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Abstract

In this paper, some fixed point theorems for monotone operators in partially ordered
complete metric spaces are proved. Especially, a sufficient and necessary condition
for the existence of a fixed point for a class of monotone operators is presented. The
main results of this paper are generalizations of the recent results in the literature.
Also, the main results can be applied to solve the nonlinear elliptic problems and the
delayed hematopoiesis models.
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1 Introduction

In the last decades, the fixed point theorems for the contraction mappings have been im-
proved and generalized in different directions. During the extensive applications to the
nonlinear integral equations, there were many researchers to investigate the existence of
a fixed point for contraction-type mappings in partially ordered metric spaces. In 2006,
Bhaskar and Lakshmikantham [1] introduced the notion of coupled fixed point and proved
some coupled fixed point theorems for mixed monotone mappings. Later, Lakshmikan-
tham and Ciric presented a coincidence point theorem for a mapping with g-monotone
property in [2]. Also, the concepts of tripled fixed point and quadruple fixed point were
introduced by the authors in [3] and [4], respectively. Meanwhile, they proved the corre-
sponding fixed point theorems. More details on the direction of the coupled fixed point
theory and its applications can be found in the literature (see, e.g., [5-27]).

In this manuscript, we give a common method to deal with the existence of a coupled
fixed point and the coincidence point for a class of mixed monotone mappings in a par-
tially ordered complete metric space. Indeed, we establish some fixed point theorems for
the monotone operators in the partially ordered complete metric space. Especially, we
present the sufficient and necessary condition for the existence of a fixed point for a class
of monotone operators. Our results improve and generalize the main results in the litera-
ture [1-4, 10].

In the rest of this section, we recall some basic definitions.

Let (X, <) be a partially ordered set, a subset E C X is said to be a totally ordered subset
if either x < y or y < x holds for all x,y € E. We say the elements x and y are compa-
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rable if either x < y or y < x holds. It is said that a triple (X, <,d) is a partially ordered
complete metric space if (X, <) is a partially ordered set and (X, d) is a complete metric
space. Let @ denote all the functions ¢ : [0, +00) — [0, +00) which satisfy that ¢(r) < r and
lim;_, ., ¢(£) < r for all r > 0. We should mention that Agarwal et al. [28] considered the
non-decreasing functions ¢ : [0, +00) — [0, +00) satisfying lim,_, ¢"(r) = 0 for all r > 0
and established some fixed point theorems.

Definition 1.1 (Bhaskar and Lakshmikantham [1]) Let (X, <) be a partially ordered setand
F:X? — X. The mapping F is said to have the mixed monotone property if F is mono-
tone non-decreasing in its first argument and is monotone non-increasing in its second
argument, that is, for any x,y € X,

x,%€X, % <% = F(rx,y) <F(x,y) and
Y1, )2 EX} »n SJ’Z = F(x7y2) SF(‘x’yl)

Definition 1.2 (Bhaskar and Lakshmikantham [1]) An element (x,y) € X? is said to be a
coupled fixed point of the mapping F : X2 — X if F(x,y) = x and F(y,x) = .

2 Fixed points theorems for monotone operators
Theorem 2.1 Let (X, <, p) be a partially ordered complete metric space and let G : X — X
be a monotone non-decreasing operator with respect to the order < on X. Assume that

(i) thereisa ¢ € ® such that

,O(G(fc), G(j/)) < go(p(fc,jl)) foreach x,y € X withx <, (1)

(ii) there exists an Xy € X such that Xy < G(Xo);
(ili) either (a) G is a continuous operator, or (b) if a non-decreasing monotone sequence
Xy in X tends to X, then X, < x for all n.
Then the operator G has a fixed point in X.

Proof Definite a sequence {x,} in X2 by
X, =GXx,_1) form=1,2,.... (2)

Considering the operator F is non-decreasing monotone for the order < and %, < G(%),
we have

XXX XX = Xk <

If there exists ng such that &, = X,,.1, then %,, = G(%,,) and X,, is a fixed point of G.
Then the result of Theorem 2.1 trivially holds.

Suppose now that X, # ¥, for all n. Let a,, = p(X,41,%,), noting that the sequence {x,}
is a non-decreasing sequence in X2, we conclude that

Ans1 = P(Xns2, Xns1) = ,O(G(&nﬂ)r G(&n))

< ¢(p(5cn+1,5c,,)) =¢la,) <a, forn=0,1,....
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Thus we obtain that

0<aum < (p(ﬂn+1) <ap1 = q)(an) < dy.

This implies that both sequences {a,} and {¢(a,)} are convergent. Set lim,_,  a, = a. If
a > 0, noting lim,_, ., () < r for all ¥ > 0, we have

a= 11m Api1 < hm ola,) = rl_1>1311+<p( r)<a.
This is a contradiction. Thus lim,,_, oo p(¥,141, %) = lim,,_, o @, = 0.

Now, we shall prove that {%,} is a Cauchy sequence in X2. In fact, by ¢ € ®, we can
choose a positive sequence {e,,} with lim,;,. &, =0 and &}, = supg;, o(t) < &,. For
a fixed m, there exists a large enough positive number N satisfying ay < ¢, — €};,. Let
xeQ:={xeX?: p(X,4n) < & Xn < ¥}, then by the triangle inequality

p(G(),&n) < p(G®), GGN)) + p(GGEN), %x)
=¢(p

(%, %n) ) tan<e +an

IA

* *
Epy ¥ Em —Epy = Eme

Also, Xy < G(¥n) < G(x). This means that the set Q is invariant for the operator G.
Clearly, xn € Q. Thus Xy, € Q for all p € Z*. So, the sequence {X,} is a Cauchy se-
quence in X2. Since (X2, p) is a complete metric space, there exists a point x € X? such
that lim,,_, o X, = X.

Suppose that G is a continuous operator. Then, by definition of {X,}, we have

= lim ¥, = lim G(X,_1) = G(X).

n—00 n— o0

Let us assume that the assumption (b) holds, then X, < x for all #n € Z*. Thus from the
assumption (i), we have

p(% G(®) < p(% G(X,)) + p(G(x4), G(X))

< p(X%En1) + 9(p(&, X)) > 0 asn— oo.
So, p(x, G(x)) = 0. The proof of Theorem 2.1 is complete. a

Let F: X> — X be a mapping having the mixed monotone property on X and define the
operator G: X?> — X? by

G(x) = (F(x,y),F(y,x)) for all = (x,y) € X2.

It is easy to see that the coupled fixed points of F is the fixed points of G in X2. Also, for
t=(x79),5 = (u,v) € X2, we introduce a partial order < in X? given by

t<5 & x<u and v<y.
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Thus, if F has the mixed monotone property on X, then the operator G is non-decreasing
monotone for the order <. For f = (x,9),5 = (u,v) € X2, let p(%,5) := d(x,u) + d(y,v), then
(X2, p) is a complete metric space provided (X,d) is a complete metric space. Then, as a

consequence of Theorem 2.1, we achieve the following corollary.

Corollary2.1 Let (X, <,d) bea partially ordered complete metric space and let F : X> — X
be a mapping having the mixed monotone property on X. Assume that
(i) thereisa ¢ € ® such that G: X? — X? satisfying

,O(G(fc), G(j/)) < go(p(ic,j/)) foreach x,y € X2 with % <%

(i) there exists an %o € X?* such that %o < G(%o);
(iii) ome of (a) and (b) holds:
(a) G is a continuous operator;
(b) if a non-decreasing monotone sequence x,, in X* tends to x, then x,, < X for all n.
Then the operator G has a fixed point in X?, that is, there exist x,y € X such that

x=F(x,y) and y=F(@,x).
Let D = {x € X% : x and G(¥) are comparable}, then we have the following theorem.

Theorem 2.2 Let (X, <,d) be a partially ordered complete metric space and let F : X* — X
be a mapping having the mixed monotone property on X. Assume that (i) in Theorem 2.1
and one of following conditions holds:

(a) G is a continuous operator;

(b) if a monotone sequence X, in X* tends to %, then x,, and x are comparable for all n.
Then the operator G has a fixed point in X* if and only if D # ¢. Furthermore, if D is a
totally ordered nonempty subset, then the operator G has a unique fixed point in X*.

Proof It is easy to see that all the fixed points of G fall in the set D. Thus if the operator G
has a fixed point in X2, then D # ¢.

We suppose D # ¢. If the condition (a) holds and Xy € D, then there are two cases: Xy <
G(xo) or G(%0) < Xo. For the first case, following Theorem 2.1, we claim that the operator G
has a fixed point in X 2, For the other case: G(%g) < %o, noting the symmetry of the metric,
we see that the formula (1) holds for y < x. Thus

,o(G(fc), G(j/)) < go(p (x, 5/)) for each &, 7 € X* satisfying ¥ is comparable with .
Constructing the same sequence {x,} in X? by ¥, = G(%,_1), for n=1,2,..., we have
R Xy 2 X XX X X
For a mini-revise to the proof of Theorem 2.1 and resetting Q := {¥ € X2 : p(%, xn) < &, X <
xn}, we conclude that the sequence {%,} tends to a fixed point of G.

Now we assume the condition (b) holds. Similar to the case (a), we see that the monotone
sequence {¥X,} is a Cauchy sequence and denote X as the limit point. Thus X is comparable
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with X, for all # € Z*. Then we have

p(% Gx)) < p(% GEn)) + p(G(En), G(X))
< p(E %) + (p(En, %)) > 0 asn— oo
Thus the operator G has a fixed point ¥ in X2.
Next, we suppose that D is a totally ordered nonempty subset. It is sufficient to prove the

uniqueness of a fixed point of G. Let ¥ and y be two fixed points of G, then x is comparable
with y, G(¥) = ¥ and G(¥) = ). Following the assumption (i), we have

P& 3) = p(G(R), GH)) < ¢(p& 7)) < p(,7)-
Thus p(%,y) = 0, that is, ¥ = y. The proof of Theorem 2.2 is complete. O
Following Theorem 2.1, we have the next two corollaries.
Corollary 2.2 ([1], Theorem 2.1) Let (X, <) be a partially ordered set and suppose there is
a metric d on X such that (X,d) is a complete metric space. Let F : X> — X be a continuous
mapping having the mixed monotone property on X. Assume that there exists a k € [0,1)

with

d(F(x,y), F(u,v)) <

N A

[d(x, u) +d(y, V)] foreachx <uandv<y.

If there exist (x,y0) € X such that xy < F(xo,y0) and F(yo,%0) < yo, then there exist (x,) €
X such that

x=F(x,y) and y=F(©,x).

Proof Taking ¢(r) = kr for r > 0, = (x,%), § = (u,v), if £ < 5 then

p(G(t), G(§)) = d(F(x,y),F(u, v)) + d(F(y,x),F(v, u))
< k[d(x,u) +d(y,v)] = 0(0(5,0)).

Thus Corollary 2.1 is an immediate consequence of Theorem 2.1. 0

Corollary 2.3 ([1], Theorem 2.2) Let (X, <) be a partially ordered set and suppose there is
a metric d on X such that (X, d) is a complete metric space. Assume that X has the following
property:

(i) if a non-decreasing sequence x,, — x, then x,, < x for all n;

(i) if a non-increasing sequence y, — vy, then'y <y, for all n.
Let F: X?> — X be a mapping having the mixed monotone property on X. Assume that there
exists a k € [0,1) with

d(F(x,y), F(u,v)) <

N A

[d(x, u) +d(y, V)] foreachx <uandv <y.
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If there exist (x,y0) € X such that xy < F(xo,y0) and F(yo, %) < yo, then there exist (x,7) €
X such that

x=F(x,y) and y=F(©,x).
Proof It follows from Theorem 2.1 immediately. O

Let (X, | - ||) be a real Banach space and let K be a cone. The relation x < y holds if and
only if y —x € K. Denote K* = K \ {#} and Ky = {x € K* : Af <x < uf for some positive
real numbers X and p} for a given f € K*. Let M(x,y) = inf{A : x < Ay} and d(x,y) =
log(max{M(x, y), M(y,x)}) for x,y € K. Then d defines a metric on Ky which is known
as the Thompson metric [15]. More details about the Thompson metric can be found in
the references [29-32]

At this stage, we state our main results in the real Banach space.

Theorem 2.3 Let (X, || - ||) be a real Banach space, let K C X a cone and f € K*. Suppose
that A; : Ky x Ky — Ky are two mixed monotone maps satisfying A;(tx,t™'y) > t'A;(x,y)
and A(f,f) e Ky fort € (0,1),i=1,pwithO <p < 1. Let A= Ay + A, and assume that there
exists a point (xo,yo0) € Ky x Kr such that

%0 < A(x0,50) < A(y0,%0) < ¥o.

Then A has a unique fixed point in Ky, that is, there exists a unique point x € Ky such that
Ax,x) = x.

In order to prove this result, we need some technique lemmas.

Lemma 2.1 ([10], Lemma 3.1) Under the assumptions of Theorem 2.3, there exists 8y, €
(p, 1) such that

A(tx, t_ly) > " A(x,y) forallt e (0,1) and x,y € Ky,

where

Agy+p
Sy = A” and A,y =M(A1(x,9),Ap(x,9)).
xy +1

Lemma 2.2 Under the assumptions of Theorem 2.3, then
d(A(x,9),Au,v)) < 8, max{d(x, u),d(y,v)}.
Proof Noting that e=4x) y<x< edy) y for all x,y € Ky, we have

Alx,y) > A(e_d("'”)u, o) V)
> A(e— max{d(x,u),d(y,v)]u’ emax{d(x,u),d(y,v)}v)

> e—éu,v max{d(x,u),d(y,v)}A(u, V).
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On the other hand, since A(tx,t™'y) < t%»A(x,y) for t > 1, then we have

A(x,y) < A(ed(x,u)u’ e—d(y,v)v) < A(emax{d(x,u),d(y,v)}u, e—max{d(x,u),d(y,v)}v)

< eour max{d(x,u),d(y,V)}A(u’ V).

Thus d(A(x,y), A(u,v)) < 8, max{d(x, u),d(y,v)}. O

Lemma 2.3 Under the assumptions of Theorem 2.3, the successive sequences {x,} and {y,}

are Cauchy sequences, where
Xns1 = A, V), Yni1 =AW xn), n=0,1,....

Proof Since xy < A(x0,50) < A(y0,%0) < yo, it follows by an induction argument that
XQ=XI = SX = SYn =0 =012 Do

Noting that

A1 %) < A1(y0,%0) < M(A1(0,%0), Ap(x0,50) ) Ap(%0, y0)

=< M(Al(yo’xO)’Ap(xO’yO))Ap()/n’xn);

we have, for all #,

Ayn,xn ZM(Al(yn;xn)rAp(yn;xn)) SM(Al(yO:xO):Ap(xO;yO)) = A()'

Thus
A + A +
5}’nv9€n = N < otp = (S().
Ayx, 17 Ag+1
Next, we claim that
X, > eid("o’y")‘sgyn, n=0,1,2,.... (3)

In fact, it holds for n = 0. For arbitrary #, by induction argument, we have

Xt = Ay, ) = A(e7100701% y, , 107005 )

_ 1\ 8 _ n+l
> (6 d(xo,yo)So) yn’an(y;«uxn) >e d(x0.0)% YVn+1-

Thus (3) holds for all 7.
On the other hand, since

Al(xmyn) < A1(men) =< Ayn,anpO/n»xn)
= AOAp(ym xn) = AOAp (ed(xo,yo)égxm e—d(xo,yo)z?gyn)

< A 0005 A (x,,5,) < AgePIFNA(x,,,),
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we obtain that, for all ,
Ax,,,yn :M(Al(xmyn)»Ap(xmyn)) = Aoepd(xo,yo) = Ay

Thus

s _ Axn,yn tp < A1 +p =3
TNl T A+l T

Then following Lemma 2.2, we have

d(xn+1rxn) = d(A(xn:yn):A(xn—hyn—l))
=< an,l,yn,l max{d(xnr Xn-1)s d()/myn—l)}
< 81 max{d(xn’xn—l)rd()/nryn—l)}~

Similarly, we have

d(yrﬁl)yn) = d(A(yn:xn)’A(y;q—lrxn—l))
= 8y,,,1,x,,,1 max{d(yn:yn—l)r d(xl’ll xn—l)}
= 80 max{d(xn,xn—l)’ d()/n’yn—l) } .

Let § = max{3y, 81}, then § <1 and

max{d (1, %), d Vi1, ¥n) } < 8 max{d (X, Xu-1), A Yn1)}-
Thus, for all »,

max {d(xs1,%0), d Vi1, yn) } < 8" max{d(x1,x0),d(y1,50)}-

Furthermore, for any k € Z*, we have

n

max{d(xn+k1xn)rd(yrﬁk;yn)} < 1—

5 max{d(xl,xo),d()/byo)}o
This shows that both successive sequences {x,} and {y,} are Cauchy sequences. (]
Proof of Theorem 2.3 By Lemma 2.3, there are 4,b € K such that lim,_, %, = a and
lim,— o0 ¥, = b. Obviously, x, <a and b <y, for all n € Z*. Thus a,b € K;. Next, noting
that

d (%41, Ala, b)) = d(A(xn, yn), Ala, b)) < 8, max{d(xy, a), d(ys, b))}

and

d(yn1, A(b, @) = d(A(yn %4), A(b, @) < 8y, max{d(x,,a),d(y,,b)},
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and letting # go to infinity, we get that a = A(a, b) and b = A(b, a). It follows from
d(a,b) = d(A(a, b),A(b,a)) <6bu max{d(b, a),d(a, b)} =8y ,d(a,b)

that d(a, b) = 0 and a = b. The uniqueness is obvious. Thus A has a unique fixed point in
Ky, that is, there exists a unique point a € K such that A(a,a) = a. The proof is complete.
O

Remark 2.1 Our result in Theorem 2.3 improved the corresponding result in [10] (The-
orem 3.4) and removed some restriction conditions: the successive sequences have con-

vergent subsequences.

3 Application to the nonlinear elliptic problems
Let 2 be the open unit ball in R”, n > 1, with center at the origin. We consider positive

solutions of the Dirichlet problem

Via(lx)V(@)) + b(|x))(# + {552) =0 in L, @)
u=0 onadf.

When a(|x|) = b(|x|) =1, n > 3 and ¢ = 0, it is well known that (4) has no positive solution

n+2
n-2

this case when 0 < p <1, (4) has a unique positive radial solution [24].

if p > 2= and that the positive solution of (4) is unique if p > 1, see [22] and [23]. Also, in

In this section, we assume that p € (0,1], g € (0,1) and ¢ > 0 are constants, a(r) and b(r)
are positive and continuous for 0 < r < 1. Our result is as follows.

Theorem 3.1 Problem (4) has a unique positive radial solution if Zi’m% < 1, where ami, :=
min{a(r) : v € [0,1]} and b,y := max{b(r) : r € [0,1]}.

To this end, we should establish a technique lemma.

Lemma 3.1 The function u is a positive radial solution of problem (4) if and only if u is a
positive solution of the integral equation

u(r) = f 1 G(r, 0)b() |:up(t) L] dt,
0

" 10 + u4(t)

where

1 _
/; ﬁ(ﬁ)” lds, 0<r<t<l,

G(r,t) = L
A m(;)”‘lds, O<t<r<l.

Proof Assuming solutions to be functions of r, the radial distance from the origin, (4)
reduces to

=0, O<r«l,

(a(r)u' (n) + =2 a()u' (r) + b() W (r) + ez ) = 5)

u(1) =0,
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where /'(r) = %u(r). Then the Green function for problem (5) is

1 1 /tyn-l

G(r,t) = ft Ts)(;)" ds, 0<r<t<l,
frlﬁ(i)n—lds, Oftfrfl,

which is positive on [0,1) x [0,1). Thus the function u is a positive radial solution of prob-

lem (4) if and only if « is a positive solution of the integral equation

1 , c

Proof of Theorem 3.1 Let K denote the cone of nonnegative functions in C[0,1], the rela-
tion x < y holds if and only if x(¢) < y(¢) for all £ € [0,1], K* = K\ {0} and f(r) =1 - 7?
for r € [0,1], then f € K* and 0 < f(r) < fnax = 1. Denote Ky = {x € K" : Af <& <
uf for some positive numbers A, u € R}.

Now we introduce the maps A, A4, : Kr x Ky — Ky defined by

1
Ay = fo Glr, Ob(O (0) dt,

1
a0 = [ G000 5 d
For g, € Ky, then there exist Ag, Aj, g, wy such that uef < g < A f and wuuf < h < Ayf.
By direct computation, we have

. p 1 p
Diminftg F(r) < Ayg h)(r) < f G(r, t)b(t))»g dt < g:a—xk‘gf(}%
0

(1 + 2)dmax min

Cbmin 1 bmax
————f(N <A,g )< G,tbt—dt —f(r).
D10 + ) = A& = / (R 0b(0) 5 = g5 S
Thus the map A; is well defined and A;(f,f) € Ky for i = 1,q. Also, A1(f,f) + A,(f.f) € K.
Obviously, A; is a mixed monotone map in Kr and A (¢x, t1y) > tA;(x,y) and A,(tx, t1y) >
t1A,(x,y).
Since Zz’;ﬁ <1, we choose a positive number k (large enough) satisfying

bmax k + £ <k and bmin ¢ <1
2N min 10 2MAmax 10 + k

Let A=A+ Ay xo(r) = ~Dmin_ (1 =72), yo(r) = k(1 - ?), then x4, yo € Ky and

2namax 10+k

1
Alxo,0)(r) =/0 (r,t)b(t)[xp(t)+ ‘ (t)}
Yo

chm; 1 cb
> min G 1t min 2
—10+k J, (re)dt = 2Vlamax(lo +k) ( - )

= xo(r)
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and

1
Ao = [ 6000050+ ﬁxgm} “

! c
5/0 G(r, t)bmax[ﬁ +kf(t)i| dt

¢ bmax
= (564
< kf(r) = yo(r).

Thus

%0 < A(x0,50) < A(y0,%0) < ¥o.

Applying Theorem 2.3 to the operator A, we conclude that there is a unique point « in
Ky such that u(r) = A(u, u)(r). On the other hand, for all g, € K*, we have

f) <g£’;ax + i) Dmax > / 1 G(r, t)b(¢) [g”(t)
0

C
L P
10 ) 2namn 1o+ hq(t):|

Cbmin
> f(r).
T 2N (10 + hﬁm)f(r)

This means that A(g, 4) € Ky. Thus problem (4) has a unique positive radial solution. [

4 Application to the delayed hematopoiesis models
In this section, we consider the positive periodic solution of the following hematopoiesis

model with delays:

- b;(¢)
— 1 +x1(t - 7i(2))’

i

X (t) = —a(t)x(t) + (6)

where a, b;, t; € C(R, R) are positive T-periodic functions and 0 < 7;(¢£) < ¢t forall ¢ € [0, T,
q is a nonnegative constant (i = 1,2,...,n). In the case when g > 1, Wu [26] proved that (6)
had a unique positive T-periodic solution.

Here we assume that g € (0,1) and our result is as follows.

Theorem 4.1 Problem (6) has a unique positive T-periodic solution.

Proof Let K denote the cone of nonnegative T-periodic functions in C(R, R), the relation
x < yholdsifand only if x(t) < y(¢) forall£ € [0, T], K* = K\ {0} and f(r) =1for r € [0, T].
Denote Ky = {x € K* : Af <x < uf for some positive numbers A, u € R}. It is easy to show
that the function x is a positive T-periodic solution of problem (6) if and only if x is a

positive solution of the integral equation

BT o - - bi(s)
0= [ e )[(ﬂ ~a(s)x(s) + Y m} @

i=1
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where B > dn,y is a constant. Define the maps A;, A, : Ky x Kf — K by

eﬂT

Ay(x,y)(t) = AT 1 / ) (B — als))x(s) ds,

T [t - bi(s)
__¢ ~B(t-s) 7
Aq(x;y)(t) efT —1 ];_Te zzzl 1 +yq(5 - 'K,'(S))

For arbitrary x,y € Ky, there are positive numbers Ay, Ay, ttx, iy such that A, < x() < uy
and A, < y(t) < u, for all ¢ € [0, T']. Furthermore, we deduce that

ePT

Ar(x,p)(t) = AT 1 / Te—ﬁ(t—s) (8 — als))x(s) ds

ePT

t
—B(t-s)
> e ds(B — amax) A

< ﬂmax)
1- A
B

and

Al(x’y)(t) S <1 - %)Mx

Similarly, we have

n

1 - bimin 1 bimax
Z T < A, y) () < = —— forallt€[0,T].
ﬁ§i=11+ﬂg_ q(xy)()_ﬁ l§=11+)\z ora [0, T]

This means A;(x,y) € Ky and A,(x,y) € Kr. Thus A; and A, are well defined and
A(f, ), Aglf.f) € Kr. Also, Ay (f,f) + Ay(f.f) € Kr. Obviously, A; and A, are mixed mono-
tone maps in Ky and A (¢x,t7'y) > tA1(x,y) and A, (tx, t71y) > t14,(x, ).

Since B > amax, we can choose a constant k > 1 satisfying

n

Amin 1 - 1 bimin
1- k+— Dimax <k and — <1
(-5 )5 2 P LTk

Let A=A; +Ay x0(t) = 5 Zl 1 1’:}(‘;‘ and yo(t) = k for all £ € [0, T], then we have

n
eﬁT

t b
Alxo,¥0)(t) = 71 / Te—ﬁ(t—s) |:(/3 — a(s))xo(s) + Z %] ds

< 1+y(s — 7))

n

BT t b
e

—B(t-s) imin d
_ e E s
efT —1 /t_T p= 1+k1

‘—lem}fq‘
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and

BT t n ’
A(yo, x0)(t) = —eﬁeT_ . / e P (,B—a(s))yo(s).yZ& ds

L+ (s — wi(s))

t-T i=1
- / g Xn:
= 2 e " (B — amin)k + bimax | ds
eﬂT -1 =T i
1 n
= B (ﬂ - dmin)k + Zbimax =< k :yO(t)~

i=1

Thus

x0 < A(x0,50) < A(yo,%0) < ¥o.

Applying Theorem 2.3 to the operator A, we conclude that there is a unique point x in
Ky such that x(t) = A(x,x)(¢). On the other hand, for all g,# € K*, we have

n

Z;’: bimax Amin 1 bz’min
s ZE2 s (15 g ] = a0 = 3 L

i=1

This means that A(g, ) € Kr. Thus problem (6) has a unique positive T-periodic solu-
tion. 0

Remark 4.1 Using similar ideas, it is possible to extend our results to investigate the ex-
istence and uniqueness of nonlinear singular boundary value problems and fractional dif-
ferential equation boundary value problems, which are mentioned extensively in the liter-
ature [10, 11, 25].
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