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1 Introduction and preliminaries
The existing literature of fixed point theory contains many results enunciating fixed point
theorems for self-mappings in metric and Banach spaces. Recently, Huang and Zhang [1]
have replaced the real numbers by ordering Banach space and defining cone metric space.
They have proved some fixed point theorems of contractive mappings on cone metric
spaces. The study of fixed point theorems in such spaces is followed by some other math-
ematicians; see [2-17]. However, fixed point theorems for non-self mappings are not fre-
quently discussed and so they form a natural subject for further investigation. The study
of fixed point theorems for non-self mappings in metrically convex metric spaces was ini-
tiated by Assad and Kirk [18]. Recently, Jankovi¢ et al. [10] obtained a fixed point theorem
for two non-self mappings in cone metric spaces. Motivated by Jankovi¢ et al. [10], we
prove some common fixed point theorems for a family of non-self mappings on cone met-
ric spaces in which the cone need not be normal.

Consistent with Huang and Zhang [1], the following definitions and results will be
needed in the sequel.

Let E be a real Banach space. A subset P of E is called a cone if and only if:

(a) Pis closed, nonempty and P # {6};

(b) a,beR,a,b>0,x,ye€Pimplies ax + by € P;

(c) PN (-P)={0}.

Given a cone P C E, we define a partial ordering < with respect to P by x < y if and
only if y —x € P. A cone P is called normal if there is a number K > 0 such that for all

x,y €E,

6 <x <y implies [x| <K]|yl.
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The least positive number K satisfying the above inequality is called the normal constant
of P, while x < y stands for y — x € int P (interior of P).

Definition 1.1 [1] Let X be a nonempty set. Suppose that the mapping d : X x X — E
satisfies:

(d1) 6 <d(x,y) for all x,y € X and d(x,y) = 0 if and only if x = y;

(d2) d(x,y) =d(y,x) for all x,y € X;

(d3) d(x,y) <d(x,2) +d(z,y) forall x,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

The concept of a cone metric space is more general than that of a metric space.

Definition 1.2 [1] Let (X, d) be a cone metric space. We say that {x,} is:
(e) a Cauchy sequence if for every c € E with 8 < ¢, there is an N such that for all
n,m>N, d(x,,x,) <K
(f) a convergent sequence if for every ¢ € E with 6 < ¢, there is an N such that for all
n>N, d(x,,x) < c for some fixed x € X.
A cone metric space X is said to be complete if for every Cauchy sequence in X, it is
convergent in X. It is known that {x,} converges to x € X if and only if d(x,,x) — 0 as
n — oo. It is a Cauchy sequence if and only if d(x,, x,,) — 6 (n, m — 00).

Remark 1.1 [19] Let E be an ordered Banach (normed) space. Then c is an interior point
of P, if and only if [—c, c] is a neighborhood of 6.

Corollary1.1 [9] (1) Ifa<band b < c, then a K c.
Indeed, c —a = (c - b) + (b - a) > ¢ — b implies [-(c — a),c—a] 2 [-(c - b),c-D].
(2)Ifa<<band b < c, then a < c.
Indeed, c —a = (c—b) + (b—a) > c— b implies [-(c — a),c — a] 2 [-(c - b),c - b].
(3)If0 = u <K cforeachceintP, thenu=20.

Remark 1.2 [11] If ¢ € intP, 6 < a,, and a,, — 0, then there exists an ng such that for all

n > ngy, we have a,, < c.

Remark 1.3 [11] If E is a real Banach space with cone P and if a < ka, where a € P and
0<k<1,thena=0.

We find it convenient to introduce the following definition.

Definition 1.3 [11] Let (X, d) be a complete cone metric space, let C be a nonempty closed
subset of X, and let f,g : C — X be non-self mappings. Denote, for x,y € C,

(1.1)

d(fx, d(fy,
M{’g={d(gx,gy),d(fx,gx),d(fy,gy), o) + dlfy gx)}.

2

Then f is called a generalized gy, -contractive mapping of C into X if, for some A € (0,
V2 - 1), there exists u(x, y) € M{’g such that for all x,y € C,

d(fx, fy) < Au(x,y). 1.2)
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Definition 1.4 [2] Let f and g be self-maps of a set X (i.e., f,g: X —> X). lf w=fx=gx
for some x in X, then x is called a coincidence point of f and g, and w is called a point of
coincidence of f and g. Self-maps f and g are said to be coincidentally commuting if they
commute at their coincidence point; i.e., if fx = gx for some x € X, then fgx = gfx.

2 Main results

Recently, Jankovic et al. [10] proved some fixed point theorems for a pair of non-self map-
pings defined on a nonempty closed subset of complete metrically convex cone metric
spaces with new contractive conditions.

Theorem 2.1 [10] Let (X, d) be a complete cone metric space, let C be a nonempty closed
subset of X such that for each x € C and y ¢ C there exists a point z € dC (the boundary of
C) such that

dx,z) + d(z,y) = d(x,7).

Suppose that f,g : C — X are such that f is a generalized gy, -contractive mapping of C
into X, and
(i) aCcgC, fCNCCcgC,
(i) gredC=fx e C,
(iii) gC is closed in X.
Then the pair (f,g) has a coincidence point. Moreover, if (f,g) are coincidentally com-
muting, then f and g have a unique common fixed point.

The purpose of this paper is to extend the above theorem for a family of non-self map-
pings in cone metric spaces. We begin with the following definition.

Definition 2.1 Let (X,d) be a complete cone metric space, let C be a nonempty closed
subset of X, and let {F,}:°,,S, T : C — X be non-self mappings. Denote, for x,y € C,

2.1)

d(Tx,Fiy) + d(Fix, S
MIF”'S’Tz{d(Tx,Sy),d(Tx,Fix),d(Sy,F/)’), T B) + i y)},

2

where i = 2n—1, j = 2n for some n € N. Then (F;, F)) is called a pair of generalized (T, S)r, -
contractive mappings of C into X if for some A € (0,1) there exists u(x,y) € MIF”’S’T such
that for all x,y € C with x # y,

d(Fix, Fiy) < Au(x,y). (2.2)
Notice that by setting F; =F;=f, T =S =g and X € (0, V2 =1) in (2.1), one deduces a
slightly generalized form of (1.1).

We state and prove our main result as follows.

Theorem 2.2 Let (X,d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y ¢ C there exists a point z € 0C such that

d(x,z) +d(z,y) =d(x,y).
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Suppose that F,,S,T : C — X are such that (F;,F;) is a pair of generalized (T,S)y,-
contractive mappings of C into X forall i=2n-1,j=2n (n € N), and
I 9CSSCNTC,FFCNCCSSC,FCNCCTC,
(II) Tx € dC implies that Fix € C, Sx € 0C implies that Fix € C,
(1) SC and TC (or F;C and F;C) are closed in X.
Then
(IV) (F;, T) has a point of coincidence,
(V) (F;,S) has a point of coincidence.
Moreover, if (F;, T) and (F;, S) are coincidentally commuting pairs, then {F,}32,, S and T
have a unique common fixed point.

Proof Let x € dC be arbitrary. Then (due to dC C TC) there exists a point x5 € C such
that x = Txg. Since Txy € 9C, from (I) and (II), we have Fixy € F;C N C C SC. Thus, there

exists x; € C such that y; = Sx; = Fixg € C. Since y; = Fixg, there exists a point y, = Fox;
such that

d()/hyz) = d(Fixo, Fox1).

Suppose y, € C. Then y, € F,CN C C TC, which implies that there exists a point x, € C
such that y, = Tx,. Otherwise, if y; ¢ C, then there exists a point p € dC such that

d(Sx1,p) + d(p,y2) = d(Sx1, 7).
Since p € 3C C TC, there exists a point x, € C with p = Tx; so that

d(Sx1, Txa) + d(Txa, y2) = d(Sx1, y2).
Let y3 = F3x, be such that d(y,,y3) = d(Fax1, F3x3). Thus, repeating the foregoing argu-

ments, one obtains two sequences {x,} and {y,} such that
(@) Yon = FonXon_1, Yans1 = Fons1Xon,
(b) yo, € C implies that y,, = Txy, or y,, ¢ C implies that Tx,, € 3C and
d(Sx2n—1: Tx2n) + d(Tx2nry2n) = d(sx2n—lry2n);

(c) yaus1 € C implies that yo,41 = SX2441 OF Y2441 € C implies that Sxy,41 € 9C and

d(TxZn, Sx2n+1) + d(Sx2n+1,y2n+1) = d(TmeyZnJrl)'

We denote

Py = {Txy; € {Tx2u} : Toi = y2i}s
Py = {Txy; € {Ton} : Tini # yi}s
Qo = {Sx2is1 € {Sx2na1} : Sx2is1 = Y201},

Q1 = {Sx2i1 € {Skani1} : Sx2is1 # ynin }-
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Note that (Txy,, Sxo441) € P1 X Qq, as if Txy, € Py, then y,, # Tx,, and one infers that
Txy, € 0C, which implies that y,,41 = Fou1%42, € C. Hence y9,,41 = Sx2,41 € Qo. Similarly,
one can argue that (Sxy,_1, Tx,) ¢ Q1 X P;.

Now, we distinguish the following three cases.

Case 1. If (Tx2,,, Sx2,,41) € Py X Qq, then from (2.2)

d(Txo, Sx2n41) = A(Fap1Xon, Fonon_1) < Ahoy_1,
where

Uyp-1 € {d(sxzn—l, Txou), A(Sx2n-1, FonXon-1), A(Tx21, Fan1%2n),

d( TxZn: FanZn—l) + d(sx2n—lr F2n+1x2n) }
2

d n—1»)2n+
) {d(yznl’yzn)’d(hmﬁml), M }

2

Clearly, there are infinitely many # such that at least one of the following three cases
holds:
(1) d(Txan, Sx20:1) = Ad(Y2n-1,Y2n) = Ad(Sx2p-1, Tx2p);
(2) d(Txap, Sxans1) < Ad(Yan, yans1) implies that d(Txz,, Sxne1) = 0 < Ad(Sx24-1, Txan);
(3) d(Txau, Sxans1) < A%’”M) = 5d(yan-1,Y2n) + 3d(Y2n, yans1) implies that
A(Tx2, Sxons1) = Ad(Sxap-1, TX2p).
From (1), (2), (3) it follows that

=
=

d(Txn, Sxans1) < Ad(Sxan-1, Tx2p). (2.3)
Similarly, if (Sx2,+1, T¥24+2) € Qo X Py, we have
d(Sxans1, Txons2) = d(Fans1Xon, Fansaxons1) < Ad(Txn, Sxops1)- (2.4)
If (Sx2,-1, Tx2,) € Qo X Py, we have
d(Sxan-1, Txan) = d(Fp1%2n-2, FanXn-1) < Ad(Tx24-2, Sx2-1)- (2.5)
Case 2. If (Txy,,, Sx2,41) € Py X Qq, then Sx,,,1 € Q; and
d(Txzn, Sxans1) + A(Sx2141, Y2ns1) = A(Txon, Y2ns1), (2.6)
which in turn yields
d(Txan, Sxans1) < A(Tx2n, Yane1) = AYans Yans1) (2.7)
and hence

A(Tx2, SX2141) = AWans Yoni1) = A(Fons1Xon, FanXon_1). (2.8)
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Now, proceeding as in Case 1, we have that (2.3) holds.
If (Sx2,41, Txone2) € Q1 X Py, then Txy, € Py. We show that

A(Sxous1, Thons2) < Ad(Txou, SX24-1). (2.9)
Using (2.6), we get

d(5x2n+1: Tx2n+2) = d(5x2n+1:y2n+1) + d(y2n+lr Tx2n+2)
= d(Tx2n7y2n+l) - d(TxZn: Sx2n+l) + d(y2n+17 Tx2n+2)' (210)

By noting that Tx,,,, Tx, € Py, one can conclude that
Ay2ns1, Txons2) = AYV2ns1, Yans2) = A(Fone1%on, FanraXonn) < Ad(Txou, Sxons1) (2.11)
and
A(Txn, yans1) = AWan Yans1) = A(Fons1%20, FanXon-1) < Ad(Sx2,-1, Txou), (2.12)

in view of Case 1.
Thus,

A(Sx2n41, Thoni2) < Ad(Sx2n-1, Txon) — (L = X)d(Tx2p, Sx2141) < Ad(Sx2-1, Tx21),

and we proved (2.9).
Case 3. If (Txy,, Sx241) € P1 X Qop, then Sxy,;1 € Q. We show that

A(Tx2, SX2p41) =X AA(SX2p-1, TX2p-2). (2.13)
Since Tx,, € P;, then

A(Sxan-1, Txn) + d(Txon, y2n) = d(Sx2n-1, Y2n)- (2.14)
From this, we get

d(TxZ;qr Sx2n+1) = d(TxZn,yZM) + d(y2m5x2n+1)

= d(Sx2u-1,Y2u) — A(SX2u-1, Tx2,) + A(Y2, SX2441)- (2.15)
By noting that Sxy,.1, Sx2,-1 € Qo, one can conclude that

AWYan S%on41) = AWons Yon1) = A(Fops1Xom, FonXon-1) < Ad(Sxa-1, To4) (2.16)

and

A(Sx2n-1,Y21) = AWYou-1,Y2n) = A(Fap1%2n-2, FouXon_1) = Ad(Sx2,_1, Tx24_2), (2.17)

in view of Case 1.
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Thus,
A(Tx2, SX2p41) X Ad(SX2p-1, Th2p-2) — (1 = M)d(SX2p-1, Th2n) < Ad(SX2-1, TH20-2),

and we proved (2.13).
Similarly, if (Sx2n+1, Tx2n+2) (S] Q() X Pl, then Tx2n+2 (S] Pl, and

d(Sx2n+1r Tx2n+2) + d(Tx2n+2)y2n+2) = d(Sx2n+1)_y2n+2)'

From this, we have

A(Sxon1, Txons2) = A(SXop41, Yone2) + AY2ne2r TX2p42)
< d(Sx2141, Yons2) + A(SXopi1s Yans2) — A(Sxoui1, Thous2)

= 2d(Sx2n+l:y2n+2) — d(Sxan11, Th2n42).

This implies that d(SxZnJrh Tx2n+2) = d(Sx2n+1’y2n+2)'
By noting that Sx,,1 € Qo, one can conclude that

A(Sxan11, Txons2) < A(Sxoni15 Yans2)
= d(F2n+1x2n; F2n+2x2n+1) = )\-d(Tme Sx2n+1); (218)

in view of Case 1.
Thus, in all Cases 1-3, there exists wy,, € {d(Sx2,,_1, Tx2,,), A(TX2,,_2, Sx2,,-1)} such that

d(Tme Sx2n+1) = )\W2n
and there exists wy,.1 € {d(Sx2,-1, T%2,), d(TX2,1, Sx2,41)} such that
A(Sxons1, Thons2) < AWt

Following the procedure of Assad and Kirk [18], it can easily be shown by induction that,
for n > 1, there exists wy € {d(Txo,Sx1), d(Sx1, Tx,)} such that

A(Tsy, Star) < A" Ty and  d(Sxayen, Tignsa) < A"ws. (2.19)
From (2.19) and by the triangle inequality, for n > m, we have

d(TxZn: Sx2m+1) = d(Tx2nr SxZn—l) + d(5x2n—lr TxZn—2) L d(TmeJrZ’ Sx2m+1)

m
1-+/%

From Remark 1.2 and Corollary 1.1(1), d(Tx2,, Sx2m+1) < c.
Thus, the sequence {Txo, Sx1, Tx2, Sx3, ..., Sx24-1, TX2u, Sx24-1, ...} is a Cauchy sequence.

< (W A 4 A Nwy <

wy — 0, asm — oQ.

Then, as noted in [20], there exists at least one subsequence {Tx,, } or {Sxa,,,1} which is
contained in Py or Qy, respectively, having as a limit point z. Furthermore, subsequences
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{Tx24, } and {Sx2,,; +1} both converge to z € C as C is a closed subset of a complete cone met-
ric space (X, d). We assume that there exists a subsequence {Tx,,, } C Py for each k € N,
and TC as well as SC are closed in X. Since { Tx»,, } is a Cauchy sequence in TC, it converges
to a point z € TC. Let w € T~'z, then Tw = z. Similarly, {S%24,+1} being a subsequence of
the Cauchy sequence {Txo, Sx1, Tx2, Sx3, ..., Sx2,-1, %24, SX24-1, . ..} also converges to z as

SC is closed. Using (2.2), one can write
d(Fiw,z) < d(Fiw, Fixop,—1) + d(FiXon,-1,2) =< Adgn—1 + d(Fixy, -1, 2),
where

U1 € {d(TW, Sxon-1), A(Tw, Fw), d(Sxop—1, Fjxom-1)

d(Tw, Fixap1) + d(Eiw, Sxp-1) }
2

(2, Ejxap-1) + d(Eiw, Sx2p 1) }

d
= {d(zystnk—l)rd(Z»Fiw)’d(Sxan—l’l:}xan—l), 5

for any odd integer i € N and even integer j € N.
Let 6 < c. Clearly at least one of the following four cases holds for infinitely many 7.
(1) d(Fiw,z) < Ad(z, Sxap1) + d(Fxon1,2) K Agz + 5 =6
(2) d(Ew,2) < 2z, Fow) + d(Epxzg1,2) = d(Ew,2) < 15 d(Ewng1,2) <
ﬁ(l -ANc=g¢

(3)

d(Fiw,z) = Ad(Sx2py—1, FiXan,—1) + A(Fjxan, -1, 2)

< Md(Sxanp-1,2) + d(2, Fidton 1)) + A(Fikam—1,2)

c c
tA— =6
200+1)  T2a

= (A + Dd(Fxopy-1,2) + Ad(Sxop-1,2) K (A +1)

d(z, Fjxan 1) + d(Eiw, Sxap 1)

d(Fw,z) < A 5 + d(Fjxon-1,2)
d(z, Fix2,, 1) + d(z, Sxoy, — 1
< (z, Fiton, 1); (z, Sxom—1) . Ed(FiW:Z)"'d(ijan—lrz)

= d(Fw,z) 2 (2 + A)d(Fxan1,2) + Ad(z, Sxap-1)

c
L2+A)

+A— =c.
22+ 1) 2A

In all cases, we obtain d(F;w, z) < ¢ for each c € int P. Using Corollary 1.1(3), it follows
that d(Fiw,z) = 0 or F;w = z. Thus, F;w = z = Tw, that is, z is a coincidence point of F;, T
for any odd integer i € N.

Further, since the Cauchy sequence {T%,,, } convergestoze C andz=Fw,ze FCNCC
SC, there exists v € C such that Sv = z. Again, using (2.2), we get

d(Sv, Fv) = d(z, Fjv) = d(Fyw, Fv) < Au,

Page 8 of 17
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where

d(Tw, Ev) + d(Fiw, S
ue{d(Tw,SV),d(Tw,Fiw),d(SV,l-}v), (Tw, Eyv) + d(Fiw V)}

2

(z,Fjv) +9}

d
- {e,e,d(Sv,F,v),

_ {9, d(Sv, Ew), M}

for any odd integer i € N and even integer j € N.
Hence, we get the following cases:
d(Sv,Fjv) <10 =0, d(Sv,Fv) < Ad(Sv,Fjv) and
A
d(Sv, Fv) < Ed(SV,F,»v) =< Ad(Sv,Fyv).

Using Remark 1.3 and Corollary 1.1(3), it follows that Sv = Fjv; therefore, Sv = z = Fjv,
that is, z is a coincidence point of (Fj, S) for any even integer j € N.

In case F;C and F;C are closed in X, thenz€e FCNC CSCorze FFCNCC TC. The
analogous arguments establish (IV) and (V). If we assume that there exists a subsequence
{Sx2n1} € Qo with TC as well as SC closed in X, then noting that {Sxy,, .1} is a Cauchy
sequence in SC, foregoing arguments establish (IV) and (V).

Suppose now that (F;, T') and (F}, S) are coincidentally commuting pairs, then

z=Fw=Tw = Fz=FTw=TFw=Tz and

z=Fv=8 = Fz=FSv=SFv=_§z
Then, from (2.2),
d(Fiz,z) = d(Fiz, Fv) < Au,

where

d(Tz, F; d(Sv, F;
uc {d(SV, Tz),d(Tz, Fiz), d(Sv, Fjv), (T2, ) + d(Sv Z)}

2
d(Fiz,z) + d(z,F;z)
2

= {d(sziz);d(Z,Z), } = {d(Z,Fl'Z),Q}.

Hence, we get the following cases:

d(Fiz,z) < M(z,Fiz) = d(Fiz,z)=0,

d(Fiz,z) A0 =0 = d(Fiz,z)=0.

Using Remark 1.3 and Corollary 1.1(3), it follows that F;z = z. Thus, Fiz = z = Tz.
Similarly, we can prove Fjz = z = Sz. Therefore z = F;z = Fjz = Sz = TZ, that is, z is a com-
mon fixed point of F,,, S and 7.

The uniqueness of the common fixed point follows easily from (2.2). d
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Example 2.1 Let E = C'([0,1],R), P = {p € E: ¢(t) > 0, € [0,1]}, X = [0, +00), C = [0,2]
andd : X x X — E defined by d(x, y) = |x—y|p, where ¢ € Pisa fixed function, e.g., ¢(¢) = €.
Then (X, d) is a complete cone metric space with a non-normal cone having the nonempty
interior. Define F;, F;, Sand T: C — X as

4 s 4
Fix=x+g, i=2n-1, Fx=x +§’ j=2n,

Tx=5x and Sx=5x%, xeC.

Since 9C = {0, 2}. Clearly, for each x € C and y ¢ C, there exists a point z = 2 € 9C such
that d(x,2) + d(z,y) = d(x,y). Further, SC N TC = [0,20] N [0,10] = [0,10] D {0,2} = 3C,
FECNC=[%,%]n[0,2] =[%,2] CSC,F,CNC=[3,%]1N[0,2] = [£,2] C TC,and SC, TC,
F;C and F;C are closed in X.

Also,

4 4
T0=0€0dC = FiO:geC, §S0=0€0C = I’,O:geC,

T2 =2€9C = F2—6eC
5/ ‘\s) 57

Moreover, for each x,y € C,
9 1
d(Fix, Fiy) = |x—y |<p = gd(Tx,Sy)

that is, (2.2) is satisfied with A = %

Evidentially, 1 = T(%) = F,-(%) + % and 1= S(%) = Fj(%) + % Notice that two separate
coincidence points are not common fixed points as F; T(%) # TFi(é) and SF;( %) #F,S(%),
which shows the necessity of coincidentally commuting property in Theorem 2.2.

Next, we furnish an illustrative example in support of our result. In doing so, we are

essentially inspired by Imdad and Kumar [21].

Example 2.2 Let E = C'([0,1],R), P={p € E: ¢(t) > 0,t € [0,1]}, X = [1,+00), C = [1,3]
andd : X x X — E defined by d(x,y) = |x—y|p, where ¢ € Pisa fixed function, e.g., ¢(¢) = €.
Then (X, d) is a complete cone metric space with a non-normal cone having the nonempty
interior. Define F;, F;, Sand T: C — X as

2 i) <y <2, 4x* -3 ifl<x<2,
Fix= " i=2n-1(n>1), Tx =

=L if2<x <3, 13 if2<x<3,

P ] <x <2, 4x° -3 ifl<x<2,
Fix = 4 j=2n(n>1) and Sx=

moif2<x <3, 13 if2<x<3.
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Note that dC = {1, 3}. Clearly, for each x € C and y ¢ C, there exists a point z =3 € 3C
such that d(x, z) +d(z, y) = d(x, y). Further, SCNTC = [1,253]N[1,61] = [1,61] D {1,3} = 3C,
FCNC=[,"2]N[1,3]c SCand FCNC =[1,%27]1N[1,3] C TC.

Also,

T1=1€e0C = Fl=1€C, S1=1€dC = Fl=1€C,

43 A3 -1
T(J=)=3c0Cc = F(I=)= +lecC,
2 2 n
3
J3 J3 ﬁ 1
s{J5)=3eoCc = F( %)= +leC.
2 2 n

Moreover, if x € [1,2] and y € [2, 3], then

oo

1 |t — 4| 4|x* — 4 1
d(Fix,Fy) = —|«* = 2]p = = = d(Tx, Sy).
(Fix, Fy) n| |('0 n|x2+2|(p 4n|x2+2|(p 4n(x? +2) ( )

Next, if x,y € (2, 3], then
d(Fix,Fjy) =0 =X - d(Tx, Sy).

Finally, if x, y € [1,2], then

1 lx* =51 4l —y0
d(Fix,Fpy) = —|«* = y|p = = = d(Tx, Sy).
(Fix, Eyy) n‘x rle nlx? + 93" dnlx® + 3|7 4n(® +93) (T 5)
Therefore, condition (2.2) is satisfied if we choose A = max{ 4n(x12+2)’ 4n(x§+y3)} € (0,1).

Moreover, 1 is a point of coincidence as T1 = F;1 as well as S1 = F;1, whereas both the
pairs (F;, T) and (Fj, S) are weakly compatible as TF;1 =1 = F;T1 and SF;1 =1 = F;S1. Also,
SC, TC, F;C and F;C are closed in X. Thus, all the conditions of Theorem 2.2 are satisfied
and 1 is the unique common fixed point of F;, Fj, S and T. One may note that 1 is also a
point of coincidence for both the pairs (F;, T) and (F}, ).

Remark 2.1 Setting F; = F and F; = G in Theorem 2.2, we obtain the following result.

Corollary 2.1 Let (X, d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y ¢ C there exists a point z € 0C such that

dx,z) + d(z,y) = d(x,y).

Suppose that F,G,S,T : C — X are such that (F,G) is a pair of generalized (T,S)u,-
contractive mappings of C into X, and
() 9C<SCNTC,FCNCCSC,GCNCCTC,

(Il) Tx € 0C implies that Fx € C, Sx € dC implies that Gx € C,

(IIT) SC and TC (or FC and GC) are closed in X.

Then

(IV) (F, T) has a point of coincidence,

(V) (G,S) has a point of coincidence.
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Moreover, if (F,T) and (G,S) are coincidentally commuting pairs, then F, G, S and T
have a unique common fixed point.

Remark 2.2 1. Theorem 2.2 in [10] is a special case of Theorem 2.2 with F; =F;=f, T =
S=gand A e (0,4/2-1).

2. Setting F; = F; = f and T = S = Ix (the identity mapping on X) in Theorem 2.2, we
obtain the following result.

Corollary 2.2 Let (X,d) be a complete cone metric space, and let C be a nonempty closed
subset of X such that for each x € C and y ¢ C there exists a point z € 9C such that

d(x,z) +d(z,y) = d(x,y).
Suppose that f : C — X satisfies the condition

d(fx,fy) < dulx,y),

where

d(x,fy) +d(y,
ulx,y) € {d(x, ), d(x,fx), d(y, ), M}

2

forall x,y € C, A € [0,1) and f has the additional property that for each x € 9C, fx € C.
Then f has a unique fixed point.

Remark 2.3 The following definition is a special case of Definition 2.1 when (X,d) is a
metric space. But when (X, d) is a cone metric space, which is not a metric space, this is

not true. Indeed, there may exist x,y € X such that the vectors d(Tx, Fix), d(Sy, Fjy) and

d(Tx,Fix)+d(Sy,F}y)
2

are incomparable.

are incomparable. For the same reason Theorems 2.2 and 2.3 (given below)

Definition 2.2 Let (X,d) be a complete cone metric space, let C be a nonempty closed
subset of X, and let {F,}:°,,S, T : C — X be non-self mappings. Denote, for x,y € C,

(2.20)

MIZ:”’S’T _ {d(Tx, S, d(Tx, Fix) + d(Sy, Fy) d(Tx, Fyy) + d(Fix, Sy) }’

2 ’ 2

where i = 2n—1, j = 2n for some n € N. Then (F;, F;) is called a pair of generalized (T, S)x,-
contractive mappings of C into X if for some A € [0,1) there exists u(x,y) € M;">" such
that for all x,y € C with x # y,

d(Fix, Fy) < hu(x, y). (2.21)
Our next result is the following.

Theorem 2.3 Let (X, d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y ¢ C there exists a point z € 0C such that

d(x,z) +d(z,y) =d(x,y).
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Suppose that F,,S,T : C — X are such that (F,F;) is a pair of generalized (T,S)u,-
contractive mappings of C into X foralli=2n-1,j=2n (n € N), and
I aCSSCNTC,FFCNCCSC,FCNCCTC,
(II) Tx € 9C implies that Fix € C, Sx € 3C implies that Fix € C,
(Il1) SC and TC (or F;C and F;C) are closed in X.
Then
(IV) (F;, T) has a point of coincidence,
(V) (F;,S) has a point of coincidence.
Moreover, if (F;, T) and (F;, S) are coincidentally commuting pairs, then F,, S and T have

a unique common fixed point.
The proof of this theorem is very similar to the proof of Theorem 2.2 and it is omitted.
Remark 2.4 Setting F; = F and F; = G in Theorem 2.3, we obtain the following result.

Corollary 2.3 Let (X, d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y & C there exists a point z € 0C such that

dx,z) + d(z,y) = d(x,y).

Suppose that F,G,S,T : C — X are such that (F,G) is a pair of generalized (T, S)p,-
contractive mappings of C into X, and
() 9C<SSCNTC,FCNCCSC,GCNCCTC,
(I) Tx € 9C implies that Fx € C, Sx € dC implies that Gx € C,
(IIT) SC and TC (or FC and GC) are closed in X.
Then
(IV) (F, T) has a point of coincidence,
(V) (G,S) has a point of coincidence.
Moreover, if (F,T) and (G,S) are coincidentally commuting pairs, then F, G, S and T

have a unique common fixed point.
We now list some corollaries of Theorems 2.2 and 2.3.

Corollary 2.4 Let (X, d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y & C there exists a point z € 0C such that

d(x,z) +d(z,y) = d(x,y).
Let F,,S, T : C — X be such that
forsome X € [0,1) and foralli=2n-1,j=2n(neN),x,y e Cwithx #y.
Suppose, further, that F,,, S, T and C satisfy the following conditions:
(I) 9C<SSCNTC,FFCNCCSSC,FCNCCTC,

(II) Tx € dC implies that Fix € C, Sx € 0C implies that Fix € C,
(Il1) SC and TC (or F;C and F;C) are closed in X.
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Then
(IV) (F;, T) has a point of coincidence,
(V) (F},S) has a point of coincidence.
Moreover, if (F;, T) and (F;, S) are coincidentally commuting pairs, then {F,};2,, S and T

have a unique common fixed point.

Corollary 2.5 Let (X,d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y ¢ C there exists a point z € dC such that

dx,2) +d(z,y) = d(x,).
Let F,,S, T :C— X be such that
d(Fix, Fyy) < M(d(Tx, Fix) + d(Sy, Fy)) (2.23)

forsome X €[0,1/2) and foralli=2n-1,j=2n (ne N),x,y € Cwithx #y.
Suppose, further, that F,;, S, T and C satisfy the following conditions:
(I) 0C<SSCNTC,FCNCCSC,FECNCCTC,
(II) Tx € dC implies that Fix € C, Sx € 0C implies that Fix € C,
(Il1) SC and TC (or F;C and F;C) are closed in X.
Then
(IV) (F;, T) has a point of coincidence,
(V) (F;,S) has a point of coincidence.
Moreover, if (F;, T) and (F;, S) are coincidentally commuting pairs, then {F,}32,, S and T

have a unique common fixed point.

Corollary 2.6 Let (X,d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y ¢ C there exists a point z € dC such that

dx,z) + d(z,y) = d(x,y).
LetF,,S,T: C — X be such that

forsome ) €[0,1/2) and foralli=2n-1,j=2n(n € N),x,y € Cwithx #y.
Suppose, further, that F,,, S, T and C satisfy the following conditions:
I 9C<SSCNTC,FFCNCCSSC,FCNCCTC,
(II) Tx € 9C implies that Fix € C, Sx € 0C implies that Fix € C,
() SC and TC (or F;C and F;C) are closed in X.
Then
(IV) (F;, T) has a point of coincidence,
(V) (F;,S) has a point of coincidence.
Moreover, if (F;, T) and (F;, S) are coincidentally commuting pairs, then {F,}32,, S and T

have a unique common fixed point.
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Remark 2.5 Setting F; = F; = f and T = S = g in Corollaries 2.4-2.6, we obtain the follow-
ing result.

Corollary 2.7 Let (X,d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y ¢ C there exists a point z € 0C such that

d(x,z) + d(z,y) = d(x,7).
Letf,g:C— X be such that

d(fx,fy) < Ad(gx, gy) (2.25)

for some A € [0,1) and for all x,y € C. Suppose, further, that f, g and C satisfy the following
conditions:
(I) aC cgC,fCNCcgC,
(II) gx € 3C implies that fx € C,
(III) gC is closed in X.
Then there exists a coincidence point z of f, g in C. Moreover, if (f,g) are coincidentally
commuting, then z is the unique common fixed point of f and g.

Corollary 2.8 Let (X, d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y ¢ C there exists a point z € 0C such that

d(x,2) +d(z,y) = d(x, ).
Letf,g:C — X be such that

d(fx, fy) < Md(fx, gx) + d(fy,gy)) (2.26)

for some A € [0,1/2) and for all x,y € C. Suppose, further, that f, g and C satisfy the follow-
ing conditions:
(I) 9CcgC,fCNC < gC,
(II) gx e dC implies that fx € C,
(III) gC is closed in X.
Then there exists a coincidence point z of f, g in C. Moreover, if (f,g) are coincidentally
commuting, then z is the unique common fixed point of f and g.

Corollary 2.9 Let (X, d) be a complete cone metric space, let C be a nonempty closed subset
of X such that for each x € C and y & C there exists a point z € 0C such that

dx,z) + d(z,y) = d(x,y).
Letf,g:C — X be such that

d(fx, fy) < A(d(fx, gy) + d(fy, gx)) (2.27)

for some A € [0,1/2) and for all x,y € C. Suppose, further, that f, g and C satisfy the follow-
ing conditions:
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(I) aC cgC,fCNCcgC,
(II) gx e aC implies that fx € C,
(III) gC is closed in X.
Then there exists a coincidence point z of f, g in C. Moreover, if (f,g) are coincidentally
commuting, then z is the unique common fixed point of f and g.

Remark 2.6 Corollaries 2.7-2.9 are the corresponding theorems of Abbas and Jungck
from [2] in the case that f, g are non-self mappings.
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