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Abstract

In present paper we introduce the concept of a new g-monotone mapping and
define the notions of n-fixed point and n-coincidence point and prove some related
theorems for nonlinear contractive mappings in partially ordered complete metric
spaces. Our results are generalization of the main results of Lakshmikantham and Ciri¢
(Nonlinear Anal. 70:4341-4349, 2009) and include several recent developments.
Moreover, we give an example to support our results.
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1 Introduction and preliminaries
The notion of a coupled fixed point is introduced by Bhaskar and Lakshmikantham [1].
Afterward Lakshmikantham and Ciri¢ in [2] extended this notion by defining the g-
monotone property in partially ordered spaces. For other results on coupled coincidence
and coupled common fixed point theory, we refer the readers to ([3—8]). Many authors
obtained important results for usual coincidence and common fixed points in partially
ordered spaces (see, for instance, [9-13]). Recently, Berinde and Borcut [14, 15] intro-
duced the concept of a tripled fixed point. Other authors obtained important results in
this area (see, for instance, [8, 9]). Very recently Eshaghi and Ramezani [16] introduced
and investigated the concept of an n-fixed point (see also Def. 2.7 [4]).

From now, (X, <,d) is a partially ordered complete metric space. Further, the product
space X2 = X x X has the following partial order:

(V) <(xy) < x>y, y<v forall (x,%),(u,v) e X x X.
We summarize in the following the basic notions and results established in [1, 2, 14].

Definition 1.1 (See [1]) A mapping F : X x X — X is said to have the mixed monotone
property if F(x,y) is monotone non-decreasing in x and is monotone non-increasing in ¥,
that is, for any x,y € X,

%1 <% = F(x,y) <F(xy) forx,x X,

<y, = Fxy)<Fxy) fory,y eX.
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Definition 1.2 (See [1]) An element (x,y) € X x X is said to be a coupled fixed point of
the mapping F: X x X — X if F(x,y) = x and F(y,x) = y.

Theorem 1.3 (See [1]) Let F: X x X — X be a mapping having the mixed monotone prop-
erty on X. Assume that there exists k € [0,1) with

d(F(x,9), F(u,v)) < = (d(x,u) + d(y,v)) foreachx <u,y>v.

N A

Also suppose either
(a) F is continuous, or
(b) X has the following property:
(i) If a non-decreasing sequence {x,} — x, then x,, < x for all n;
(i) If a non-increasing sequence {y,} — y, then y, >y for all n.
If there exist xy,yo € X such that xo < F(xo,y0) and yo > F(yo,%0), then F has a coupled
fixed point.

Inspired by Definition 1.1, Lakshmikantan and Ciri¢ [2] introduced the following con-

cept of mixed g-monotone mappings.

Definition 1.4 (See [2]) Let F: X x X — X and g: X — X be mappings. F is said to have
the mixed g-monotone property if F is monotone g-non-decreasing in its first argument

and is monotone g-non-increasing in its second argument, that is, for any x,y € X,

glw) <glxy) = F(x,y) <Flx,y) forx,x X,

gn) =gn) = Fy)=Fxy) fory,y eX.
It is clear that Definition 1.4 reduces to Definition 1.1 when g is an identity mapping.

Definition 1.5 (See [2]) An element (x,7) € X x X is called a coupled coincidence point
of the mapping F: X x X — X and g: X — X if F(x,y) = g(x) and F(y,x) = g(y).

Definition 1.6 (See [2]) Let F: X x X — X, g: X — X be mappings. We say that F and g
are commutative if g(F(x,y)) = F(g(x),g(y)) for all x,y € X.

Theorem 1.7 (See [2]) Assume that there is a function ¢ : [0, +00) — [0, +00) with ¢(f) < ¢
and lim,_, .+ o(r) < t foreach t > 0, and also suppose that F: X x X — X and g: X — X are
mappings such that F has the mixed g-monotone property and

A(FG). ) <o 2L AL

2

forall x,y,u,v € X, for which g(x) < g(u) and g(y) > g(v).

Suppose that F(X x X) C g(X), g is continuous and commutes with F, and also suppose
that either

(a) F is continuous, or

(b) X has the following property:
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(i) If a non-decreasing sequence {x,} — x, then x,, < x for all n;

(i) If a non-increasing sequence {y,} — y, theny <y, for all n.
If there exist x0,y0 € X such that g(xo) < F(xo,¥0) and g(yo) > F(yo,%0), then there exist
%,y € X such that g(x) = F(x,y) and g(y) = F(y,x), i.e., F and g have a coupled coincidence
point.

Theorem 1.8 (See [2]) In addition to the hypothesis of Theorem 1.7, suppose that for every
(%, 9), (x*,y*) € X x X, there exists (u,v) € X x X such that (F(u,v), F(v,u)) is comparable
to (F(x,y), F(y,x)) and (F(x*,y*), F(y*,x*)). Then F and g have a unique coupled common
fixed point, i.e., there exists a unique (x,y) € X x X such that

x=gx) = F(x,), y=g81) =F(y,%).

Recently, Berinde and Borcut [14] introduced the following partial order on the product
space X3 =X x X x X:

9,2 <(w,v,w) & x=<u, y=v, z<w,

where (x, y,z), (4, v, w) € X3 (see also [15]).

Definition 1.9 (See [14]) Let F : X> — X be a mapping. We say that F has the mixed
monotone property if F(x,y, z) is monotone non-decreasing in x and z, and it is monotone

non-increasing in y, i.e., for any x,y,z € X,

X1,%2 GX) X1 < X2 = F(xlr_yyz) =< F(x21yrz)r
Yy €X, <y, = F@y,2)>FKy,2),

yz220€ X, z1<zp = F(xy2)<Fxy2).

Definition 1.10 (See [14]) An element (x,y,z) € X3 is called a tripled fixed point of F :
X > Xif

F(x,y,2) = x, F(y,x,9) =y, F(z,9,%) = z.

Theorem 1.11 (See [14]) Let F : X3 — X have the mixed monotone property on X. Assume
that there exist constants j,k,l € [0,1) with j + k + [ <1, for which

d(F(x,y, 2), F(u,v, w)) <jd(x,u) + kd(y,v) + ld(z,w) Vx>u,y<v,z>w.

Also suppose either
(a) F is continuous, or
(b) X has the following property:
(i) If a non-decreasing sequence {x,} — x, then x,, < x for all n;

(ii) If a non-increasing sequence {y,} — vy, then y,, >y for all n.
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If there exist xo, yo, 2o € X such that

X0 S F(xo»yoyzo)» )/0 ZF()’oyxo,yo) ﬂl’ld 20 SF(ZO»y01xO);

then there exist x,,z € X such that
x=F(x,y2, y=FOxy), z=F(zyw%).

The following concept of an n-fixed point was introduced by Eshaghi and Ramezani [16].
We suppose, as in [16], that & is a positive integer (odd or even) and that the product space
X* = X x --- x X is endowed with following partial order: for (x1,%5,...,%),

_\,_/

k-times

(()’1;)’2, cee ,yk) € Xk) (xhx2; cee )xk) =< ()’1;)’2, e )}’k))

k+1
— ((xz,»l <yy ) foralliel,?2,..., [L},

2
. k
xy; >y foralliel,2,..., 21)

Definition 1.12 (See [16]) An element (x1,%,...,%) € XX is called a k-fixed point of F :
Xk = X if

X = F(X%i,%i_1,...,%0,X1,%2,...,%i+1) forallie{l,2,...,k}.
Theorem 1.13 (See [16]) Let F : XX — X be a continuous mapping having the mixed mono-

tone property on X. Assume that there exist {j;};cz € [0,1) with Z;ifooofi <landj; =0 for
alli #{1,2,...,k} such that

A(F(x%1, %2, . %), FO1 Y25 -, 90)) < j1d(n,31) + jad (2, ¥2) + -+ + jid (%1, y)
forall x;,y; € X (i € {1,2,...,k}), for which x2;1 > y2;-1 for all i € {1,2,..., [1%1]} and xy; <

yaforallie{1,2,...,[5521((5])}.
If there exist x),x3,...,x) € X such that

X9, < F(xgi-vxgi—zw"xg’x?’x(z)"wxg-znz)
forallie(1,2,...,[%1} and
X9, > F(xgi’xgi—l’ 9,80, %9, ~~,x2_zl-+1)
forallie{1,2,..., [15‘]}, then F has a k-fixed point.
In this paper, we present the new k-fixed point, and by defining the notion of a new

g-monotone mapping, the existence of a k-coincidence point and the uniqueness of a com-

mon k-fixed point are obtained. Our definitions are thoroughly different from the ones in
(14, 15].
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2 The main results
Definition 2.1 Let X be a non-empty set, and let F : X¥ — X be a given mapping (k > 2).
An element (x;, %3, %3, ..., %) € X is said to be a k-fixed point of the mapping F if

F(x1,%2, ..., Xk_1, %K) = %1,

F(x21x3) e ’xk)xl) =X2,

F(xk’xlyx%---’xkfl) = Xk

Definition 2.2
Let X be a non-empty set, and let g: X — X and F : X¥ — X (k > 2) be two given map-
pings. F is said to have the new g-monotone property if F is monotone g-non-decreasing

in its first argument. That is, for any (x1, %5, ..., %), (1, Y2, ..., Yk) € Xk,

gx) <gln) =  Flry,x,....56) < FW01LY2-- %)

Definition 2.3 Let X be a non-empty set, and let g : X — X and F: X* — X (k > 2) be
two given mappings. An element (x1,%,...,x;) € XX is called a k-coincidence point of
F:X¥— Xandg:X — X if

g(oer) = F(x1, %0, ..., Xk-1, Xk)

g(xz) = F(x21x3; .. ~1xk;xl);

g(xk) = F(xerlyer oo ,xk_l).
Note that if g is an identity mapping, then Definition 2.3 reduces to Definition 2.1.

Definition 2.4 Let X be a non-empty set, and let g: X — X and F : X* — X (k > 2) be

two given mappings. We say F and g are commutative if
g(F(x1, %2, %)) = F(g(%1),8(%2), ..., g(xx))  forall xy, %, ..., %% € X.

Theorem 2.5 Let (X, <,d) be a partially ordered complete metric space, and let F : X* —
X and g : X — X be two given mappings such that F has a new g-monotone property, g is
continuous, F(X*) C g(X) and g commutes with F. Assume that there exists a continuous
function ¢ : [0, +00) — [0, +00), satisfying

(i) @) <tfort>0andp(0)=0;

(i) lim,_+ @(r) <t foreacht >0,
such that

d(g(xl),g(yl)) +eeet d(g(xk),g(yk))> (2.1)

d(F(xl,...,xk),F(ylr...,yk))SW( k
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SJorall x, y; (€ {1,2,...,k}) so that g(xs;1) < g(y2i-1) forall i € {1,2,..., [%]} and g(yq;) <
glxy) foralli € {1,2,..., (5]}, and suppose there exist x{,x3,...,x% € X such that

k+1
g3 1) S F(X9 a3 s Xk, x5; ) forallie {1, 2. [—] },

2
) (2.2)
g(x3,) = F(x3, 651 o o x2S, .., a9, ) forallie {1,2, e [5} }
Also suppose that either
(a) F is continuous, or
(b) X has the following property:
(i) If a non-decreasing sequence {x,} — x, then x,, < x for all n;
(i) If a non-increasing sequence {y,} — y, then y, >y for all n.
Then there exist x1,%5,...,% € X such that
g(xi) = F(xi,Xis1, .- oy Xy X1, %2, .., Xi1)  forallie {1,2,...,k}. (2.3)
That is, F and g have a k-coincidence point.
Proof Since F(X¥) C g(X), we can find an element x7 € X such that
gy =Fe Nl a) forallie 1,2,k (2.4)
We claim that
k+1
g(xh) <g(x.,) forallie {1, 2. [%“ and
f (2.5)
g(x5") = g(x5;) forallie {1,2,..., [5] }
We prove (2.5) by induction. Note that by (2.2), (2.4) we have
g(xgi—l) = F(xgi—l’xgi’""xl?’x?""’xgi—Z) :g(xéi—l)
k+1
forallie {1,2,..., [L]}
2
and
0 0 .0 0,0 0 1 : k
(%) = (2580515 - X805, ) = g(x3;) forallie {1,2,..., St

Suppose that (2.5) is true for some 7.

Due to the new g-monotone property of F, fori € {1,2,..., []%1]}, we have

n _ n—1 n—1 n-1 _n-1 n-1
g(x2i—1)_F(x2i—l’x2i e Xp X "“7"25-2)

n n n .n n _ n+1
< F(Wy s X XX, o) = (a51),

Page 6 of 15
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and for i € {1,2,...,[5]}, we have
n n-1 _n-1 n-1 _n-1 n—1
g(xZi) =F(x21 T I R ST R T2 1)

non n . n n _ n+l
> F(Wy &0 XX 1) = 8 (o571

Thus (2.5) is true. We denote

b= d(e(e) (1) + () ) + -+ el o)

We will show that

By (2.1), (2.3) and (2.5), we have

d(g(x"),g(x!")) = d(E(x,xly1s . oo xs e xly),

n+l  n+l n+l  n+l n+1
F(x’ T ERERTT) ST IR ’le))

=o((d(e()(@™)) + - +dle(x) g (™))
+ (@) g (™)) + -+ dle(xily) g (<)) 1K)

o)

Summing, we get

Sua = d(g(+"),g(#17)) + dlg(#5"),g(65)) + - + dle(x™) g (%)) = kﬁﬂ(%)-

If for some n we have §,, = 0, then §,,1 = 0; otherwise, §, > 0 for all # € N, then

S O
Spi1 < k(/)<?> < k? =4,

Hence {§,} is a non-increasing sequence which is bounded below (0 < §,), then there exits
some § > 0 such that

lim §, = 4.

n—00

We will show that § = 0. If for some n, §, = 0, it is obvious; otherwise, suppose that § > 0.
Keeping in mind that lim,_,;+ ¢(r) < ¢ (for all £ > 0) and taking the limit as §, — § of both
sides of (2.6), we have

§=lim §,,1 < hm kgo(i) = lim k<p<8k) <k<p<2> k% =4,

which is contradiction. Thus § = 0, that is,

lim d(g(x).g(+")) + d(e(5), (")) + -~ + d(e(xp) g (<)) = 0. 27)

n—00

Page 7 of 15
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Now, we will show that {g(x)},en for all i € {1,2,...,k} is a Cauchy sequence. Suppose,
on the contrary, that at least one of {g(x])} (i € {1,2,...,k}) is not Cauchy. So, there exists
€ > 0 for which we can find sub-sequences {g(x?m)}, {g(x:"(l))} of {g(x})} with n({) > m(l) > |
such that

> d(g(x)g(x")) = . (2.8)

We can choose n(/), corresponding to m(/), such that it is the smallest integer satisfying
(2.8) and n(/) > m(Il) > I. Hence

d(g(: "), g (")) <. (2.9)

€<t:= Zk:d(g(xf(l)),g(x;"(l)))
=2 _(d(e (). 8@ ")) + 2_(dle ()8 ("))
< Xk:(d(g(x;'(l)),g(x?(l)fl)) +e. (2.10)

Taking / — oo in (2.10) and using (2.7), we have

k
€< lillgglf<¥d(g(x;’(l)),g(x;’(l)_l))> +te=e.

That is a contradiction. Therefore {g(x])} for all i € {1,2,..., k} are Cauchy sequences.
Since X is a complete metric space, there exist x;, x5, ...,x; € X such that

lim g(xl") =x; (2.11)

n—00

foralli e {1,2,...,k}. Due to the continuity of g, (2.11) implies that
lim g(g(x})) =g(x;) forallie({1,2,...,k}. (2.12)
n—00

By (2.4) and the commutativity of F and g, we have

(1+1

2(g(x™) = g(F (& allys s ks oally))
=F(g(x}),g(x%1)s- - g(x4), g (7). .. g(x]1)) (2.13)

forallie{1,2,...,k}. We will show that

F(xi:le: ey Ky X1y XDy e e )xi—l) :g(xi)' (214')
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We consider the following two cases.
Case I: The assumption (a) holds. Then by (2.4), (2.13) and (2.11), we have

gla) = lim g(g(x™")) = lim g(F (a0 x% 47, 040,))
= lim F(g(x7),g (1), g(%0), (o)), - g (#4))

n—00

= F(XiXis1y - X X1, -+« Xi1)

foralli € {1,2,...,k}. Thus (2.14) is proved.
Case II: The assumption (b) holds. Since {g(x}; ;)} is non-decreasing for all i € {1,2,
e [I‘T"l]} and g(x%;_;) — x2;_1, and also {g(x},)} is non-increasing for all i € {1,2,..., [g]}

and g(x%;) — xy;, then by assumption (b) we have

2

k
g(xgl.) >xy; forallie {1,2,,,,, <|:§(})}

for all n. Thus by (2.13), (2.1) and the triangle inequality,

k+1
g(5;1) <xziq forallie {1, 2,005 [L:| },

d(g(xi),F(x,»,xM, e s Ky K15 XDy e u e ,xi_l))
<d(g(x).g(g(*""))) + d(g(g(x*")), F(XisKiats - Xier X1, %2, - ., %i1))
=d(g(xi)g(g(xi™))) + d(g(F (' wfss- #5212, 0514)),

F(xix Kitlr oo s Xfr X1, %25+« 1xi—1))

=d(g(x) g(g(x""))) + d(F(g(x)), g(*}1), -8 (%0) g (), g (x5), ... g (%]1)),

F (i Xix1s - o » Xier X1, X2, - ., Xi1))
<d(gx).g(g(x"))) +¢ (% [d(g(g(x})).g(x) +d(g(g(x7.1)) gxin))
+ooo+d(g(g(xk)),g()) +d(gg(x7)) gler)) +--- + d(g(g(x?_l))’g(xm)])

for all i € {1,2,...,k}. Taking the limit as » — oo, by (2.12) and the fact that ¢(0) = 0, we
get d(g(xl)’ F(xi}xi+1) cosXfry X1y en ’xifl)) < 0. Thus

g(x;) = F(x;, %41, - - Xk X1, %2, ..., %) forallie {1,2,...,k}.
Hence we proved that F and g have a k-coincidence point. d
Corrollary 2.6 Let F:X* — X and g: X — X be a continuous mapping such that F has a

new g-monotone property, F(X¥) C g(X) and g commutes with F. Assume that there exists
1 €[0,1) with

|~

A(F(x1, %2, %6), FLy2, -5 90)) < —[d(g(x1),g0n)) + - -+ + d(g(xi), i) ]

=~

\S
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Sor all x;, y; (j € {1,2,...,k}) which g(x9;1) < g2i1) forall i € {1,2,..., [1%1]} and g(yq;) <
glxy) forallie(1,2,..., [g—‘]}, and suppose that there exist x,x9,... ,x2 € X such that

k+1
(3 ) S F(X9 x5 s X a0 255 5)  forallie {1,2,..., [—} },

2
K
g(x3) = F(x3: %515 o220, 49, .., x5, ) forallie {1, 2. [%i| },
and suppose either
(a) F is continuous, or
(b) X has the following property:
(i) If a non-decreasing sequence {x,} — x, then x,, < x for all n;
(ii) If a non-increasing sequence {y,} — vy, then y <y, for all n.
Then there exist x1,%5,...,% € X such that
gx;) = F(X5, Xis1, - - oy Xy X1, X2, .., %1)  forallie {1,2,...,k}.
That is, F and g have a k-coincidence point.
Proof 1t follows from Theorem 2.5 by putting ¢(¢t) =/ - ¢ for [ € [0,1). (I

Example 2.7 Let X =R, d(x,y) = |[x— |, k €N, k> 1, and let F : X¥ — X be defined by

(k +1) YR (1) + k(-1 + 1
2k(k +1)

F(xl:xz;u';xk) =

for all x1,%,..., 4% € X. It is easy to check that F satisfies Corollary 2.6 by taking ¢(¢) = %
and g = idy. If k is an odd positive integer, then

1 1 1 1
(k(2k+1)’k(2k+1)’”"k(2k+1)"“’k(2k+1)>

k-times

is the k-fixed point of F, and if k is an even positive integer, then

1 1 1 1
(2k(/<+1)—1’2k(k+1)—1""’2k(/<+1)—1"”’2k(k+1)—1)

k-times

is the k-fixed point of F.

Theorem 2.8 In addition to the hypothesis of Theorem 2.5, suppose that for every
(01, %20, (%15 %55, %) e XX,

there exists (uy, Us, ..., u;) € X* such that

(F(ul,...,M](),F(uz,...,I/[](,Ml),...,F(Mi,...,uk,ul,...,ul’_l),...,F(Mk,ul,...,uk_l))
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is comparable to

(F(xl,...,xk),F(xg,...,xk,xl),...,

F(xi,...,xk,xl,...,xl‘,l),...,F(xk,xl,...,kal))
and

(F(5s o xf)s E (%5, X0 X1)5 -

F(x;‘,...,x,t,xf,...,xf_l),...,F(x,f,xf,...,x,t_l)).

Then F and g have a unique k-coincidence point, which is a fixed point of g: X — X and a
k-fixed point of F : X* — X. That is, there exists a unique (x1,%, . ..,%r) € X* such that

% = g(x;) = F(X1, Xis15 .o Xko X1, %, ., Xi21) foralli € {1,2,...,k}.

Proof By Theorem 2.5, the set of k-coincidence fixed points is nonempty. Now, suppose
(%1,%2,...,%) and (x],%3,...,%}) are two coincidence fixed points of F and g, that is,

g(x;) = F(x1,%is1, .- . Xk X1, %2, ..., %1)  forallie{1,2,...,k},

g(x}) = (], 5,00 X 87, %5, ox0)  forallie{1,2,...,k).

‘We will show that
glx;) :g(xf) forallie{1,2,...,k}. (2.15)
By assumption, there exists (u1, #s, ..., u;) € X~ such that

(F(uh---’Mk)xF(MZ’-“;Mk;MI)r---’

F(ui,...,I/lk,Ml,...,I/ljfl),.‘.,F(uk;ul,.u,ukfl))
is comparable with

(F1, e 20)s (%25 X K1)

F(xi)~~;xk)x11x2)~~nxifl);'H)F(xlﬁxl)“-;xkfl))
and

(F(5s o xp), E(%5, . X0 X7)5 -

F(&fs XXy s %) e n F(X0 X050 %))

Let u) :=u, forallie {1,2,...,k}.
Since F(X*) C g(X), we can choose u} € X such that g(u}) = F(u,u?,,...,ud,u?,...,ud )

i

foralli € {1,2,...,k}. By asimilar reason as in the proof of Theorem 2.5, we can inductively
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define sequences {g(u])},en for all i € {1,2,..., k} such that for all » € NU {0},
g(uf’“) _ F(u;', Wisooos UR u{’,...,u?ﬁl) forallie {1,2,...,k}.

In addition, let &Y := x; and xj‘o ==uf forallie{1,2,...,k} and, in the same way, define the
sequences {g(x})},en and {g(xf”)}neN forallie(1,2,...,k}. Since

(F(xlrH')xk)rF(xZ’u-’xk)xl)"HyF(xl'!'w;xkyxlwH’xi—l)y'H;F(xerl;uka—l))
= (e(n).8(#2), o8 (7). -8 (1))

and

(F(ul,...,Mk),F(uz,...,uk,ul),...,F(u[,...,l/lk,lxll,...,Mi_l),...,F(uk,ul,...,uk_l))
= (8(m).g(), .8 (), ,g (1))

are comparable, then

g(x3;1) <g(up;_,) forallie {1, 2., [l%l] },

k

g(xéi) Zg(uéi) forallie {1,2,,,,, |:§:|}

Now, for all 7 € N, we have
1 1 2 n . k+1
glai1) = g(xyy) <g(uziy) <g(uziy) < =g(uyy) (i€{L2..0 S 1)
k
g) = g(x5;) = () = g(u3) = -+ = g () (i € {1’2"“’ [5(1| })

Then (g(x1),g(x2), ...,g(xx)) and (g(2]), g(u3), ..., g(u})) are comparable for all n € N.
It follows from (2.1) that

d(g(x%—l)!g(ug;—ll))

= d(F (i1, %20y o1 Xk X1, X0i0), F (i il w5 )
< o((deCan)rg () + - + dglee) g (1)) + d(ger) g (1))
Foeot d(g(xg,-_z),g(”gi-z)))/k)

forallie({1,2,...,[%]} and
d(g(x%),g(u;’,f'l))
= d(F(xZieriH;--ka;xlx-uyxZi—l)’F(Mgp ME’HI,”.,MZ, Mf,.--,ug,'_l))

< ¢((d(g(x2i):g(ugi)) bt d(g(xk):g(”Z)) + d(g(xl),g(bl}f))
+ o+ d(g(xnia), g (1)) 1K)

forallie{1,2,...,([§])}.
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Summing, we get

l[d(g(xl),g(u;’ﬂ)) + d(g(xz),g(ug’“)) P d(g(xk),g(u,’j”))]

k
- /_((p (d(g(xﬂ,g(ui’)) +d(g(x2), g(uy)) + - -+ + d(g(xk),g(uﬁ)))
~k k '
It follows that
[ g() + d{gte, ga5™) + -+ et glr)]

(2.16)

<y <d(g(x1),g(u1)) +d(g(x2),g(u2)) + - + d(g(xk),g(uk)))
- k

for all # > 1. Note that ¢(0) = 0, (¢) < ¢, lim,_+ ¢(r) < ¢ for ¢ > 0 imply that lim,,_, o, " (£) =
0 for all £ > 0. Hence from (2.16) we have

lim d(g(x),g(;")) =0 forallie {1,2,....k}. (217)

i
Similarly, one can prove that

lim d(g(x}),g(u/*")) =0 forallie{1,2,...,k}. (2.18)

n—00 g

It follows from (2.17), (2.18) and the triangle inequality that

d(g(x)g(x7)) = d(g(xi) g (™)) + d(g(ui™).g(x7)) — 0,
asn— oo foralli e {1,2,...,k}. Hence g(x;) = g(x}), therefore (2.15) is proved.

Since g(x;) = F(%i,Xi115 ..., Xk, X1, %2, ..., %;—1) for all i € {1,2,...,k}, by the commutativity
of F and g, we have

g(g(x,)) = g(F(x,-,be e s Xk X1, X250+ .,x,'_l))

= F(g(x:), g(xi1)s ..., &), g1, ..., g(x21)). (2.19)
Denote g(x;) = y; for all i € {1,2,..., k}. From (2.19), we have
g(y,) =g(g(x,)) :F(yi;yiﬂx~~~:yk:y1:~-ryi—1) forallie {1,2,...,k}. (220)

Hence (y1,%2,..-,¥x) is a k-coincidence point of F and g.
It follows from (2.15) and x} = y; that

gy)=g(x;) forallie{l,2,...,k}.
This means that

gy =y forallie(l,2,...,k}.
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Now, from (2.20) we have

Yi :gb’i) = F()’i,yinm~,yk;)’1,~~,)’i71) forallie {1, 2,...,/(}.

Hence, (y1,¥2,...,¥k) is a k-fixed point of F and a fixed point of g.
To prove the uniqueness of the fixed point, assume that (21,2, ...,z¢) is another k-fixed
point. Then by (2.15) we have

zi=gz:)=gly)=y; forallie(l,2,...,k}.

Thus (21,23, .-,2k) = W1, Y2, - --»¥k)- This completes the proof. O
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