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Abstract

In this paper, we establish common fixed point theorems for two weakly compatible
self-mappings satisfying the contractive condition or the quasi-contractive condition
in the case of a quasi-contractive constant A € (0, 1/5) in cone b-metric spaces
without the normal cone, where the coefficient s satisfies s > 1. The main results
generalize, extend and unify several well-known comparable results in the literature.

Keywords: common fixed point; weakly compatible self-mappings;
(quasi-)contractive condition; cone b-metric space

1 Introduction and preliminaries
Huang and Zhang [1] introduced the concept of a cone metric space, proved the prop-
erties of sequences on cone metric spaces and obtained various fixed point theorems for
contractive mappings. The existence of a common fixed point on cone metric spaces was
considered recently in [2-5]. Also, Ilic and Rakocevic [6] introduced a quasi-contraction
on a cone metric space when the underlying cone was normal. Later on, Kadelburg et al.
obtained a few similar results without the normality of the underlying cone, but only in the
case of a quasi-contractive constant A € (0,1/2). However, Gajic [7] proved that result is
true for A € (0,1) on a cone metric space by a new way, which answered the open question
whether the result is true for A € (0,1). Recently, Hussain and Shah [8] introduced cone
b-metric spaces, as a generalization of b-metric spaces and cone metric spaces, and estab-
lished some important topological properties in such spaces. Following Hussain and Shah,
Huang and Xu [9] obtained some interesting fixed point results for contractive mappings
in cone b-metric spaces. Although Ion Marian [10] proved some common fixed point the-
orems in complete b-cone metric spaces, the main ways of the proof depend strongly on
the nonlinear scalarization function &, : Y — R. In the present paper, we will show com-
mon fixed point theorems for two weakly compatible self-mappings satisfying the contrac-
tive condition or quasi-contractive condition in the case of a quasi-contractive constant
A € (0,1/s) in cone b-metric spaces without the assumption of normality, where the coef-
ficient s satisfies s > 1. As consequences, our results generalize, extend and unify several
well-known comparable results (see, for example, [2-7, 9-13]).

Consistent with Huang and Zhang [1], the following definitions and results will be
needed in the sequel.
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Let E be a real Banach space and let P be a subset of E. By 8 we denote the zero element

of E and by int P the interior of P. The subset P is called a cone if and only if:
(i) Pisclosed, nonempty, and P # {0};
(i) a,beR,a,b>0,x,ye P= ax+ by eP;

(iii) PN (-P)={6}.

On this basis, we define a partial ordering < with respect to P by x < y if and only if
y—x € P. We write x < y to indicate that x < y but x # y, while x <« y stands for y—x € int P.
Write || - || as the norm on E. The cone P is called normal if there is a number K > 0 such
thatforallx,y € E, 6 < x < yimplies ||x|| < K||y||. The least positive number satisfying the
above is called the normal constant of P. It is well known that K > 1.

In the following, we always suppose that E is a Banach space, P is a cone in E with int P # ¢
and < is a partial ordering with respect to P.

Definition1.1 [8] Let X beanonempty setand lets > 1bea given real number. A mapping
d: X x X — E is said to be cone b-metric if and only if for all x,y,z € X the following
conditions are satisfied:
(i) 6 <d(x,y) withx #yand d(x,y) =0 if and only if x = y;
(i) d(x,) = d(y,%);
(i) d(x,) < sld(x,2) + d(z,y)].
The pair (X, d) is called a cone b-metric space.

Example 1.2 Consider the space L, (0 < p <1) of all real function x(¢) (¢ € [0,1]) such that
fol |x(¢)|P dt < 00.Let X = L,, E=R?*, P={(x,59) €E | x,y > 0} CR?*and d : X x X — E such
that

1 5 1 5
d(x,y) = (ot{/o |x(t)—y(t)|pdt} ,,B{/O |x(t)—y(t)|pdt} >,

where o, 8 > 0 are constants. Then (X, d) is a cone b-metric space with the coefficient
1
1y

s=2p ",

Remark 1.3 Itis obvious that any cone metric space must be a cone b-metric space. More-
over, cone b-metric spaces generalize cone metric spaces, b-metric spaces and metric
spaces.

Definition 1.4 [8] Let (X, d) be a cone b-metric space, x € X and {x,,} be a sequence in X.
Then
(i) {x,} converges to x whenever, for every ¢ € E with 8 < ¢, there is a natural number
N such that d(x,,x) < c for all > N. We denote this by lim,,_, o x, = x or x, = x
(n — 00).
(ii) {x,} is a Cauchy sequence whenever, for every ¢ € E with 6 <« ¢, there is a natural
number N such that d(x,,x,,) < c for all n,m > N.
(ili) (X,d) is a complete cone b-metric space if every Cauchy sequence is convergent.

Lemma 1.5 [8] Let (X, d) be a cone b-metric space. The following properties are often used
while dealing with cone b-metric spaces in which the cone is not necessarily normal.

(1) fukvandv 2w, then u L w;

(2) If0 < u < cforeach c € intP, then u = 0;

(3) Ifa<b+cforeach c €intP, then a < b;
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(4) If6 <d(x,,x) < b, and b, — 6, then x,, — x;
(5) Ifa<ra,whereac Pand 0<A<1,thena=0;
(6) IfceintP, 0 <X a, and a, — 0, then there exists ny € N such that a,, < c for all

n>np.
Lemma 1.6 [8] The limit of a convergent sequence in a cone b-metric space is unique.

Definition 1.7 [2] The mappings f,g : X — X are weakly compatible if for every x € X,
fax = gfx holds whenever fx = gx.

Definition 1.8 [3] Let f and g be self-maps of a set X. If w = fx = gx for some «x in X, then
x is called a coincidence point of f and g, and w is called a point of coincidence of f and g.

Lemma 1.9 [3] Let f and g be weakly compatible self-maps of a set X. If f and g have a
unique point of coincidence w = fx = gx, then w is the unique common fixed point of f and g.

Definition 1.10 [13] Let (X, d) be a cone metric space. A mapping f : X — X is such that,
for some constant A € (0,1) and for every x,y € X, there exists an element

u € C(gxy) = {d(gr.gy), d(gx. fx), d(gy. ), d(g. f7), d(gy, fx) }
for which d(fx, fy) < Au is called a g-quasi-contraction.

2 Main results

In this section, we give some common fixed point results for two weakly compatible self-
mappings satisfying the contractive condition and quasi-contractive condition in the case
of a contractive constant A € (0,1/s) in cone b-metric spaces without the assumption of

normality.

Theorem 2.1 Let (X,d) be a cone b-metric space with the coefficient s > 1 and let a; > 0
(i =1,2,3,4,5) be constants with 2sa, + (s + 1)(az + as) + (s> + s)(a4 + as) < 2. Suppose that
the mappings f,g : X — X satisfy the condition, for all x,y € X,

d(fx, fy) < a1d(gx, gy) + ard(gx, fx) + asd(gy,fy) + asd(gx, fy) + asd(gy, fx). (2.1)

If the range of g contains the range of f and g(X) or f(X) is a complete subspace of X, then f
and g have a unique point of coincidence in X. Moreover, if f and g are weakly compatible,

then f and g have a unique common fixed point in X.

Proof For an arbitrary x € X, since f(X) C g(X), there exists an x; € X such that fxo = gx;.
By induction, a sequence {x,} can be chosen such that fx, = gx,..1 (n > 1). If gx,,,_1 = gy =
f%4o-1 for some natural number #y, then x,,,_; is a coincidence point of f and g in X. Sup-
pose that gx,,_; # gx,, for all n > 1.

Thus, by (2.1) for any # € N, we have

d(gxmngn) = d(fxn ’fxn—l)

= a1d(gxn, §Xn-1) + ard(gxn, fx)
+ azd(gx, 1, fxn-1) + asd(gen, fxy1) + asd(gxn_1,f%u)
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and

d(gxmgxnﬂ) = d(fxn—ljfxn)
= a1d(gxn-1,8%n) + Ard(@Xn_1, fXn_1)
+ asd(gxn, fxn) + aad(gxn_1,f%n) + asd(gxu, fXn_1).

Hence

Zd(gxmgxnﬂ) = d(gxwrl)gxn) + d(gxn:gxnﬂ)
=< (2a;1 + ay + as + saq + sas)d(gx,, gxy-1)

+ (ag + as + say + sas)d(gx,.1,8%,)-

Since 2sa; + (s + 1)(ay + as) + (s> + s)(aa + as) < 2, we have

201 + ay + asz + Sag + Sas
A(gxn, §xn-1)

d n» n+. j
(&% ns1) 2—ay —as — say — Sas
= kd(gxy, gxn-1) < K*d(gx,-1,8%n-2)

< KPd(gx,_o,g%n3) < -+ < K"d(gx1, gx0),

2 .
where k = LI BUE  Qbyijously, & € [0, Ly,
—ay—a3—sas—sas s

Thus, setting any positive integers m and n, we have
A(gx, &nim) = SA(GXn, §Xn11) + 5A(gX011, &% m)
< (g%, §Xni1) + S A(GHp11, @ns2) + S A(GX1r12, Gnem)
< 5(gn @ne1) + S A(@hn1, Gnsn) + 8 A (2, Ghnr3)
oo+ 8" A2 @onemo1) + " A1 Gnem)
< sd(gxn @hni1) + S A1, @ns2) + 8 A2, Gnr3)

L sm_ld(gxmm—ngwrm—l) + Smd(gxn+m—l»gxn+m)

IA

(k™ + Sk sm/<”+m’1)d(gx1,gxo)

sk™[1 - (sk)™
= %d(gxhgxo)

sk
=1 skd(gxl,gxo).

Since k € [0,1/s), we notice that %d(gxl,gxo) — 6 as n — oo for any m € N,. By
Lemma 1.5, for any c € intP, we can choose ny € N such that %d(gxl,gxo) < c for all
n > ng. Thus, for each ¢ € int P, d(gxy.m, g%4) < ¢ for all n > ny, m > 1. Therefore {gx,} is a
Cauchy sequence in g(X).

If g(X) C X is complete, there exist g € g(X) and p € X such that gx, - gas n — oo
and gp = q. (If f(X) is complete, there exists g € f(X) such that fx, — g as n — oco. Since
f(X) C g(X), we can find p € X such that gp = q.)
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Now, from (2.1) we show that fp = g,

d(gxn+2rfp) = d(fxrﬁlrfp)
< ad(gxns1,q) + ard(@xps1, 8%ni2)
+azd(q,fp) + asd(@x,.1, fp) + asd(q, §%u2).

Similarly,

d(fp, gxns2) = d(fp, feus)
= ﬂld(q’gxnﬂ) + aZd(q’fp)
+ a3d(gxns1, nv2) + asd(q, gxni2) + asd(gxna, fp),

thus, we have

2d(gxn12,fp) =X 2a1d(gxni15 q) + (a2 + a3)d(@Xni1, &Xni2) + (a2 + a3)d(q, fp)
+(ay + as)d(gxn, fp) + (aa + as)d(q, gxn.2)
=< (2sa; + say + saz + ay + as)d(gx,.2,q)
+ (say + sas + sa + sas)d(gx,.2, fp)

+ (2sa1 + ay + as + say + sas)d(gx,.1, Z%u42)-

Since 0 < ay + as + a4 + as < 2/s, by the triangular inequality, it follows that

28ay + Say + saz + dg + ds

d(ngHZ’fp) = d(gxn+21 q)

~ 2 -—say —sas —Say — Sas

28ay + as + as + Say + sas

d(gxn+lygxn+2)~
5

2 —Say — Saz — Say — Sa

Since {gx,} is a Cauchy sequence and gx, — g (1 — 00), for any c € int P, we can choose

n; € N such that for all # > n,

(2 —say —sas — say — sas)c

A(gxps1, g%
(g%ns1, gnr2) < 2(2sa; + ay + as + say + Sas)

and

(2 —say — sas — say — sas)c

d(gx,42, .
(@ni2,4) < 2(2say + sa, + saz + aq + as)

Thus, for any ¢ € intP, d(gx,.2,fp) < ¢ for all n > n;. Therefore, by Lemma 1.5, we have
fr=q=gp.

Assume that there exist #, w in X such that fu = gu = w.
d(gu,gp) = d(fu, fp)
=< ayd(gu, gp) + ard(fu, gu) + asd(fp, gp) + asd(fp, gu) + asd(fu, gp)
= (a1 + aq + as)d(gu, gp).

Page5of 11
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Since 0 < a3 + a4 + as < 1, by Lemma 1.5, we can obtain that d(gu,gp) =0, i.e., w = gu =
gp = q. Moreover, the mappings f and g are weakly compatible, by Lemma 1.9, we know
that g is the unique common fixed point of f and g. d

Example 2.2 Let E = C;([0,1]), P={p € E: ¢ > 0} CE, X = [1,00) and d(x,y) = |x — y|%¢".
Then (X, d) is a cone b-metric space with the coefficient s = 2, but it is not a cone metric
space. We consider the functions f,g : X — X defined by fx = 1 Inx+1, gx = Inx + 1. Hence

1 1 ,
d(fx,fy) = glnx+1—glny—1 e
1 1.7,
<|=Ilnx+ —=1Iny| e
6 6
! 1 11 ! 1 11 Zt
=|-|Inx——Iny|+—-|Iny——-Inx ]| e
5 6 ) s\ 6
2 ., 17,
< —l|lnx——-Iny| &+ —|lny— —Inx| e
25 6 25 6

2 2

—d(gx, —d(gy, fx).

Sedenfy) + -d(gy. fx)

Here 1 € X is the unique common fixed point of f and g.

Example 2.3 Let X be the set of Lebesgue measurable functions on [0,1] such that
fol lu(x)|? dx < 00, E = Cr([0,1]), P={p € E: 9 >0} C E. We defined : X x X — E as

1
d(u(t),v(2)) = ¢ /0 |u(s) - vis)|” ds,

for all x,y € X. Then (X, d) is a cone b-metric space with the coefficient s = 2, but it is not
a cone metric space. Considering the functions fu = iu(t) and gu = %u(t) (t € [0,1]), we

have
1 2
d(fu,fv) = et/O %u(s) - Zv(s) ds
C INNE
= %/0 Eu(s) - iv(s) ds

1
= —d(gu,gv).
L Aeu.gv)
Clearly, 0 € X is the unique common fixed point of f and g.

Remark 2.4 Compared with the common fixed point results on cone metric spaces in
[2, 3, 5], the common fixed point theorems in complete b-cone metric spaces in [10] and
the fixed point results in cone b-metric spaces in [9], Theorem 2.1 is shown to be a proper
generalization by Examples 2.2 and 2.3. Furthermore, Theorem 2.1 generalizes and unifies
[9, Theorem 2.1 and 2.3].

Definition 2.5 Let (X, d) be a cone b-metric space with the coefficient s > 1. A mapping
f: X — X is such that, for some constant A € (0,1/s) and for every x,y € X, there exists an
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element

v e Clg ) = {dlgr.gy), dige f), d(gy. f), dlgx, ), d(gy. /) (2.2)

for which d(fx,fy) < Au is called a g-quasi-contraction.

Theorem 2.6 Let (X,d) be a cone b-metric space with the coefficient s > 1 and let the
mapping [ : X — X be a g-quasi-contraction. If the range of g contains the range of f and
g(X) or f(X) is a complete subspace of X, then f and g have a unique point of coincidence
in X. Moreover, if f and g are weakly compatible, then f and g have a unique common fixed
point in X.

Proof For each xy € X, set gx; = fxo and gx,.1 = fx, (n € N). If gx,,p_1 = gxpy = fyy—1 for
some natural number #,, then x,,_; is a coincidence point of f and g in X.

Suppose that gx,_; # gx, for all n > 1. Now we prove that {gx,} is a Cauchy sequence.
First, we show that

A

d(gx,, gx1) = d(fx,_1,fxo) < T 5 }\d(gxl,gxo) forallm e N,. (2.3)
-

Clearly, we note (2.3) holds when n = 1. We assume that (2.3) holds for some n <N -1

(N € N,), then we prove that (2.3) holds for all » = N. Because f is a g-quasi-contractive
mapping, there exists a real number k < N such that

d(gxn, gx1) < Ad(gxx, gxo). (2.4)

In order to prove that (2.4) holds, we show that forall 1 <i,j < N, thereexists1 <k <N
such that

d(gxi, gxj) < Ad(gxr, gxo). (2.5)

Clearly, (2.5) is true for N = 1. Suppose that (2.5) is true for each N = P € N, that is, for
all1 <i,j < P, there exists 1 < k < P such that

d(gx;, gx;) < Ad(gxr, gxo). (2.6)

Let us prove (2.5) holds for N =P + 1.
By (2.6), we only show that for any 1 < iy < P + 1, there exists 1 < k < P + 1 such that

d(gxps1,gxiy) < Ad(gxk, gxo).
Since f is a g-quasi-contractive mapping, there exists

Vi, € C(g,xp, %iy-1) = {d(gxp,gxiw),d(gxp,gxpu),
d(gxio—ngio )) d(gxl)’gxio )7 d(gxio—l’gxl)+l) }

such that d(gxp,1,gx;,) < Avj,.

Page 7 of 11
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By (2.6), we discuss that there exists an element

A(gxpa, gxi) € {d(grp, gxig-1), d(gxp, gxps1), d(grin-1, &% )»
d(gxP:gxio )! d(gxio—llgxP-H) }

such that d(gxp.1, gxi,) < Ad(gxpi1,gxy) (1< i <P +1).

If the above inequality does not hold for 1 <i; <P +1, then (2.5) is true for N =P +1
by (2.6).

We continue in the same way, and after P + 1 steps, we get 1 <i; <P+1(0<j<P+1)
such that

d(gxpe, gri) = Ad(gxpi1,gxi,,) (0 <j<P)
Notice that there exist 0 < r <s < P + 1 such that i, = i;. That is,
d(gxpe1,gxi,) = A d(gxp.,gxi) = X d(gxpa,gxi,) (0<r<s<P+1).
As A €(0,1), by Lemma 1.5(5), we get a contradiction. From (2.6), (2.5) is true for N = P+1.

Hence, (2.5) is true for all N € N, which implies that (2.4) holds for N € N.
Next, let us prove that for all » € N,

s
d(gxn, gxo) < md(gxo,gxﬂ' (2.7)

Using the triangular inequality, from (2.3) we obtain

A(gxn, gx0) = s[d(gxn, gx1) + d(gx1,g%0) ]

$2A

<

T 1-sA
s

1-sA

d(gxo, gxy) + sd(gx1, gxo)

d(gwer, gxo).

Now, we show that {gx,} is a Cauchy sequence. For all > m, there exists

Vv € C(gr Xm-1» xn—l) = {d(gxm—hgxn—l): d(gxm—lrgxm),
d(gxn—ngn): d(gxm—l:gxn): d(gxm:gxn—l)} (28)

such that d(gx,,, gx,) = d(fxu_1,fxn-1) < Avs.
By the contractive condition, there exist but not all

Vi € {d(gxi,ng)lo <i<j< n} (k=1,2,3,...,m)
such that

Ve <A (k=1,2,3,...,m—1). (2.9)

Page8of 11
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In fact, from (2.8) we have

V) € C(g’ Xm-1, xn—l)

= {d(gxm—hgxn—l)’ d(gxm—hgxm)j d(gan,gxn); d(gxm—l;gxn); d(gxm;gxn—l)}

i=m,m-1n-1; , .
C A1 = {d(gxi, gx)) ‘;ertnnfln i<j}-
Let vy = d(gxi, gx;) = d(fx;_1,fxj_1) < Avy, where

r=ii-1j-1;

vy € C(g,%i1,%j1) C Ainrjor = {d(gxr, gxs) |s:i,j,j—1, r<s}

r=m,m-1,m-2,n-1,n-2;
= {d(gxr’ng) |s:m,m—1,n,n—1,n—2, r< S}'

In general, if there exists

i=m,m-1,m-2,...m-k,n-1,n-2,...n-k; . .
Vk € {d(gxi’gxf) |j=m,m—l,m—2,...,m—k+1,n,n—1,n—2,...,n—k, L <]} (1 = k = Wl),

then we have
r=iji-1j-1;
Vi1 € C(g i1, %j-1) CAj1jo1 = {d(gxr,gxs) |s:i,j,j—1, r< S} Ql<k=<m-1)
such that vy = d(gw;, gj) = d(fxi1, fxjo) K A A<k <m-1).
As

r=i,i-1j-1;

{d(gxr)ng) |s:i,}',j—1' "< S}

c {d(g ) |r=m,m—1,m—2,.,.,m—k,m—k—1,n—1,n—2,...,n—k,n—k—1; S}
Xrs &Xs s=m,m—-1,m=2,..,m—-k+1,m-k,n,n-1,n-2,...n—k,n—k-1, <

_ {d(g ) ) ’i:m,m—l,m—2 ,,,,, m—k,m—k-1,n-1,n-2,..,n—-k,n—-k-1; }
- Xir 8Xj j=m,m-1,m-2,...,m—k+1,m-k,nn-1,n-2,.., n—k,n—k—l,l<]

Cld(grngx)0<i<j<n} (1<k<m-1),

we can obtain (2.9).
Using the triangular inequality, we get

d(gxi, gxj) < sd(gwi, gxo) + sd(gxo,gx) (0 <i,j <n),
so we obtain

A(gx @%m) = A(fxn 1, fom1) < Avp < A%vy <--- <Ay,

=< A"sd(gxi, gxo) + A" sd(gxo, gx;)

2qm

= d(gx1,8x0).

— 1-sA

Since 2152;” d(gx1,gx0) — 6 asm — 0o, by Lemma 1.5, it is easy to see that forany c € int P,

there exists 7y € N such that for all n > m > ng,

24 m

d(gxr, gxo) < c.

2s
d n» m ﬁ
(&%, gm) 1-sA
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So, {gx,} is a Cauchy sequence in g(X). If g(X) C X is complete, there exist g € g(X) and
p € X such that gx, — g as n — oo and g(p) = q.
Now, from (2.2) we get

v € C(g, %, p) = {d(g%n,gP), A, ), A, ), (g%, f), A (fin D)}

such that d(fx,, fp) < Av.

We have the following five cases:

Q) d(fxn fp) < Ad(gxn, gp) < sAd(g%ns1,8P) + SAA(gXn11,8%n);

(2) d(fxn, fp) < Ad(gxp, fxn) = Ad(gx, §%ni1);

(3) d(fxu,fpr) < 1d(gp,fp) < shd(gxn.1,8p) + shd(gx,.1,fp), that is,
A(fxn, ) = 125 d(gxni1,4P);

(4) d(fx,,fp) < 2d(gx,,fp) < shd(gx,.1,/p) + shd(gx,.1,8%,), that is,
A(fxn, ) = 12 d( @11, 8%n);

(5) d(fxn,fp) < 1d(fxn, gp) = Ad(gxni1,8P).

As % > sA, then we obtain that

SA
d(gxni, fp) < 1—sh [d(gxnﬂygxn) +d(gxns1, Q)]
Since gx, — q as 1 — o0, for any ¢ € int P, there exists n; € N such that for all n > n,

(I-sh)c (1-s))c

_ d d ,
7o an (g%us1,9) <K o

d(gxnﬂ;gxn) <

By Lemmas 1.5 and 1.6, we have gx,, — fp as n — oo and g = fp.
Now, if w is another point such that gu = fu = w, then

d(W, 61) = d(fu’fp) <Ay,

where A € (0, %) and

v € C(f;u,p) = {d(gu, gp), d(gu, fu), d(gp, fp), d(gu, fp), d(fu, gp) } .

It is obvious that d(w,q) = 6, i.e., w = q. Therefore, g is the unique point of coincidence of
f, g in X. Moreover, the mappings f and g are weakly compatible, by Lemma 1.9 we know
that g is the unique common fixed point of f and g.

Similarly, if f(X) is complete, the above conclusion is also established. O

Example 2.7 Let X =R, E = Cﬁg[o,l] and P={f e E:f > 0}. Defined : X x X — E by
dix,y) = |x —y|%(p where ¢ : [0,1] — R such that ¢(£) = €’. It is easy to see that (X,d) is
a cone b-metric space with the coefficient s = 22, but it is not a cone metric space. The
mappings f,g : X — X are defined by fx = ax and gx = \/ox (¢ € [%\/E’ %ﬁ)). The mapping f
is a g-quasi-contraction with the constant A = ai e [%, %). Moreover, 0 € X is the unique

common fixed point of f and g.

Remark 2.8 Kadelburg and Radenovi [11] obtained a fixed point result without the nor-
mality of the underlying cone, but only in the case of a quasi-contractive constant A €
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(0,1/2) (see [11, Theorem 2.2]). However, Ljiljana [7] proved the result is true for A € (0,1)
on a cone metric space by a new way. Referring to this way, Theorem 2.6 presents a sim-
ilar common fixed point result in the case of the contractive constant A € (0,1/s) in cone
b-metric spaces without the assumption of normality. Moreover, it is obvious that Ex-
ample 2.7 given above shows that Theorem 2.6 not only improves and generalizes [11,
Theorem 2.2], but also generalizes and unifies [7, Theorem 3].
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