987, the notion of coupled fixed point was introduced by Guo and Lakshmikantham
[1]. Later, Bhaskar and Lakshmikantham [2] introduced the concept of mixed monotone
property for contractive operators of the form F : X — X, where X is a partially ordered
metric space, and then established some coupled fixed point theorems. They also illus-
trated these results by proving the existence and uniqueness of the solution for a pe-
riodic boundary value problem. Recently, Lakshmikantham and Ciri¢ in [3] defined a
g-monotone property and proved coupled coincidence and coupled common fixed point
results for nonlinear mappings satisfying certain contractive conditions in partially or-
dered metric spaces. They also proved related fixed point theorems. Many authors focused
on coupled fixed point theory and proved remarkable results (see [4—17]).

Very recently, Berinde and Borcut [18] introduced the concept of triple fixed point and
proved some tripled point theorems by virtue of mixed monotone mappings. Their con-
tributions generalize and extend Bhaskar and Lakshmikantham’s research for nonlinear
mappings. The notion of fixed point of order N > 3 was first introduced by Samet and
Vetro [19]. Karapinar used the concept of quadruple fixed point and proved some fixed
point theorems on the topic [20]. Following this study, a quadruple fixed point is devel-
oped and some related fixed point theorems are obtained in [21-24]. Recently, Karapinar
et al. [25] have proved a number of quadruple fixed point theorems under ¢-contractive
conditions for a mapping F : X* — X in ordered metric spaces.

Let us recall some basic definitions from [21].
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Definition 1.1 (See [21]) Let X be a nonempty set and let F : X* — X be a given mapping.
An element (x,7,z,w) € X x X x X x X is called a quadruple fixed point of F if

F(x,y,z,w) = x, F(y,z,w,x) =y, F(z,w,x,y)=z and F(w,x,7,z) =w.
Let (X, d) be a metric space. The mapping 4 : X* — X, given by
;z'((x,y,z, w), (u,v, h, l)) =d(x,y) +d(y,v) +d(z, h) + dw, ),
defines a metric on X*, which will be denoted for convenience by d.

Definition 1.2 (See [21]) Let (X, <) be a partially ordered set and let F : X* — X be a map-
ping. We say that F has the mixed monotone property if F(x, y,z, w) is monotone nonde-
creasing in x and z and is monotone non-increasing in y and w; that is, for any x, y,z, w € X,
x,% €X, x <x, implies F(x1,y,2,w)<F(x,y,2,w),
yy2€X, y1 =<y, implies F(x,y,,2zw)<F(xy1,2w),
z2,z0€X, =z <z implies F(x,y,z1,w) <F(x,9,20,w) and
w,wy €X, wi<w, implies F(x,y,z,w)<F(x,y,2zw).
In this article, we establish some quadruple coincidence and common fixed point theo-

rems for F: X* — X and g: X — X satisfying nonlinear contractions in partially ordered
metric spaces. Also, some examples are given to support our results.

2 Preliminary

We start this section with the following definitions.

Definition 2.1 Let (X, <) be a partially ordered set. Let F: X* — X and g: X — X. The
mapping F is said to have the mixed g-monotone property if for any x,y,z,w € X,

x,% €X, gx1<gxo = Fx,y2w) <F(x,y,2,w),

nreX, gnsgn = F&y,zw)=Fxy,zw),

z2,20€X, gn<gmn = Fyznw) <Fkxyz,w) and

wLwy €X, gwy <gw, = F(xy,zw)>Fx7yzw,).

Definition 2.2 Let F: X* — X and g: X — X. An element (x, 7, z, w) is called a quadruple
coincidence point of F and g if

F(x,y,z,w) = g, F(y,z,w,x) = gy, F(z,w,x,y) =gz and F(w,x,y,z) =gw.

Definition 2.3 Let F: X* — X and g: X — X. An element (x, y,z, w) is called a quadruple
common fixed point of F and g if

Fx,y,2,w) =gx = x, Fy,z,w,x) =gy =,

F(z,w,x,y)=gz=z and F(w,x,y,z) =gw=w.
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Definition 2.4 Let X be a nonempty set. Then we say that the mappings F : X* — X and
g: X — X are commutative if for all x,y,z,w € X,

g(F(x,y,2,w)) = F(gx, gy, g2,gw).

Let ® denote all the functions ¢ : [0, 00) — [0, 00) which satisfy that lim,_, , ¢(£) > 0 for
all 7 > 0 and lim,_, ¢, ¢(¢) = 0.
Let W denote all the functions v : [0, 00) — [0, 00) which satisfy
(i) ¥(@)=0ifandonlyift=0,
(i) ¥ is continuous and nondecreasing,

(iii) w(s+1t) <Y¥(s) + ¥ (t), Vs, t € [0,00).
Examples of typical functions ¢ and v are given in [4]. The aim of this paper is to prove
the following theorem.

3 Main results
Now, we present the main results of this paper.

Theorem 3.1 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Suppose that F: X* — X and g: X — X are
such that F is continuous and has the mixed g-monotone property. Assume also that there
exist ¢ € © and € V such that

v (d(F(x,9,2,w), F(u,v,h,1))) < il//(d(gx,gu) +d(gy,gv) + d(gz, gh) + d(gw,gl))
- ¢(d(gx, gu) + d(gy, gv) + d(gz, gh) + d(gw,gl)) (1)

forany x,y,z,w,u,v,h,1l € X, for which gx < gu, gv > gy, gz < gh, and gl > gw. Suppose that
F(X*) C g(X), g is continuous and commutes with F. If there exist xo, Yo, 20, Wo € X such
that

ng S F(xO)yO; 20, WO)! gyO Z F(y01201 WO)xO)r

gzo = F(zo, wo,%0,y0) and gwo = F(wo,%0,)0,20)s
then there exist x,y,z,w € X such that

F(x,y,z,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz and F(w,x,y,z)=gw,
that is, F and g have a quadruple coincidence point.

Proof Let x¢,y0, 20, o € X such that

gxo < F(x0,%0,20, Wo), Y0 = F(y0,20, Wo,%0),

820 < F(z0,W0,%0,%0),  gwo = F(wo,%0,0,20)-
Since F(X*) C g(X), then we can choose x1,y1,21, w1 € X such that

gx1 = F(x0,%0,20, Wo), 21 = F(¥0,20, Wo,%0), )

gz1 = F(zo, wo, %0, Y0), gwi = F(wo, %0,%0,20)-
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Taking into account F(X*) C g(X), by continuing this process, we can construct sequences
{x,}, n} {24}, and {w,} in X such that

Xyl = F(xn»ymzm Wn); EVn1 = F(ymzn; men);

(3)
8Zp41 = F(Zn; Wn:xnryn): Wyl = F(Wn:xnrymzn)'
We shall show that
gxn < &Xn+1s &YVn+1 > gyn,
92, <gzns1 and gw,, >gw, forn=0,1,2,.... (4)

For this purpose, we use the mathematical induction. Since gxo < F(xo, y0, 20, Wo), g€¥0 >
F(y0,20, Wo,%0), 820 < F (20, Wo,%0,¥0), and gwo > F(wo, X0, Y0, 20), then by (2), we get

gxo < gx1, 21 = 2o, gz0 <gzi and gw; >gw,

that is, (4) holds for n = 0. We presume that (4) holds for some n > 0. As F has the mixed

g-monotone property and gx,, < g%41, 8Vn+1 = Vn» 82n < gZn+1, and gw,,1 > gw,, we obtain

EXpy1 = F(xn:ymzm Wwy) < F(xwrhymzm Wy)
< F(xn+11yn: Zn+1» Wn) =< F(xn+1:yn+lrzn+11 Wn)
< F(X%41, Vel Znels Wna1) = %425
&YVn+2 = F(,)/Vl+1!ZVl+1l Wiy 1) < F(yrul» Z> Wial) Xs1)
=< F()’mzn: Wn+1vxn+1) =< F(ym Zys men+1)
=< F(ym Zn» men) = ZVn+1>
8Zp41 = F(Zm Wn:xnryn) < F(zn+1) men:yn)
< F(zy41, Wn»xmyml) =< F(Zn+1iwmxn+l»yn+l)
=< F(Zn+lr Wn+lrxn+1:yn+1) =9Zy+2,
an+2 = F(Wn+1)xn+lryn+bzn+l) =< F(Wn+1:xmyn+lr Zn+1)
< F(Wn:xnryn+1:zn+l) < F(wmxn:ymznﬂ)

= F(memymzn) =gWyi1.

Thus, (4) holds for any #n € N. Assume, for some n € N, that

&%u = gXuil, &Vn = &Yn+1s 82n =8z and  gw, = gWy,

then, by (3), (%4, Yu, 24, wy) is a quadruple coincidence point of F and g. From now on,
assume for any n € N that at least g, # gx,41 OF gV 7# €Vu+1, OF €2y # §Zn41, OF EWy F EWii1.
Due to (1)-(4), we have

W(d(gxnmgxmz)) = w(d(F(xmym Zny Wn)’F(an’ynJrl) Zn+1» Wn+1)))
1

< —

4

1ﬂ(afl(gxnrgxn-*—l) + d(gymgy;ﬁl) + d(gzn:gzrﬁl) + d(ngngl))

Page 4 of 18


http://www.fixedpointtheoryandapplications.com/content/2013/1/147

Liu Fixed Point Theory and Applications 2013, 2013:147
http://www.fixedpointtheoryandapplications.com/content/2013/1/147

- ¢(d(gxmgxn+l) + d(gymgynﬂ) + d(gzmgan)
+ d(ngngl)), (5)
4 (d(gynﬂygynﬂ)) =V (d(F(ym Zns Wiy %)y F (V1) Znsts Wit xn+1)))

< %w(d(gymgym) + d(g2n Z2ns1) + A(@Wn, gWni1) + (@, §ni1))

— A (A Q1) + A(G2ns g2ni1) + AGWnr gWii1)

+ d(gx, gXnsi1)) (6)
¥ (d(g2ni1,82n42)) = W (A(F(@ns Wits X1ty Yn)s F (2t Wis1s ®ns1, Ys1)))

< %w(d(gzmgzml) + d(gWi, gWn1) + A(@%n, gEni1) + AV &Yn1))

- ¢ (d(gzn g2n1) + A(@Wn, @Wni1) + A(gn, GXni1)

+ AV @Yn1))s @)
Y (d(@Wni1,8Wn+2)) = Y (A(EWns %> Y» Zn)s F(Wossls X1 Y1 Zne) ) )

1
=~ Zw(d(gwmgwrﬁl) + d(gxmgxrﬁl) + d(gymg_ym—l) + d(gznvgznﬂ))

— & (d(@Wn» gWns1) + A(G%n §ns1) + AV Y1)
+ d(gzn,gz,,+1)). (8)

Due to (5)-(8), we conclude that

w(d(gxn+lrgxn+2)) + w(d(gyn+1:gyn+2)) + I/f(d(gznu;glmz)) + I/f(d(wwrl; Wn+2))
< vf(d(gznrgznﬂ) + d(ngan+1) + d(gxmgxm—l) + d(gymgyn+l))
- 4¢(d(gzmgzn+l) + d(an,ngl) + d(gxnrgxm—l) + d(gymgynﬂ))' (9)

From the property (iii) of 1, we have

W(d(gxnﬂrgxn-&)) + d(gyn+lrgyn+2) + d(gzn+lrgzn+2) + d(an+1»an+2)
= W(d(gxnﬂygxnﬂ)) + 1p(d(gyrH-I;gJ/n+2)) + W(d(gzn+l:gzn+2))
+ W(d(gwmlxgwnﬂ)) (10)

Combining with (9) and (10), we get that

U (A(@5na1,8%ns2)) + A(@Vns1, &nr2) + A(@Zns1 &2ne2) + A@Ws1, §Wns2)
= 1p(('i(gzmgzwrl) + d(ngngl) + d(gxmgan) + d(gymgynﬂ))
- 4¢ (d(gzmgzn+l) + d(nganu) + d(gxmgan) + d(gyn;gyn+l))~ (11)

Set 8, = d(gx, gxn-1) + A(@Vi> gVn-1) + (@2, 21-1) + AWy, gWy,_1). Then we have
w(8n+2) =< 1//(81'&1) - 4'¢(8n+1) for all n, (12)

which yields that ¥ (8,+2) < ¥ (8,41) for all n.

Page 5 of 18
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Since v is nondecreasing, we get that §,,,5 < 8,41 for all n. Hence {4, } is a non-increasing
sequence. Since it is bounded below from 0, there is some § > 0 such that

lim §, = 8. (13)

n—00

We shall show that § = 0. Suppose, on the contrary, that § > 0.
Letting n — oo in (12) and having in mind that we suppose that lim;_,, ¢(¢) > 0 for all

r> 0 and lim;_, o, ¢(¢) = 0, we have

¥ (8) = ¥ (8) —4¢(8) < ¥ (9), (14)
which is a contraction. Thus, § = 0, that is,

lim 8, = lim [d(gxy, g%u-1) + A(@n: gYn1) + A(g2n, g2nt) + AlgWi, gwn1)] = 0. (15)
Now, we shall show that {gx,}, {gy.}, {gz.}, and {gw,} are Cauchy sequences in the metric

space (X, d). Assume the contrary, that is, one of the sequences {gx,}, {gy.}, {gz.} or {gw,}

is not a Cauchy sequence, that is,

lim d(gx,,gx,) #0 or  lim d(gy,,gy.) #0, or

1,mM—> 00
lim d(gz,,,gz,) #0, or lim d(gw,,,gw,) #O0.
71,mM—> 00 1,m—> 00
This means that there exists € > 0, for which we can find subsequences {x,)}, {%mx)} of

xp and (Y} Yo} of ¥u and {zu}, {zme ) of z, and {wuw}, (Wi} of w, with n(k) >
m(k) > k such that

A(GXm(k) 8Xn(t)) + AV m(k)s 8nk)) + AGZm(k)» &Zn(k)) + AGWim(k)» §Wn(k)) = €. (16)

In addition, by virtue of m(k), we can choose n(k) in such a way that it is the smallest
integer with n(k) > m(k) > k and satisfying (16). It follows that

A(gXm(k) §xn()-1) + ALYm(k)> &Ynik)-1)

+ d(gZm(k), L2n(k)-1) + AEWim(k)» EWn(k)-1) < €. 17)
By use of the triangle inequality, we have
A(gXm(k)> &%n(k)) < AGXm(k)» §¥n(i-1) + A(8Xn(k)-1, 8¥n(k))- (18)
Similarly, we get that

AYm(k) EYnk) < AQYm(k)» &Vn(i)-1) + AGVnik)-1, V() 19)
A(@2m(i)» E2ntt) < A2y en(i-1) + A(Zu(i-1) €2n(i))» (20)

AGWint) EWn(k) < A@Wii(k)» EWn(i)-1) + A@Wnik)-1, EWn(k))- (21)
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Adding both sides to (18), (19), (20), (21) and using (16) and (17), we have that

€ < d(@xmk) &xn) + A&Ym(r)> &Vn(k) + AGZm(k)> &2n(k)) + AGWm(k)» Wn(k))
< d(@Xmk)» &n(k)-1) + A(@Xn(t)-1,&%nk)) + A&Yim(k)> EVn(k)-1) + AV nk)-1, &Vn(k))
+ d(@Zm(k)» §2n()-1) + A(gZn(k)-18Znk)) + A@Win(k)s EWn(i)-1) + A@Wn(k)-1, EWn(k))

< € + d(@Xu(t)-1,8%nk) + AGVnk)-1,&Vnk)) + A(€Znk)-1,&Zn (k) + AGWn(k)-1, Wn(k))-

Letting k — oo and by use of (15), we get

Jm Ay = Hm [A(@%mx) &2n)) + AQIm(x» &Ynt)) + AGZm(k)» &2n)) + AGWim(x §Wn(i)) ]

= €.
Again, by the triangle inequality, we have

M = A(@Xm(1), &En(iy) + AYmik) &Vn) + AGZm(k) &Zn(iy) + AEWim(k)» EWn())
< d(@Xmk)y &mi)+1) + AGXm(k) 11 §¥n(k)+1) + A(&Xn(k)+1, &Xn(k))
+ A(@Ymk) Emik)+1) + AQYm(k) 1, &Y (1) + AQYn(r)+15 8Yn(k)
+ A(@Zm(k), 82m(k)+1) + A(GZm(k)+1, 8Zn(k)+1) + A(€2Zn(k)+1,82n(k))
+ d(@Wim(k), EWm(k)+1) + AGWim(k)+1, §Wn(k)+1) + A(@Wn(k)+1, §Wn(k))
< Stk + Ou(y+1 + A(@Xim(io)+1, &¥niy+1)

+ A(@Y ()41 En)+1) + A@Zm()+1) 2n(i) 1) + AWk +1, EWn(i)+1)- (22)

Since n(k) > m(k), then

EXm(k) = &Xn(k) EYm(k) = &Vn(k)s
(23)
8Zm(k) = &Zn(k) EWm(k) Z EWn(k)-

Hence from (1), (3), and (22), we get that

¥ (A@Xm(w+1, Eni 1)) = Y (A(F Cmihys Yty Zonk)s Won(t))s EFonthys Ytk Zn()s Waih))))
= il/’ (A(@Xmx) EXnr)) + AQYm(10» &Ynt)) + AQZm(x)> §n(i))
+ d(@Wim(t), EWn(ty)) = (A (@Xm(t0 &nih) + AYm(r)» &Yt
+ A(@Zm(k)> 82n(k)) + AGWin(a) §Wn(k)))» (24)
Y (A@Vmty+1,8Yn10+1)) = V(A (F D) Zinthy Wonthy» X)) F O 2oty W) %))
< %w (€Yt &nity) + A @2ty 82nr)) + A@Wmih), EWnt)))

+ d(@Xm(k) @on(io) — D (+AQYm)» EYn(t) + A&2m(i)» &2n))
+ d(@Win() Wn(i) + A@Xm(k)» §5n(k)) ) (25)
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¥ (@21, 82ny 1)) = W (A(F @k, Win(t0r Xonk) Yim(10)s E @)y Wty Xy V(i)
< il/f (A(@2mr)» 82nt)) + A@Wim(r)» 8Wn(k)) + A(GXm(ty) &nih)
+ A(@Ymik» ) — $(AEzmr)> &2nity) + AGWim(t) &Wnity)

+ d(@Xm(t) &%) + AQIm(i &In(h))» (26)

Y (A@Wim()41, 8Wn(i)41)) = Y (A(F W) Xk Yy Zm(i))s E Wik %) Yt Znii))))
1
=3V (A(@Wm(r, 8Wnik) + A(@Xmit)» 8Xnity) + AV mr) Vit

+ d(@Zm(» 82n (1)) — D (A@Wim(i)» EWni)) + AGXm(» Gnii))
+ A(QYm(k) &Vn(t)) + AQ2m() &2nr)))- (27)

Combining (22) and (24)-(27), we have that

Y (i) < U (Smiiy+1 + Sniio1 + A@Emii) 41, @8n(i+1) + AVt +1> &Vnii41)
+ d(g2mi) 11, 82n(k)+1) + AGWim(t+1, EWn(i+1))
< U Bms1 + Sn 1) + Y (A@Em(+1 &En)11) + AV 1, EYn(i+1)
+ d(@Zm(+1-82n(k)+1) + A@Wm(k)+1, EWn(i)+1))
< Y Smye1) + ¥ Guran) + V(@m0 +1, 8n+1)) + ¥ (A1, @it 1))
+ Y (A(@2m@+1 &2 11)) + ¥ (A@Wim(i)+1, §Wn(k)41))
< Y (Bmry1) + ¥ Bni1) + ¥ (Ak) — 49 (M)

Letting k — oo, we get a contradiction. This shows that {gx,}, {gy.}, {gz.}, and {gw,} are
Cauchy sequences in the metric space (X, d). Since (X, d) is complete, there exist x, y,z, w €

X such that
lim gx, = x, lim gy, =y, lim gz, =z and lim gw,=w. (28)
H—0Q n—0o0 n—0oQ n—0o0
From (28) and the continuity of g, we have
lim glgx,) =gx,  lim g(gy,) =gy,
(29)
lim g(gz,) =gz and lim g(gw,) = gw.
n— 00 n—00
It follows from (3) and the commutativity of F and g that
g(gxnﬂ) = g(F(xn:ymZm Wn)) = F(gxmgymgzmgwn): (30)
2(@yns1) = E(F s Zus Wiis %)) = F(QY11> 82 EWn» §n)s (31)
2(g2n1) = &(F Zn» Wit %> Y1) = F (€211 @Wins &> &) (32)
g(gWni1) :g(F(memymzn)) = F(gWn, 8%, &Vnr &2n)- (33)

Now we shall show that gx = F(x,y,z, w), gy = F(y,2, w,x), gz = F(z, w,x,%), gw = F(W, %, ¥, 2).

Page 8 of 18
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By letting » — o0 in (30)-(33), by (28), (29), and the continuity of F, we obtain

gx = lim g(gx,) = lim F(gxy, @Vn> &2n §Wn)
n—0oQ0 n— 00
=F < lim gx,, lim gy,, lim gz,, lim gwn)
71— 00 n—00 n—00 n—00
= F(x,y,2z,w), (34)
gy = lim g(gyna) = im F(gyy, g2 gWn, g%n)
=F ( lim gy,, lim gz,, lim gw,, lim gxn)
n—0oQ n—0oQ n— 00 n— 00
= F(y,z,w,%), (35)
gz = lim g(gz,s1) = lim F(gz, W, €%, &Vn)
n—o0 n—o0
:F( lim gz,, lim gw,, lim gx,, lim gy,,)
n— 00 n— 00 n— 00 n— 00
= F(z,w,%,7), (36)
gw = lim g(gw,.1) = lim F(gwy, 8%u, &Vns82n)
n—00 n—00

=F ( lim gw,, lim gx,, lim gy,, lim gzn>
n—00 n—00 n—0o0

n— 00
=F(w,x,9,2). (37)
We have shown that F and g have a quadruple coincidence point. O

In the following theorem, the continuity of F is removed. We state the following defini-

tion.

Definition 3.1 Let (X, <) be a partially ordered metric space and d be a metric on X. We
say that (X, d, <) is regular if the following conditions hold:
(i) if a nondecreasing sequence a, — a, then a, < a for all n,

(ii) if a non-increasing sequence b, — b, then b < b,, for all n.

Theorem 3.2 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d, <) is regular. Suppose that F : X* — X and g : X — X are such that F has
the mixed g-monotone property. Assume also that there exist ¢ € O and y € V such that

w(d(F(x,y, z,w), F(u, v, h, l))) < %w(d(gx,gu) +d(gy,gv) + d(gz, gh) + d(gw,gl))

— ¢ (d(gx, gu) + d(gy,gv) + d(gz, gh) + d(gw, gl))

forany x,y,z,w,u,v,h,l € X, for which gx < gu, gv > gy, gz < gh, and gl > gw. Suppose that
F(X*) c g(X), (g(X),d) is a complete metric space. If there exist x, 0,20, Wo € X such that

gxo < F(x0,Y0,20, Wo), 20 = F(yo, 20, Wo, %0),

gZO SF(ZO)WO:xO,yO), gWO EF(WO,x01yO1ZO)1
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then there exist x,y,z,w € X such that
Fx,y,z,w)=gx,  F(nzwx)=gy,  Flzwxy)=gz and F(wxy,z)=gw,
that is, F and g have a quadruple coincidence point.

Proof Proceeding exactly as in Theorem 3.1, we have that {gx,}, {gy,}, {gz,}, and {gw,,} are
Cauchy sequences in the complete metric space (g(X),d). Then there exist x,y,z,w € X
such that

&xn —> g%, &n — &Y gzn —> gz and  gw, — gw. (38)

Since {gx,}, {gz.} are nondecreasing and {gy,}, {gw,} are non-increasing, then since
(X,d, <) is regular, we get that

&Xn = g, Dn = & gz, <gz and gw,>gw

for all n. If g, = g, gy, = gy, 82 = g2, and gw,, = gw for some n > 0, then gx = gx, < gx41 <
X=Xy, &V < @Vni1 = &Vn =&Y 82 = 82y = gZn+1 = 42 = gZn, and aw < gwyy < gwy, = gw,

which implies that
&%n = &%ni1 = F(Xn, Y 20y W), &n = &ni1 = F s 2w, Wnyx,)  and
82y =92p41 = F(Zn; memyn), Wy = 8Wni1 = F(men;ymzn)y

that is, (x,,, ¥, Zn, W) is a quadruple coincidence point of F and g. Then, we suppose that
(€% €Yn> 820, §Wn) 7 (g%, gy, g2, gw) for all n > 0. By use of (1), consider now

¥ (d(gx F(x,3,2,w))) < ¥ (d(gx, g%ni1) + d(gxner, F(x, 9,2, W)))
= Y (d(gx, gxnn)) + ¥ (A(F(n Yur 2 Wa), E (%, 3,2, W)
< Y (dlgn.gmin) + 1 (dlamn ) + den )
+d(gz,, g2) + d(gw,, gw))
— ¢ (d(gxn, gx) + d(gyn, gy) + A(g2,, g2) + d(gw,, gw)).  (39)
Letting # — oo and by (38), then the right-hand side of (39) tends to 0, thus v (d(gx, F(x, y,

z,w))) = 0. By the property (i) of ¥, we have d(gx, F(x,y,z,w)) = 0. It follows that gx =
F(x,y,z,w). Similarly, we can show that

o =F@y,zwx), g=Flzwxy), gw=Fwxy,z2).
Therefore, we have proved that F and g have a quadruple coincidence point. 0

Corollary 3.1 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Suppose that F: X* — X and g: X — X are


http://www.fixedpointtheoryandapplications.com/content/2013/1/147

Liu Fixed Point Theory and Applications 2013, 2013:147 Page 11 0of 18
http://www.fixedpointtheoryandapplications.com/content/2013/1/147

such that F is continuous and has the mixed g-monotone property. Assume also that there
exist ¢ € © and € V such that

1
¥ (d(FGey,2,w), Flw,v,, D)) = 29 (max{d(gx,gu), d(ey,gv), d(gz,gh), d(gw. &h)})
— ¢ (d(gx, gu) + d(gy,gv) + d(gz, gh) + d(gw,gl))
forany x,y,z,w,u,v,h,l € X, for which gx < gu, gv > gy, gz < gh, and gl > gw. Suppose that

F(X*) C g(X), g is continuous and commutes with F. If there exist xo, Yo, 2o, Wo € X such
that

gxo < F(x0,Y0,20, Wo), 20 = F(yo, 20, Wo, %0),

820 < F(zo, Wo,%0,%0)s gwo = F(wo, %0, %0, 20),

then there exist x,y,z,w € X such that

F(x,y,z,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz and F(w,x,y,z)=gw,
that is, F and g have a quadruple coincidence point.

Proof Since

max{d(gx,gu), d(gy,gv), d(gz,gh),d(gw,gl)} <d(gx,gu)+d(gy,gv) +d(gz, gh) +d(gw, gl),
then we apply Theorem 3.1, since v is assumed to be nondecreasing. O
Similarly, as an easy consequence of Theorem 3.2, we have the following corollary.

Corollary 3.2 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d, <) is regular. Suppose that F : X* — X and g : X — X are such that F has
the mixed g-monotone property. Assume also that there exist ¢ € O and W € V such that

v (d(F@,y,2,w), F(u, v, 1,1))) < 2tp(max{d(gx,gu), d(gy,gv), d(gz. gh), d(gw,gl)})
— ¢ (d(gx, gu) + d(gy,gv) + d(gz, gh) + d(gw, gl))

forany x,y,z,w,u,v,h,l € X, for which gx < gu, gv > gy, gz < gh, and gl > gw. Suppose that
F(X*) C g(X), (g(X),d) is a complete metric space. If there exist xy,%0,20, Wo € X such that

gxo < F(x0,%0,20, Wo), Y0 = F(y0,20, Wo,%0),

820 < F(z0,Wo,%0,50),  gWo = F(wo,%0,%0,20),
then there exist x,y,z,w € X such that
F(x,y,2,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz and F(w,x,y,z)=gw,

that is, F and g have a quadruple coincidence point.
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Corollary 3.3 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Suppose that F: X* — X and g: X — X are
such that F is continuous and has the mixed g-monotone property. Assume also that there
exists k € [0,1) such that

|

d(F(x,y, z,w), F(u,v, h, l)) < (d(gx,gu) +d(gy,gv) + d(gz,gh) + d(gw,gl))

forany x,y,z,w,u,v,h,l € X, for which gx < gu, gv > gy, gz < gh, and gl > gw. Suppose that
F(X*) C g(X), g is continuous and commutes with F. If there exist xo, Yo, zo, Wo € X such
that

gxo < F(x0,%0,20, Wo), Y0 = F(¥0,20, Wo,%0),

gzo < F(zo, Wo,%0,%0)s gwo = F(wo,%0,Y0,20),
then there exist x,y,z,w € X such that

F(x,y,z,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz and F(w,x,y,z)=gw,
that is, F and g have a quadruple coincidence point.
Proof 1Tt is sufficient to set ¥ (£) = ¢ and ¢(t) = %t in Theorem 3.1. O

Corollary 3.4 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X, d, <) is regular. Suppose that F : Xt > X and g : X — X are such that F has
the mixed g-monotone property. Assume also that there exists k € [0,1) such that

k

d(F(x,y,2,w), F(u,v,h, 1)) < —(d(gx, gu) + d(gy,gv) + d(gz, gh) + d(gw, gl))

|

forany x,y,z,w,u,v,h,l € X, for which gx < gu, gv > gy, gz < gh, and gl > gw. Suppose that
F(X*) c g(X), (g(X),d) is a complete metric space. If there exist x, 0,20, Wo € X such that

%o SF(xO’yO’ZO;WO)r Yo > F(yO,ZO,WOer),

820 < F(z0, Wo,%0,%0) gwo = F(wo,%0,Y0,20),
then there exist x,y,z,w € X such that

F(x,y,z,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz and F(w,x,,z)=gw,
that is, F and g have a quadruple coincidence point.
Proof 1t is sufficient to set ¥ (£) = ¢ and ¢(¢) = %t in Theorem 3.2. a

Corollary 3.5 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Suppose that F: X* — X and g: X — X are
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such that F is continuous and has the mixed g-monotone property. Assume also that there
exists k € [0,1) such that

d(F(x,y,2,w), F(u,v, h, 1)) < — (max{d(gx, gu), d(gy,gv), d(gz, gh), d(gw, gl })

NP

forany x,y,z,w,u,v,h,l € X, for which gx < gu, gv > gy, gz < gh, and gl > gw. Suppose that
F(X*) C g(X), g is continuous and commutes with F. If there exist xo, Yo, 20, Wo € X such
that

ng =< F(xO)yO; 20, WO)! gyO > F()’(),Zo, WO)xO)r

gz0 < F(zo, Wo,%0,%0), gwo = F(wo, %0, %0, 20),
then there exist x,y,z,w € X such that

F(x,y,2,w) = g, F(y,z,w,x) = gy, F(z,w,x,y) =gz and F(w,x,y,z)=gw,
that is, F and g have a quadruple coincidence point.

Proof 1Tt suffices to remark that

max{d(gx,gu), d(gy,gv),d(gz,gh), d(gw,gl)}
<d(gx,gu) + d(gy,gv) + d(gz, gh) + d(gw, gl).

Then we apply Corollary 3.3. d

Corollary 3.6 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d, <) is regular. Suppose that F : X* — X and g : X — X are such that F has
the mixed g-monotone property. Assume also that there exists k € [0,1) such that

d(F(x,y,2,w), F(u,v,h,1)) < g(max{d(gx,gu), d(gy,gv), d(gz, gh), d(gw, gl) })

forany x,y,z,w,u,v,h,l € X, for which gx < gu, gv > gy, gz < gh, and gl > gw. Suppose that
F(X*) c g(X), (g(X),d) is a complete metric space. If there exist x, 0,20, Wo € X such that

gxo EF(x();yO)ZO: WO)! o > F(y(hz()vWO)xO)v

820 < F(z0,w0,%0,%0),  gwo = F(wo,%0,0,20),
then there exist x,y,z,w € X such that

F(x,y,z,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz and F(w,x,y,z)=gw,
that is, F and g have a quadruple coincidence point.

Remark 3.1 (i) Theorem 11 of Karapinar and Luong [21] is a particular case of Theo-

rem 3.1 and Theorem 3.2 by taking g = I, respectively. Corollary 12 of Karapinar and
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Luong [21] is a particular case of Theorem 3.1 and Theorem 3.2 by taking g = Ix, ¥ (¢) = ¢,
o(t) = e

(ii) Theorem 2.3 of Karapinar [22] is a particular case of Theorem 3.1 and Theorem 3.2
by taking g = Ix and ¥ (¢) = t, respectively. Corollary 2.4 of Karapinar [22] is a particular
case of Theorem 3.1 and Theorem 3.2 by taking g = I, ¥ (¢) = ¢, ¢(¢) = %t.

Now, we shall prove the existence and uniqueness of a quadruple common fixed point.
For a product X* of a partial ordered set (X, <), we define a partial ordering in the following
way: For all (x,y,z,w), (u,v,r,h) € X%,

xyzw) <@wv,r,h) = x<u, y=>v, z<r and w>1l (40)
We say that (x,y,z,w) and (&, v,r,[) are comparable if
wy,z,w) < (w,v,r,l) or (uv,rl)=>(xy2w).

Also, we say that (x,y,z,w) is equal to (&, v,7,/) ifand onlyifx = u, y=v,z=rand w=[.

Theorem 3.3 [n addition to the hypotheses of Theorem 3.1, suppose that for all (x,y,z,w),
(u,v,1,1) € X?, there exists (a,b,c,d) € X* such that

(F(a, b,c,d),F(b,c,d,a),F(c,d,a,b),F(d,a,b, c))
is comparable to
(F(x,y,2,w),F(y,2,w,%), F(z, W, %,%), F (W, %, 9, 2))
and
(F(u, v, 7, 0), F(v, 1, L w), F(r,l,u,v), F(l,u, v, 7).
Then F and g have a unique quadruple common fixed point (x,y,z,w) such that

x=gx=F(xyzw), y=gy=F(@y,zw,x),
z=gz=F(z,w,x,%), w=gw=F(w,x,Y,2).

Proof The set of quadruple coincidence points of F and g is not empty due to Theorem 3.1.
Assume now that (x,y,z,w) and (u,v,r,l) are two quadruple coincidence points of F and

g, e,
F(x,y,z,w) = gx, F(u,v,r,1) =gu,
F(y,z,w,x) = gy, F(v,r,l,u) = gv,
F(z,w,x,y) = gz, F(r,Lu,v) =gr,
F(w,x,y,z) = gw, F(l,u,v,r)=gl.

We shall show that (gx, gy, gz, gw) and (gu,gv,gr,gl) are equal. By assumption, there ex-
ists (a, b, c,d) € X* such that (F(a, b, c,d), E(b, c,d, a), F(c,d,a,b),F(d,a, b,c)) is comparable
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to (F(x,9,2,w),F(y,z,w,%), F(z,w,x,y), Fw,,9,2)) and (F(u,v,r,1),F(v,r,l,u), F(r,l,u,v),
F(l,u,v,r)). Define sequences {ga,}, {gh,}, {gc.}, and {gd,} such that ag = a, by = b, ¢y = ¢,
do =d, and for any n > 1,

ga, = F(an—ly bn—ly Cn-1, dn—l)’ gbl’l = F(hn—lx Cu-1, dn—ly ﬂn—l),
(41)

gcn = F(cy-1,du-1,a1-1,b41), gdn =F(dy-1,a4-1,bp-1,¢p-1)

for all n. Further, set xo =%, Yo =y, 20 =2, wo =wand ug =u, Vo = v, ro =1, lp = [, and in
the same way define the sequences {gx,}, {gy.}, {gz.}, {gwn} and {gu,}, {gv.}, {gr.}, {gl.}.
Then it is easy to see that

8Xn = F(xn—l,yn—l’zn—l, Wn1), 8Uy = F(ty-1, Vi1, Tty bn1)s
@n=FWn-1:2n-1 Wn1%0-1), gV = F(Vi1s Pty bncts 1), @2)
820 = F(Zy_1, W1, %51, Yn-1)5 &rn = F(ry_1, byt 1, Vi),
8Wn = FWy 1, %01, Yn-1,Zn1), 8y = F(ly-1, Un-1,Vi-1,7n1)
forall n > 1.

Since (F(x,y,2z,w),F(y,z,w,%),F(z,w,x,5), FW,x,9,2)) = (g%1,8y1,821,8W1) = (g%, gy, 42,
gw) is comparable to

(F(LZ, b; &) d)rF(br (&} d; ﬂ))F(C, d; a, b):F(d; a, b, C)) = (galrgbl’gcl;gdl)r
then it is easy to show (gx, gy, gz, gw) > (ga1,gb1, gc1, gd1). Recursively, we get that
(gau, gbu, gcn, gdy) < (gx,gy,g2,gw) for all n, (43)

V (lgar11,89) = 9 (@A(E @by c1sdy), Flr 3,2, )
< Y (d(gan gx) + d(gbn, &) + d(gcy, g2) + d(gd, gw))
— ¢ (d(gan, gx) + d(ghn,gy) + d(gcn, g2) + d(gd,, gw)), (44)
U (@, gbun)) = ¥ (d(F0,2w,2), Elbrs 1)
< ¥ (d(gy.gby) + d(gz,gc,) + d(gw, gd,) + d(gx, ga))
- qb(d(gy,gbn) +d(gz, gc,) + d(gw, gd,) + d(gx,gan)), (45)

 (d(g011,9) = 5 ¥ (@A(E@odysanby), Flerw, 7))

< ¥ (d(gen g2) + d(gd,,, gw) + d(gay, gx) + d(gb,, gy))
— ¢ (d(gen gz) + d(gd,, gw) + d(ga,, gx) + d(gh,, y)) (46)

and

1
w(a’(gw,gdml)) = Zd(F(w,x,y, z),F(d,,a,,b,, c,,))

< ¥ (d(gw.gd,) + d(gx,ga,) + d(gy, gby) + d(gz,gcn))
- d)(d(gw,gdn) +d(gx,ga,) + d(gy,gb,) + d(gz,gcn)). (47)
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From (44)-(47), it follows that

W(d(gﬂmng)) + w(d(gy’gbnﬂ)) + w(d(gcwrlxgz)) + w(d(gwﬂgdnﬂ))
< (d(gw,gd,) + d(gx, ga,) + d(gy, gb,) + d(gz, gcn))
- 4‘¢(d(gw’gdn) + d(gx’gan) + d(gy’gbn) + d(gz,gc,,)).

By the property (iii) of 1, we obtain that
W(d(gﬂmng) + d(gy:gbrﬁl) + d(gcnﬂ;gz) + d(gwrgdn+l))
= ‘[f(d(gﬂnﬂrgx)) + w(d(gy,gbnﬂ)) + w(d(gcwrl:gz)) + 1;[f(('i(g"v»g('i;q+1))

< ¥ (d(gw, gd,) + d(gx, ga,) + d(gy, gby) + d(gz,gcn))
-4¢ (d(gw,gdn) +d(gx, gan,) + d(gy,gb,) + d(gz,gcn)). (48)

Set o, = d(ga,, gx) + d(gy,gb,) + d(gc,,gz) + d(gw,gd,). Then due to (48), we have
Y (0n1) < Y (ou) —4¢(0,) foralln, (49)

which implies that ¥ (0,4,1) < ¥ (0,). By the property of ¥, we obtain that 0,,,1 < 0,,. Thus,
the sequence {0} is decreasing and bounded below from 0. Therefore, there exists o > 0
such that

lim 0, =0.
n— o0

Now, we shall show that o = 0. Suppose to the contrary that o > 0. Letting # — 00 in (49),

we obtain that

V(o) < ¥(0) -4 lim §(0;) < ¥(0),

which is a contradiction. It yields that o = 0. That is, lim,_, o 6, = 0.

Consequently, we have

lim d(ga,,gx) =0, lim d(gy,gb,) =0,

n—00

(50)
lim d(gc,,gz) =0, lim d(gw,gd,) = 0.
n— 00 n—00
Similarly, we can prove that
lim d(ga,,gu) =0, lim d(gv,gb,) =0,
n—00 n—0o0
(51)

lim d(gc,,gr) =0, lim d(gl,gd,) = 0.

Combining (50) and (51) yields that (gx, gy, gz, gw) and (gu, gv, gr, gl) are equal.
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Since gx = F(x,y,z,w),gy = F(y,z, w,x), gz = F(z, w,x,y), and gw = F(w, x, 5, z), by the com-
mutativity of F and g, we obtain that

/

gx' = glgx) = g(F(x,,2,w)) = F(gx, gy, gw,gz) = F(x,y, 2, W),

/

&y =8(@) =¢(F,2z,w,x)) = F(gy, gz, gw,gx) = F(y, 2, W, '),
g7 =g(gz) = g(F(z,w,x,y)) = F(gz, gw,gx,gy) = F(z, W, %, y)

’

oW =g(gz) =g( W, X, 9,2 )) F(gw,gx,gy,82) = F(w x,y, z/),

where gx =&/, gy =y, gz =7, and gw = w'. Thus, («',y',Z/,w') is a quadruple coincidence

point of F and g. Therefore, (gx’, gy, gz, gw’) and (gx, gy, gz, gw) are equal. We obtain that
o =gx=x, @'=gy=y, g=gz=7Z, g =gw=w.

Thus, («,y,2,w') is a quadruple common fixed point of F and g. Its uniqueness follows

from contraction (1). O

Example 3.1 Let X = R with the metric d(x,y) = |x — y| for all x,y € X and the usual or-
dering. Let F: X* — X and g: X — X be given by

3 X—y+z—-w

glx) = Zx, F(x,y,z,w) = T forallx,y,z,w € X.

Let ¥, ¢ : [0,00) — [0, 00) be given by

1 t
v(t) = gt and ¢(t) = %0 for all ¢ € [0, 00).

We will check that the condition (1) is satisfied for all x,y,z, w,u, v, h,] € X satisfying gx <
gu, gv < gy, gz < gh, gl < gw. In this case, we have

1u—-—x -v h-z w-I
v (d(F(s,5,2,w), E v, 1, 1)) g[ = +y16 T 16}

11 3(u—x) S(y—v) S(h z) S(W 0)
_1{5[ s T4 }

3(u—x) 3()/—
30[ 4 4

3(h Z) B(W l]

Sl{l[?‘;(u—x)+3‘>(y—1/)+3(h z) 3(w 0) }
415 4 4
1 [3(u—-x) 3()/— S(h z) S(W 0)
60|: 4 4
1

= [ d(gx,gu) + d(gy,gv) + d(gz,gh) + d(gw, gl)]

- ¢>[d(gx,gu) +d(gy,gv) + d(gz, gh) + d(gw,gl)].

'S

It is easy to check that all the conditions of Theorem 3.3 are satisfied and (0,0, 0, 0) is the
unique quadruple fixed point of F and g.
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