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Abstract

Recently, Kawasaki and Takahashi (J. Nonlinear Convex Anal. 14:71-87, 2013) defined a
broad class of nonlinear mappings, called widely more generalized hybrid, in a Hilbert
space which contains generalized hybrid mappings (Kocourek et al. in Taiwan. J. Math.
14:2497-2511, 2010) and strict pseudo-contractive mappings (Browder and Petryshyn
in J. Math. Anal. Appl. 20:197-228, 1967). They proved fixed point theorems for such
mappings. In this paper, we prove fixed point theorems for widely more generalized
hybrid non-self mappings in a Hilbert space by using the idea of Hojo et al. (Fixed
Point Theory 12:113-126, 2011) and Kawasaki and Takahashi fixed point theorems

(J. Nonlinear Convex Anal. 14:71-87, 2013). Using these fixed point theorems for
non-self mappings, we proved the Browder and Petryshyn fixed point theorem

(J. Math. Anal. Appl. 20:197-228, 1967) for strict pseudo-contractive non-self mappings
and the Kocourek et al. fixed point theorem (Taiwan. J. Math. 14:2497-2511, 2010) for
super hybrid non-self mappings. In particular, we solve a fixed point problem.

MSC: Primary 47H10; secondary 47H05
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1 Introduction
Let R be the real line and let [0, 7] be abounded, closed and convex subset of R. Consider

amapping T : [0, 7] — R defined by

Tx = (1 + lx) CcoSx — 1xz
2 2

for all x € [0, 7]. Such a mapping 7" has a unique fixed point z € [0, 7] such that cosz = z.

What kind of fixed point theorems can we use to find such a unique fixed point z of 7?
Let H be a real Hilbert space and let C be a non-empty subset of H. Kocourek, Taka-

hashi and Yao [1] introduced a class of nonlinear mappings in a Hilbert space which covers

nonexpansive mappings, nonspreading mappings [2] and hybrid mappings [3]. A mapping

T : C — H is said to be generalized hybrid if there exist «, 8 € R such that

@l Te = Ty + A - a)llx = Tyl* < Bl Tx -y + (1 - B)llx - yII? (11)

for all x,y € C. We call such a mapping an («, 8)-generalized hybrid mapping. An
(o, B)-generalized hybrid mapping is nonexpansive for ¢ =1 and 8 =0, i.e.,

1T - Tyl < llx =yl
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for allw,y € C. It is nonspreading foro =2 and g =1, i.e.,
20T = Ty))? < llx = Tyll> + ly — Txl|?

for all x,y € C. Furthermore, it is hybrid for & = 2 and g =
311 T — TyII> < llc— Tyll* + lly — x|l + ly — %I

for all x,y € C. They proved fixed point theorems and nonlinear ergodic theorems of Bail-
lon type [4] for generalized hybrid mappings; see also Kohsaka and Takahashi [5] and
Iemoto and Takahashi [6]. Very recently, Kawasaki and Takahashi [7] introduced a broader
class of nonlinear mappings than the class of generalized hybrid mappings in a Hilbert
space. A mapping 7T from C into H is called widely more generalized hybrid if there exist
a,B,Y,8,¢,¢,n € R such that

all Te - TylI* + Bllx — Tyl* + y [ Tx - y1I* + 8lx — yII>

2
+elle = Txl> + ¢lly = TyI* +n|(x = Tx) - (y = Ty) |~ <0 1.2)

forallx,y € C.Suchamapping T is called an (¢, 8, ¥, 8, &, {, n)-widely more generalized hy-
brid mapping. In particular, an («, 8, v, 8, €, £, 7)-widely more generalized hybrid mapping
is generalized hybrid in the sense of Kocourek, Takahashi and Yao [1] ifa + B=-y -8 =1
and e =¢ =n=0.An (¢, 8,y,98,¢,¢,n)-widely more generalized hybrid mapping is strict
pseudo-contractive in the sense of Browder and Petryshyn [8] if« =1, 8=y =0, § = -1,
e =¢=0,n=-k where 0 < k <1. A generalized hybrid mapping with a fixed point is
quasi-nonexpansive. However, a widely more generalized hybrid mapping is not quasi-
nonexpansive in general even if it has a fixed point. In [7], Kawasaki and Takahashi proved
fixed point theorems and nonlinear ergodic theorems of Baillon type [4] for such widely
more generalized hybrid mappings in a Hilbert space. In particular, they proved directly
the Browder and Petryshyn fixed point theorem [8] for strict pseudo-contractive mappings
and the Kocourek, Takahashi and Yao fixed point theorem [1] for super hybrid mappings
by using their fixed point theorems. However, we cannot use Kawasaki and Takahashi fixed
point theorems to solve the above problem. For a nice synthesis on metric fixed point the-
ory, see Kirk [9].

In this paper, motivated by such a problem, we prove fixed point theorems for widely
more generalized hybrid non-self mappings in a Hilbert space by using the idea of Hojo,
Takahashi and Yao [10] and Kawasaki and Takahashi fixed point theorems [7]. Using these
fixed point theorems for non-self mappings, we prove the Browder and Petryshyn fixed
point theorem [8] for strict pseudo-contractive non-self mappings and the Kocourek,
Takahashi and Yao fixed point theorem [1] for super hybrid non-self mappings. In par-
ticular, we solve the above problem by using one of our fixed point theorems.

2 Preliminaries

Throughout this paper, we denote by N the set of positive integers. Let H be a (real) Hilbert
space with the inner product (-, -) and the norm ||-||, respectively. From [11], we know the
following basic equality: For x,y € H and A € R, we have

|22+ @ =2y = Al + @ = 2)Iy1% = 21 - 1) [lx -y (2.1)
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Furthermore, we know that for x,y,u,v € H,
2x—y,u—v) =l —vI* +lly—ul® - llx - ull? - Iy - vI. (2.2)

Let C be a non-empty, closed and convex subset of H and let 7 be a mapping from C
into H. Then we denote by F(T) the set of fixed points of T. A mapping S: C — H is
called super hybrid [1, 12] if there exist «, 8, ¥ € R such that

alSx—Syl* + (1 —a +y)|x - Syl
<(B+B-a))ISx=yII*+ (1-B-(B-a-1)y)lx-yl?
+(a=B)yllx—SxI* +yly-Syl? (2.3)

for all x,y € C. We call such a mapping an (e, 8, y)-super hybrid mapping. An («, 8,0)-
super hybrid mapping is («, 8)-generalized hybrid. Thus the class of super hybrid map-
pings contains generalized hybrid mappings. The following theorem was proved in [12];
see also [1].

Theorem 2.1 ([12]) Let C be a non-empty subset of a Hilbert space H and let o,  and y be
real numbers with y # -1. Let S and T be mappings of C into H such that T = ﬁS + %I.
Then S is (o, B,y )-super hybrid if and only if T is («, B)-generalized hybrid. In this case,
F(S) = F(T). In particular, let C be a nonempty, closed and convex subset of H and let o, 8
and y be real numbers with y > 0. If a mapping S : C — C is («, B, y)-super hybrid, then

the mapping T = ﬁS + %I is an (o, B)-generalized hybrid mapping of C into itself.

In [1], Kocourek, Takahashi and Yao also proved the following fixed point theorem for
super hybrid mappings in a Hilbert space.

Theorem 2.2 ([1]) Let C be a non-empty, bounded, closed and convex subset of a Hilbert
space H and let o, B and y be real numbers withy > 0.LetS: C — C bean («, 8,y )-super
hybrid mapping. Then S has a fixed point in C. In particular, if S: C — C is an
(o0, B)-generalized hybrid mapping, then S has a fixed point in C.

A super hybrid mapping is not quasi-nonexpansive in general even if it has a fixed
point. There exists a class of nonlinear mappings in a Hilbert space defined by Kawasaki
and Takahashi [13] which covers contractive mappings and generalized hybrid map-
pings. A mapping T from C into H is said to be widely generalized hybrid if there exist
a,B,Y,8,¢,¢ € Rsuch that

@l Te = Tyl1* + Bllx = Tyl* + y I Tx = y|1* + 8l = 1>
+max{ellx - Tx||*, ¢y - Tyl*} < 0

for any «,y € C. Such a mapping 7 is called (o, 8,v,8,¢,¢)-widely generalized hybrid.
Kawasaki and Takahashi [13] proved the following fixed point theorem.

Theorem 2.3 ([13]) Let H be a Hilbert space, let C be a non-empty, closed and convex
subset of H and let T be an (o, B,y ,6,¢,¢)-widely generalized hybrid mapping from C into
itself which satisfies the following conditions (1) and (2):
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1) a+B+y+6=0;

(2 e+a+y>0,0r+a+p>0.
Then T has a fixed point if and only if there exists z € C such that {T"z | n=0,1,...} is
bounded. In particular, a fixed point of T is unique in the case ofa +  +y + 8 > 0 under
the condition (1).

Very recently, Kawasaki and Takahashi [7] also proved the following fixed point theorem

which will be used in the proofs of our main theorems in this paper.

Theorem 2.4 ([7]) Let H be a Hilbert space, let C be a non-empty, closed and convex subset
ofH and let T bean (a, B,v,98,¢, ¢, n)-widely more generalized hybrid mapping from C into
itself, i.e., there exist o, 8,v,6,¢&,¢,n € R such that

allTx = Ty))* + Bllx = TyI* + y I Tx = y11* + 8llx - y1*

el = Txl + clly— Tyl + (- Tx) - (v — T)|* <0

forall x,y € C. Suppose that it satisfies the following condition (1) or (2):

1) a+B+y+8=>0,a+y+e+n>0and +n=>0;

2 a+B+y+8=>0,a+B+C+n>0ande+n>0.
Then T has a fixed point if and only if there exists z € C such that {T"z | n=0,1,...} is
bounded. In particular, a fixed point of T is unique in the case ofa +  +y + 8 > 0 under
the conditions (1) and (2).

In particular, we have the following theorem from Theorem 2.4.

Theorem 2.5 Let H be a Hilbert space, let C be a non-empty, bounded, closed and convex
subset of H and let T bean («, B,,9, ¢, ¢, n)-widely more generalized hybrid mapping from
C into itself which satisfies the following condition (1) or (2):

1) a+B+y+8=>0,a+y+e+n>0and +n=>0;

2 a+B+y+8>0,a+B+C+n>0ande+n>0.
Then T has a fixed point. In particular, a fixed point of T is unique in the case of « + B +
y + 68 > 0 under the conditions (1) and (2).

3 Fixed point theorems for non-self mappings
In this section, using the fixed point theorem (Theorem 2.5), we first prove the following
fixed point theorem for widely more generalized hybrid non-self mappings in a Hilbert

space.

Theorem 3.1 Let C be a non-empty, bounded, closed and convex subset of a Hilbert space
Handleta,B,y,8,6,,neR.Let T:C— Hbean (o, B,y,6,¢,¢,n)-widely more general-
ized hybrid mapping. Suppose that it satisfies the following condition (1) or (2):

1) a+B+y+8>0,a+y+e+n>0,a+B+C+n>0andf +n>0;

2 a+B+y+6>0,a+B+C+n>0,a+y+e+n>0ande+n=>0.
Assume that there exists a positive number m > 1 such that for any x € C,

Tx =x+t(y —x)
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forsome y € C and t with 0 <t <m. Then T has a fixed point in C. In particular, a fixed
point of T is unique in the case of « + B + y + 8 > 0 under the conditions (1) and (2).

Proof We give the proof for the case of (1). By the assumption, we have that for any x € C,
there exist y € C and ¢ with 0 < ¢ < m such that Tx = x + £(y — x). From this, we have
Tx =ty + (1 —t)x and hence

lT t-1
=-Tx+ —=x.
Y t t

Define Ux € C as follows:

t t t t (1 t-1 1 m-—1
Ur=1-—)Jx+—y={1-—Jx+ —|-Tx+ —x | =—Tx + x.
m m m m\t t m m

Taking A > 0 with m =1 + A, we have that

1 A
Ux=—Tx+——x
1+A 1+A

and hence
T=>0+AU-AL (3.1)

Since T': C — Hisan (&, 87,8, &, ¢, n)-widely more generalized hybrid mapping, we have
from (3.1) and (2.1) that for any x,y € C,
af (L + MUx - hx - (1L + MUy - 2y) |
+ Bl — (A + MUy = 2y)||* + y | (1 + W)Ux = rx = 3| + 81— yII?
vela— ((L+MUx—2x) |* + ¢+ 1)Uy -2y -y
= ((L+ M) Ux—22) = (= (A + WUy —29)) |°
= a1+ ) (Ux - Uy) - 1z -y)|
+ B+ - ) = A= )[” + |+ (U - 5) - 25 - 9)])°
+8llx—yI? +ef L+ M@ - x|+ 2|+ 1) -y
| (14 1) e = Ux) = (L+ )y - Uy) ||
= a(1+ 1) Ux - Uy|)? - arllx - ylI* + ar(l+ ) |x -y — (Ux - Uy)|?
+B(L+ 1) |lx = Uyll* = Brllx = yII* + BAA + W)y - Uy|*
+y L+ W Ux =y = yrllae = yl> + y AL+ 2) |l - Uxl| + 8]lx - y|®
+e(L+ 1)l = Ul + ¢ (L+ 1) [ly - Uyll?
+ L+ )2 |x - Ux— (v - Uy)|?
=a(l+ 1) Ux - Uyl* + B(L+ 1) — Wy|* + y (1 + 1) || Ux - yI|?
+ (k= Br—yr+ 8-yl
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+(yr+er+e)l+A)|lx—Ux|*+ (Br+ca+ )1+ 1)y — Uy

I

+(aA+nA+n)(1+A)||x—y—(Ux—Uy) <0.

This implies that U is widely more generalized hybrid. Sincea+B8+y +8 > 0, +y +e+n >
0,a+pB+¢+n=>0and +n >0, we obtain that

a@+2)+BA+A)+y(1+A)—ar—Br—yr+8=a+B+y +8>0,
a@+A) + YA+ 1)+ (Ph+er+e)(L+A)+ (@h+nr+n)1+A)
=1+M)(a+y+e+n+ My +e+a+1n))
=1+0)*(a+y +e+n)>0,
(Br+Ch+2) (1 +A) + (@r+ i+ )1 +A4)
=((@+B+c+mMi++n)1+A)>0.

By Theorem 2.5, we obtain that F(U) # ¢. Therefore, we have from F(U) = F(T) that
F(T) #@. Suppose that « + B + ¥ + § > 0. Let p; and p, be fixed points of T. We have that

a||Tpr - Tpa |1 + Blips — Tl + ¥ | Tpy — p2 |l + 8p1 — p2 |1
2
+ellp1 = Tpil* + Cllp2 = Tpa|l* + || (o1 — Tpr) — (p2 — Tp2) |

=(@+B+y+d)lpi-p2l* <0

and hence p; = p,. Therefore, a fixed point of T is unique.
Similarly, we can obtain the desired result for the case whena + 8+ y +8 >0, + B +
+n>0,a+y +e+n>0ande+n>0. This completes the proof. a

The following theorem is a useful extension of Theorem 3.1.

Theorem 3.2 Let H be a Hilbert space, let C be a non-empty, bounded, closed and convex
subset of H and let T be an (a, B,v,9, ¢, ¢, n)-widely more generalized hybrid mapping from
C into H which satisfies the following condition (1) or (2):
1) a+B+y+6=>0,a+y+e+n>0,a+B+C+n>0and
0, )N{A[(@+B)A+E+n=0}#0;
(2 a+B+y+8=>0,a+B+C+n>0,a+y +e+n>0and
O,)N{A|(@+y)r+e+n=>0}#0.
Assume that there exists m > 1 such that for any x € C,

Tx=x+t(y—x)

forsomey e Cand t with0 <t <m. Then T has a fixed point. In particular, a fixed point
of T is unique in the case of o« + B + y + 8 > 0 under the conditions (1) and (2).

Proof Let A € [0,1) N{X | (@ + B)A + ¢ +n > 0} and define S = (1 — A)T + Al. Then S is
a mapping from C into H. Since A # 1, we obtain that F(S) = F(T). Moreover, from T =

Page 6 of 14
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LS~ ﬁl and (2.1), we have that

o
1 A 1 A >
(1—Asx_1—xx)_(1 PR Ay>

5 Lo )\ L S T
+ - — —_— + —Sx—-——x | - + -
A T A B YINTZA*—123%) 77 =y
1 S A 2 1 S A 2
+ellx—[ —Sx— —— + - —8y-—
S ST R T S A ST A
1 c A 1 S A 2
+ x—| —S8Sx—- —— -\y-{—Sy-—
7 T R P Y=\ in
1 2
=a m(sx Sy)——)\(x—y)
A 2
T (x=Sy) - —(x—
BT @ = - -0)
1 A 2
R Eprt i e G +8llx -yl
1-x
L (- sw) Lo
+e| —@x—-Sx — -
1-x S Pt
1 2
+7 ﬁ(x Sx——(y Sy)
= ISk —Syl?+
1o 4
A s Bay)s)lx—al?
+ 1_}uoz+ +y)+ x—y
e+ YA s ¢+ BA 2
-s S
S =9
N+ or 2
—y-S|*<o.
+(1_A)z” x)- (-9 <
Therefore S is an (1% ,\’1ﬁx’1 = (oz+ﬁ+y)+8 ”Mz,({tf)kz,("i“;)w1delymoregener—

alized hybrid mapping. Furthermore, we obtain that

o B 14
+ + -
1-& 1-—x 1-x 1-»x

(@+B+y)+8=a+B+y+56=>0,

o y E+yYA  nNH+oak a+y+e+n
+ + + = > Y
1-2 1-2 (1-2)2 @1-a)2 (1-2)?
o B ¢+ B n+ozk_oc+ﬁ+§+n>

1—A+1—A+(1—A)2+(1—A)2_ 1-22 —7

C+ B n+a)»_(a+,6))»+§+n>0
Qa2 - a-ar —

Furthermore, from the assumption, there exists m > 1 such that for any x € C,

Sx:(I—A)Tx+kx=(l—k)(x+t(y—x))+Ax=t(1—)»)(y—x)+x,
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where y € Cand 0 <t < m. From 0 < A <1, we have 0 < £(1 — A) < m. Putting s = t(1 — 1),
we have that there exists 7 > 1 such that for any x € C,

Sx=x+s(y—x)

for some y € C and s with 0 < s < m. Therefore, we obtain from Theorem 3.1 that F(S) # @.
Since F(S) = F(T), we obtain that F(T) # @.

Next, suppose that o + 8 + y + 8 > 0. Let p; and p, be fixed points of T. As in the proof
of Theorem 3.1, we have p; = p,. Therefore a fixed point of T is unique.

Inthecaseof a + B+y +8>0,a+B+¢+n>0,a+y +e+n>0and[0,1)N{\|
(@ + y)A + & +n > 0} # 0, we can obtain the desired result by replacing the variables x
and y. O

Remark 1 We can also prove Theorems 3.1 and 3.2 by using the condition
-B-6+e+n>0, or —y-8+e+n>0

instead of the condition
a+y+e+n>0, or a+B+¢+n>0,

respectively. In fact, in the case of the condition —8 —§ + & + n > 0, we obtain from « + 8 +
y + 68 > 0 that

O<-B-6+e+n=<a+y+e+n.

Thus we obtain the desired results by Theorems 3.1 and 3.2. Similarly, in the case of -y —
8 + & + 1> 0, we can obtain the results by using the case of @ + 8 + ¢ + 1> 0.

4 Fixed point theorems for well-known mappings
Using Theorem 3.1, we first show the following fixed point theorem for generalized hybrid
non-self mappings in a Hilbert space; see also Kocourek, Takahashi and Yao [1].

Theorem 4.1 Let H be a Hilbert space, let C be a non-empty, bounded, closed and convex
subset of H and let T be a generalized hybrid mapping from C into H, i.e., there exist o, €
R such that

al|Tx - Tyl + - a)llx - TyI* < BITx - y11* + (1 - B)llx - yII?

for any x,y € C. Suppose o — B > 0 and assume that there exists m > 1 such that for any
xeC,

Tx =x+t(y —x)
forsomey e Candt with0 <t <m. Then T has a fixed point.

Proof An (o, 8)-generalized hybrid mapping T from C into H is an (o,1 — o,—f8,—(1 —
B),0,0,0)-widely more generalized hybrid mapping. Furthermore, ¢ + 1-)-8-(1-8) =
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0,0+(1-a)+0+0=1>0,a-B+0+0=a—-B>0and 0 + 0 =0, that is, it satisfies
the condition (2) in Theorem 3.1. Furthermore, since there exists m > 1 such that for any
xe€C,

Tx =x+t(y —x)
for some y € C and ¢ with 0 < ¢ < m, we obtain the desired result from Theorem 3.1. [

Using Theorem 3.1, we can also show the following fixed point theorem for widely gen-
eralized hybrid non-self mappings in a Hilbert space; see Kawasaki and Takahashi [13].

Theorem 4.2 Let H be a Hilbert space, let C be a non-empty, bounded, closed and convex
subset of H and let T be an (v, B8,y , 6, €, {)-widely generalized hybrid mapping from C into
H which satisfies the following condition (1) or (2):

1) a+B+y+8=>0,a+y+e>0anda+p>0;

(2 a+B+y+6=>0,a+B+¢>0anda+y >0.
Assume that there exists m > 1 such that for any x € C,

Tx =x+t(y —x)

forsomey e Candt e Rwith0<t <m. Then T has a fixed point. In particular, a fixed
point of T is unique in the case of « + B + y + 8 > 0 under the conditions (1) and (2).

Proof Since T is (a, B,y,6, ¢, ¢)-widely generalized hybrid, we obtain that

| Te = Tyll* + Bllx = TylI* + y | Te = y11* + 8l = ylI?

+max{elx - Tx|* ¢y - TyI*} <0

for any x,y € C. In the case of a + y + & > 0, from

ellx - Tx||* < max{e|lx - Tx|% ¢lly — Tvl*}
we obtain that

al| Te = TylI> + Bllx = Tyl* + y [ Tx = ylI* + 8llx - y1I* + ellx - Tx||* <0,
that is, it is an («, B, ¥,9,¢,0,0)-widely more generalized hybrid mapping. Furthermore,
we havethata + B+ y +8 >0, a+y +e+0=a+y +e>0,0a+B+0+0=a+>0
and 0 + 0 = 0, that is, it satisfies the condition (1) in Theorem 3.1. Furthermore, since there
exists m > 1 such that for any x € C,

Tx =x+t(y — x)
for some y € C and ¢ with 0 < ¢ < m, we obtain the desired result from Theorem 3.1. In

thecaseofa + B+y +3>0,a¢+ B+ >0and o + ¥ > 0, we can obtain the desired result
by replacing the variables x and y. O
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We know that an («, B, v, 8, ¢, ¢, n)-widely more generalized hybrid mapping with « =1,
B=y=e=¢=0,8=-1and n =—k € (-1,0] is a strict pseudo-contractive mapping in the
sense of Browder and Petryshyn [8]. We also define the following mapping: 7: C — H is
called a generalized strict pseudo-contractive mapping if there exist r,k € Rwith0 <r <1
and 0 < k < 1 such that

1T = Ty11% < rlle =yl + k|| (x = Tx) - (y - T)|)*

for any x,y € C. Using Theorem 3.2, we can show the following fixed point theorem for
generalized strict pseudo-contractive non-self mappings in a Hilbert space.

Theorem 4.3 Let H be a Hilbert space, let C be a non-empty, bounded, closed and convex
subset of H and let T be a generalized strict pseudo-contractive mapping from C into H,
that is, there exist r,k e R with 0 <r <1and 0 <k <1 such that

2
ITx = TylI* < rllx = ylI* + k| (x = T2) = (v - T

forall x,y € C. Assume that there exists m > 1 such that for any x € C,
Tx =x+t(y — x)

forsomey e Candt e Rwith0 <t <m.Then T has a fixed point. In particular, if0 <r<1,
then T has a unique fixed point.

Proof A generalized strict pseudo-contractive mapping T from C into H isa (1,0,0,-r,0,
0, —k)-widely more generalized hybrid mapping. Furthermore,1+0+0+(-r) > 0,1+ 0+
0+(-k)=1-k>0,1+0+0+(-k)=1-k>0and [0,1)N{A | 1 +0)A+0—k > 0} = [k, 1) # 0,
that is, it satisfies the condition (1) in Theorem 3.2. Furthermore, since there exists m > 1
such that for any x € C,

Tx =x+t(y —x)

for some y € C and ¢ with 0 < ¢ < m, we obtain the desired result from Theorem 3.2. In
particular, if 0 <r<1,then1+0+0 + (-r) > 0. We have from Theorem 3.2 that T has a
unique fixed point. O

Let us consider the problem in the Introduction. A mapping T : [0, 5] — R was defined

as follows:
1 1
Tx = (1 + —x) cosx — —x° (4.1)
2 2
for all x € [0, 7]. We have that

1 1,
Tx=\{1+4+—x)cosx— —x
2 2

1
— —lTx+
1+§x 1+5x
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Thus we have that for any x € [0, 7],

1+%x 1 %x 1+%x
T Tx + T +(1- X
1+m 1+§x 1+§x 1+m

1+%x 1+%x
= cosx+ (1— X,

1+m 1+m
and hence
1 T 1+%x ﬂ—%x
Tx + x= cosx + X
1+m 1+m 1+m 1+m

Using this, we also have from (2.1) that for any x,y € [0, 7],

2

1 14 1 b4
Tx + x— Ty + y
l1+n 1+n 1+n 1+m

1 1 1 1

|1+ T —3X 1+ 3y T—3y

= CoSX + x— cosy + y
1+m l+m 1+m

and hence

1 b4 ¥4 2
T =T =yl - |~y — (T - Ty)|
+ T + 7T

1+m 1+m)?
1+ 1« - 1ix 1+1 T -1y \
= 2_ cosx + 2" x - 2) cosy + 2yy (4.2)
1+m 1+m 1+m 1+m

Define a function f : [0, 7] — R as follows:

1+%x n—%x
fx) = cosx + x
1+m 1+m

for all x € [0, 7]. Then we have

) : 1+ix T x
fx) = cosx — sinx + —— —
1+ 1+ l+m 1+m

and
1/ 1 : 1+%x 1
f(x):—1 sinx — ! cosx—1 .
+ 7T + 7T
Since
1 1
S+ b4 -1+ ;7
(0) = 2 , I R
AL 1+m f(2> 1+n

and f”(x) < 0 for all x € [0, 7], we have from the mean value theorem that there exists a
positive number r with 0 < 7 < 1 such that

1 1 1 1
1+5% T —5X 1+5y -3y
cosx + x— cosy + y
l1+m l+m + 7 l+m

2
<rlx-y?
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for all x,y € [0, 7]. Therefore, we have from (4.2) that

1 T T
—— [ Tx =Ty + ——lx—y* <rlx—y* +

2
1+7m 1+ (1+n)2|x—y—(Tx—Ty)|

for all x,y € [0, 7]. Furthermore, we have from (4.1) that
1
Tx = (1 + Ex)(cosx —X)+x

forallx € [0, 7] Take m =1+ andlett =1+ %x and y = cosx for all x € [0, 7]. Then we
have that

b4 1
Tx=t(y—x) +x,y =cosx € 0,5 and 0<t=1+§x51+7z.

Using Theorem 3.2, we have that T has a unique fixed point z € [0, %]. We also know that
z = Tz is equivalent to cos z = z. In fact,

1
z=Tz <+ z= (1+§z>(cosz—z)+z

1
<— 0= <1 + Ez)(cosz—z)

<— 0=cosz-z

Using Theorem 3.2, we can also show the following fixed point theorem for super hybrid
non-self mappings in a Hilbert space; see [1].

Theorem 4.4 Let H be a Hilbert space, let C be a non-empty, bounded, closed and convex

subset of H and let T be a super hybrid mapping from C into H, that is, there exist o, B,y €
R such that

@l T = Ty + (1 -+ y) |x - Tyl
<(B+B-)Tx=yI>+(1-B-(B-a-1)y)lx-yl*
+(@-B)ylx-TxI* +yly - DI?
forall x,y € C. Assume that there exists m > 1 such that for any x € C,

Tx =x + t(y — x)

forsomey € C and t with 0 <t < m. Suppose that « — 8> 0 ory > 0. Then T has a fixed
point.

Proof An («, B, y)-super hybrid mapping T from C into H isan (0,1 -« + y,-8 — (8 —
a)y,-1+ B+ (B —a-1)y,—(a - B)y,—y,0)-widely more generalized hybrid mapping.
Furthermore,a + 1-a +y)+ (-B-(B-a)y)+(-1+B+(B-a-1)y)=0,a+(1 - +
y)+(-y)+0=1>0anda-B-(B-a)y —(a—B)y +0=a - >0, that is, it satisfies the
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conditionsa+B+y +8>0,a+B+¢+n>0anda+y +&+n>0in(2) of Theorem 3.2.
Moreover, we have that

0,)N{r](x+(-B-(B-a)y))r+ (—(a=B)y)+0=>0}
=[0,)N{r[(@-B)(A+y)r-y) =0}

Ifx — B8 >0, then

0, )N{A|(@=B)(A+y)A-y)=0}=[0,1)N{r|A+y)r-y =0}

[0,1) ify <0,
(1) ify >0
# 0,

that is, it satisfies the condition [0,1) N {A | (@ + ¥)A + & + n > 0} # @ in (2) of Theorem 3.2.
If ¢ — B =0, then

0,)N {1 (@-p(A+y)r-y)=0}=[0,1)#0,

that is, it satisfies the condition [0,1) N{A | (@ + y)A + &+ > 0} # P in (2) of Theorem 3.2.
Ifa— B <0andy >0, then
0,)N {1 (@-p)(A+y)r-y) =0}
=0,)N{r|A+y)r-y =<0}

RN
_[Q1+V}#@

that is, it again satisfies the condition [0,1) N {A | (¢ + ¥)A + & + n > 0} # @ in (2) of The-
orem 3.2. Then we obtain the desired result from Theorem 3.2. Similarly, we obtain the

desired result from Theorem 3.2 in the case of (1). O

We remark that some recent results related to this paper have been obtained in [14-17].
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