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1 Introduction and preliminaries
It is well known that mixed monotone operators were introduced by Guo and Laksh-
mikantham [1] in 1987. Thereafter many authors have investigated these kinds of oper-
ators in Banach spaces and obtained a lot of interesting and important results (see [1-18]
and the references therein). Their study has not only important theoretical meaning but
also wide applications in engineering, nuclear physics, biological chemistry technology,
etc. That is, they are used extensively in nonlinear differential and integral equations. For
a small sample of such work, we refer the reader to works [13, 15-21]. However, the mixed
monotone operators considered in most of these papers are concave; see [2—4, 7-11, 15,
17, 18], for instance. To our knowledge, the fixed point results on mixed monotone op-
erators with convexity are still very few. So it is worthwhile to investigate this operator.
The purpose of this paper is to establish the existence and uniqueness of fixed points for
a class of mixed monotone operators with convexity. We will use partial order theory to
study the mixed monotone operator with convexity and get the existence and uniqueness
of fixed points without assuming the operator to be compact or continuous. Our results
compliment the theory of mixed monotone operators in ordered Banach spaces.

For the discussion of the following section, we state here some definitions and notations.
For convenience of readers, we suggest that one refers to [1, 2, 17, 21-23] for details.

Suppose that (E, || - ||) is a real Banach space which is partially ordered by a cone P C E,
i.e,x <yifand onlyif y —x € P. If x < y and x # y, then we denote x < y or y > x. By 6 we
denote the zero element of E. Recall that a non-empty closed convex set P C E is a cone if
it satisfies (i) w e P, A > 0= Ax € P; (ii)x € P,-x € P=x=0.

Further, P is called normal if there exists a constant N > 0 such that, forallx,y € E, 6 <
x < yimplies ||x|| < N|y|; in this case N is called the normality constant of P. If x;,x, € E,
the set [x1,%,] = {x € E|x; <x <x} is called the order interval between x; and x,. We say
that an operator A : E — E is increasing if x <y implies Ax < Ay.
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Definition 1.1 (See [1, 2]) A: P x P — P is said to be a mixed monotone operator if
A(x,y) is increasing in x and decreasing in y, i.e., u;, v; (i =1,2) € P, u; < uy, v1 > v, imply
A(uy,v1) < A(uy,v5). The element x € P is called a fixed point of A if A(x,x) = x.

2 Main results
In this section we consider the existence and uniqueness of fixed points for a class of mixed

monotone operators in ordered Banach spaces.

Theorem 2.1 Let E be a real Banach space and let P be a normal conein E.A:P x P — P

is a mixed monotone operator which satisfies the following:

(Hy) fort e (0,1), %,y € P, there exists a(t,x,y) € (1, +00) such that

Altx,y) < ") A(x, y); (2.1)
(Hy) there exist uy, vy € P, r € (0,1) such that

uo <rvo,  Aluo,vo) =uo,  Alvo,uo) <vo. (22)

Then A has a unique fixed point u* in [uy,rvy]. Moreover, constructing successively the

sequences
Xn ZA(xn—l:yn—l); Vn =A()/n—l:xn—1)r n=12,...,
for any initial values xy,yy € [uy, rvo], we have ||x,, — u*|| = 0, ||y, — u*|| = 0 as n — oo.

Remark 2.1 (i) The operator A which satisfies (H;) can be called a mixed monotone
operator with convexity; (ii) from (H;), we can get A(6,0) = 0. In fact, for ¢, € (0,1),
A(6,0) = A(to8,0) < 2" 4(9,6), and thus [1 — £2"P14(6,0) < 6. It follows from
A(6,0) > 0 that A(9,60) = 0; (iii) from (2.1), we can get

1 1
A(Zx,y> >——Axy), xyeP,te(0,1). (2.3)

ta(t,%x,y)
Proof of Theorem 2.1 Let wy = rvg, & = r**70#0)-1 Then wy > uy, € € (0,1), and

A(wo, o) = A(rvo, ug) < 100 A(vg, 1g) < r*770 40y = p X001y
= ewy < Wo, (2.4)

A(uo, wo) = A(uo, 7vo) = Aluo, vo) = Uo. (2.5)
Construct successively the sequences

Uy = A(Uy_1, Wy-1), Wy = AWy_1, 1),

—lA / /= =1
w = (wn_l,u,,_l), wy=wo, n=12,....
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From (2.4), (2.5) and the mixed monotonicity of A, we have
o< Sup < Sty <o SWy < Swp S (2.6)
Next we prove that
Uy < W,

' <wy, n=12,.... (2.7)

From (2.4),

1
/
Wy = EA(WQ,M()) < gEWo =W,

1 1 1
wy = —A(wo, o) = —Al(uo, Wo) > —tg > uo,
e s s

1, 1 1
= —A(wl,m) < —A(wo, up) < —ewp = wy,
3 € €

S
S~

Wy = 1A(w/l,ul) > 1A(uo,vo) > 1uo > up.
e e e
Suppose that when # = k, we have uy < w; < wp. Then, when # = k + 1, we obtain
Wiy = %A(w}a uk) < %A(wo,uo) < %swo = wy,
Wiy = %A(w}a uk) > éA(uo,Vo) > %uo > up.
By the induction method, we know that (2.7) holds. On the other hand, from (2.1),
wr = A(wo, ug) = 8%A(W0, Up) = ewy,
wy =AW, uy) = A(sw/l, ul) < sa(g’wi’”l)A(w/l, ul) = g(ewpu)+l %A(w/l, ul) < &),
Suppose that when # = k, we have wy < éw}. Then, when # = k + 1, we obtain

Wie1 = Awi, ug) < A(skw}a uk) < (ak)a(sk’w;"”k)A (W;(, uk)

- gk“(gk’wi'”k)“%A(wL, ur) < e,
By the induction method, we have
w, <é&"w, n=12,.... (2.8)
By (2.6)-(2.8), we get

n,./ n,./ n n / n
0 <w,—u, <e&"Ww,—u, <e"w,—e"u,=¢ (wn—u,,)fs (wo — up),

qunﬂo_unfwn_um efwn_wnﬂnfwn_un'
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Since P is normal, we have
W, — unll < Ne"|lwo —uoll — 0 (as n — o0).
Further,

”un+p_un||§N||Wn_Mn”_>O (asn—>oo),

W = Wasp | < Nllw, — s 0 (a5 1 00).

Here N is the normality constant.
So, we can claim that {u,} and {w,} are Cauchy sequences. Because E is complete, there
exist u*, w* € P such that

u, — u*, w, — w", asm— oo.
By (2.6), we know that uy < u, < u* <w* <w, <w, and then
O <w' —u*<w,—u, <e"(wy—up).
Further, |w* — u*|| < Ne"||wg — up|| — 0 (as n — 00), and thus w* = u*. Then we obtain
Upsl = A(”m Wn) = A(M*, M*) = A(Wn; un) = Wyl
Let n — oo, then we get A(u*, u*) = u*. That s, u* is a fixed point of A in [ug, wo] = [10, Vo]
In the following, we prove that #* is the unique fixed point of A in [ug, wo]. Suppose that
there is x* € [ug, wo] such that A(x*,x*) = x*. Then we have uy <x* < wy. By the induction
method and the mixed monotonicity of A, we have

Unar = Ay, W) <&° = A(x",6°) < AW, th) = Wi, 1=0,1,2,....

Then from the normality of P, we have x* = ur*.
Moreover, constructing successively the sequences

Xn =A(xn—lryn—l): Yn =A(yn—lrxn—1)f n= 1) 2¢---;

for any initial values xo, yo € [uo, o], we have u,, < x,,y, <w,, n=1,2,.... Letting n — o0

yields x, — u*, y, —> u* as n — oo. O
Remark 2.2 Let «(t,x,y) be a constant « € (1, +00), then Theorem 2.1 also holds.

Corollary 2.2 Let E be a real Banach space and let P be a normal conein E.A:Px P — P
is a mixed monotone operator which satisfies (H) and, for t € (0,1), x,y € P, there exists a
constant o € (1,+00) such that A(tx,y) < t*A(x,y). Then A has a unique fixed point u* in
[ug, rvo]. Moreover, constructing successively the sequences

Xn :A(xn—l:yn—l): Vn :A(yn—bxn—l)r n=12,...,

for any initial values xo,y0 € [uo, rvo], we have ||x, —u*|| — 0, ||y, — u*|| > 0 as n — oo.
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From the proof of Theorem 2.1, we can easily obtain the following conclusion.

Corollary 2.3 Let E be a real Banach space and let P be a normal cone in E. A:P — P is

an increasing operator which satisfies the following:

(Hs) fort € (0,1), x € P, there exists a constant « € (1,+00) such that A(tx) < t*Ax;

(Hy) there exist ug, vy € P, r € (0,1) such that ug < rvg, Aug > ugy, Avy < vp.

Then A has a unique fixed point u* in [uy,rvy]. Moreover, constructing successively the

sequence
Xp=Ax,_1, n=12,...,

for any initial value xq € [uy, rvo], we have ||x, — u*|| — 0 as n — oo.

Remark 2.3 The operator A which satisfies (Hj) is called a-convex. In 1977, A.].B. Potter
introduced the definition of an «-convex operator and showed that for o > 0, decreasing
(—a)-convex mappings have contraction ratios less than or equal to & and gave the ex-
istence of solutions to the nonlinear eigenvalue problem Ax = Ax. The method is based
upon Hilbert’s projective metric. In [22] Guo studied the existence and uniqueness of
fixed points for (—«)-convex operators. In [23], we obtained the existence and unique-
ness of positive fixed points for o-convex operators by means of the properties of cone,
concave operators and the monotonicity of set-valued maps. Here, the result on «-convex

operators is new and the method is also new and different from previous ones.

Remark 2.4 IfA:P — P isan o-convex operator, then A is not a decreasing and constant
operator. In fact, suppose that A is decreasing, then we have Ax < A(tx) < t*Ax, x € P,
t € (0,1). Hence, t* > 1, this is a contradiction. Suppose that A is a constant operator, that

is, Ax = ug € P. Then uy = A(tx) < t*Ax = t*ug, and thus % > 1, this is also a contradiction.

Theorem 2.4 Let E be a real Banach space and let P be a normal conein E.A:P x P — P

is a mixed monotone operator which satisfies (2.1) and

(Hs) there exist ug, vy € P, R € (1, +00) such that
A(uo, vo) > uo, A(vo, uo) < vo, vo > Ruo.

Then the operator equation A(u,u) = bu has a unique solution u* in [Rug,vq), where b =

1 . .
R zRuo0)-L Moreover, constructing successively the sequences
Xn = b_lA(xn—l:yn—l)’ Yn = b_lA(,)/n—lrxn—l); n=12,...,

for any initial values xo,y0 € [Ruo, vol, we have ||x, — u*|| = 0, ||y, — u*|| = 0 as n — oo.
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Proof Let wy = Rug. Then wy < vy. Note that b > 1 and from (2.3),

A(wo,vo) = A(Rug, vo) > Al(ug, vo)

(%)a(}e,Ruo,Vo)

1 1 _
ZRa(R,Ruo,VO)MO - R¥(g-Ruov0)-1 - Rug = bwg > wo,

A(vo, wo) = A(vo, Rug) < A(vo, uo) < vo.
Set B(x,y) = b™'A(x, ), x,y € P. Then from the above inequalities, we have

B(wog, vo) = b A(wg, vo) > b bwg = wy,
(2.9)
B(vo, wo) = b A(vo, wo) < bty < vp.

Also, construct successively the sequences

Wy = B(Wy_1, V1), V= B(Vye1, Wao1),

/ / /7
V), = bB(V,_1, Wp1), vo=vo, n=12,....
From (2.9) and the mixed monotonicity of A, we have
Wo<Wp < Wy < SW, <V, <<V < V.

Similar to the proof of Theorem 2.1, we can prove that

n
<y < < 1 / =1,2
wo <V, < vy, Ve <\ =)V, n=12,...

Further, by using the same method with the proof of Theorem 2.1, we can get the following
conclusions: (i) B has a unique fixed point u* in [wy, vo]; (ii) for any initial values x¢, o €

[wo, vo], constructing successively the sequences

Xp = B(xn—l’yn—l); Yn = B(yn—lrxn—l): n= 1; 2: ooy

we have ||x, — u*|| = 0, |y, — u*|| = 0 as n — oo. Therefore, the operator equation
A(u, u) = bu has a unique solution u* in [Ruy, vo]. Moreover, constructing successively the

sequences
Xp = b_lA(xn—l:yn—l); Yn = b_lA(yn—lr xn—l); n= 1; 2; ceey

for any initial values xo,yo € [Ruo, vo], we have ||x, — u*|| = 0, ||y, — u*|| = 0 as n — oo.
O

Corollary 2.5 Let E be a real Banach space and let P be a normal conein E.A:P — P is

an increasing operator which satisfies (Hs) and

(Hg) there exist ug,vo € P, R € (1, +00) such that Aug > ug, Avg < v, Vo > Ruyg.

Page 6 of 7
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Then the operator equation Au = bu has a unique solution u* in [Rug,vol, where b = R*™,

Moreover, constructing successively the sequence
x,=bAx,1, n=12,...,

for any initial value xy € [Ruy, vo], we have ||x, — u*|| — 0 as n — oo.
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