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Abstract

An inclusion problem and a fixed point problem are investigated based on a hybrid
projection method. The strong convergence of the hybrid projection method is
obtained in the framework of Hilbert spaces. Variational inequalities and fixed point
problems of quasi-nonexpansive mappings are also considered as applications of the
main results.
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1 Introduction and preliminaries

Splitting methods have recently received much attention due to the fact that many nonlin-
ear problems arising in applied areas such as image recovery, signal processing, and ma-
chine learning are mathematically modeled as a nonlinear operator equation and this op-
erator is decomposed as the sum of two nonlinear operators. Splitting methods for linear
equations were introduced by Peaceman and Rachford [1] and Douglas and Rachford [2].
Extensions to nonlinear equations in Hilbert spaces were carried out by Kellogg [3] and
Lions and Mercier [4]. The central problem is to iteratively find a zero of the sum of two
monotone operators A and B in a Hilbert space H. In this paper, we consider the prob-
lem of finding a solution to the following problem: find an x in the fixed point set of the

mapping S such that
x€(A+B)7Y0),

where A and B are two monotone operators. The problem has been addressed by many au-
thors in view of the applications in image recovery and signal processing; see, for example,
[5-9] and the references therein.

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (-,-) and norm || - ||, respectively. Let C be a nonempty closed convex subset of
H and P¢ be the metric projection from H onto C. Let S: C — C be a mapping. In this
paper, we use F(S) to denote the fixed point set of S; that is, F(S) := {x € C:x = Sx}.

Recall that S is said to be nonexpansive iff

1Sx—Syll < llx—yll, VYx,yeC.
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If C is a bounded, closed, and convex subset of H, then F(S) is not empty, closed, and
convex; see [10].
S is said to be quasi-nonexpansive iff F(S) # ¥ and

[Sx -yl =llx=yll, VxeC,yeF(©S).

It is easy to see that nonexpansive mappings are Lipschitz continuous; however, the
quasi-nonexpansive mapping is discontinuous on its domain generally. Indeed, the quasi-
nonexpansive mapping is only continuous in its fixed point set.

Let A : C — H be a mapping. Recall that A is said to be monotone iff

(Ax—Ay,x—y) >0, Vx,yeC.
A is said to be strongly monotone iff there exists a constant « > 0 such that
(Ax —Ay,x —y) > a|x —y||2, Vx,y € C.

For such a case, A is also said to be a-strongly monotone. A is said to be inverse-strongly
monotone iff there exists a constant « > 0 such that

(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeC.
For such a case, A is also said to be a-inverse-strongly monotone. Notice that
allAx - Ay|* < (Ax - Ay,x - y) < |Ax - Ayl [lx -y

clearly shows that A is i—Lipschitz continuous.
Recall that the classical variational inequality is to find an x € C such that

(Ax,y—x) >0, VyeC. (1.1)

In this paper, we use VI(C, A) to denote the solution set of (1.1). It is known that x” € Cis a
solution to (1.1) iff x” is a fixed point of the mapping Pc(I — AA), where A > 0 is a constant,
I stands for the identity mapping, and P¢ stands for the metric projection from H onto C.

A multivalued operator T : H — 2 with the domain D(T) = {x € H : Tx # @} and the
range R(T) = {Tx : x € D(T)} is said to be monotone if for x; € D(T), x, € D(T), y1 € Txy,
and y, € Tx,, we have (x; —x3,%1 — ¥2) > 0. A monotone operator 7 is said to be maximal
if its graph G(T) = {(x,y) : y € Tx} is not properly contained in the graph of any other
monotone operator. Let I denote the identity operator on H and T : H — 2/ be a maximal
monotone operator. Then we can define, for each A > 0, a nonexpansive single-valued
mapping J; : H — Hby J; = (I + AT)™L. It is called the resolvent of T. We know that 7710 =
F(J;) for all A > 0 and J; is firmly nonexpansive.

The Mann iterative algorithm is efficient to study fixed point problems of nonlinear
operators. Recently, many authors have studied the common solution problem, that is,
find a point in a solution set and a fixed point (zero) point set of some nonlinear problems;
see, for example, [11-30] and the references therein.
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In [11], Kamimura and Takahashi investigated the problem of finding zero points of a
maximal monotone operator by considering the following iterative algorithm:

X0 GH, Xpsl = OpXy + (l_an)]knxn; n=0,12,..., (12)

where {a,} is a sequence in (0,1), {A,} is a positive sequence, T : H — 2" is a maximal
monotone, and J;,, = (I + 1, T)~!. They showed that the sequence {x,} generated in (1.2)
converges weakly to some z € T71(0) provided that the control sequence satisfies some
restrictions. Further, using this result, they also investigated the case that 7' = 9f, where f :
H — (—00,00] is a proper lower semicontinuous convex function. Convergence theorems
are established in the framework of real Hilbert spaces.

In [12], Takahashi an Toyoda investigated the problem of finding a common solution of
the variational inequality problem (1.1) and a fixed point problem involving nonexpansive
mappings by considering the following iterative algorithm:

%0 € C, X1 =Xy + (1 —0a,)SPc(x, — AyAx,), VYn>0, (1.3)

where {«,} is a sequence in (0,1), {A,} is a positive sequence, S : C — C is a nonexpansive
mapping, and A : C — H is an inverse-strongly monotone mapping. They showed that the
sequence {x,} generated in (1.3) converges weakly to some z € VI(C,A) N F(S) provided
that the control sequence satisfies some restrictions.

The above convergence theorems are weak. In this paper, motivated by the above results,
we consider the problem of finding a common solution to the zero point problems and
fixed point problems based on hybrid iterative methods with errors. Strong convergence
theorems are established in the framework of Hilbert spaces.

To obtain our main results in this paper, we need the following lemmas and definitions.

Let C be a nonempty, closed, and convex subset of H. Let S : C — C be a mapping. Then
the mapping I — S is demiclosed at zero, that is, if {x,} is a sequence in C such that x, —~ x
and x,, — Sx,, — 0, then x € F(S).

Lemma [9] Let C be a nonempty, closed, and convex subset of H, A : C — H be a mapping,
and B : H = H be a maximal monotone operator. Then F(J,(I — LA)) = (A + B)™1(0).

2 Main results

Theorem 2.1 Let C be a nonempty closed convex subset of a real Hilbert space H, A :
C — H be an a-inverse-strongly monotone mapping, S : C — C be a quasi-nonexpansive
mapping such that I — S is demiclosed at zero, and B be a maximal monotone operator on
H such that the domain of B is included in C. Assume that F = F(S)N (A + B)™(0) #@. Let
{1} be a positive real number sequence. Let {«,} be a real number sequence in [0,1]. Let
{x,} be a sequence in C generated in the following iterative process:

X1 € C,
G =G,
Yn = OpXy + 1- an)S]An (%n — AnAxy),

C;’1+1 = {Z € Cn : ”yn _Z” = ”xn —Z”},

Xn+l = PC,H.lxl! n=> 1,
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where J;, = (I + »,B)™\. Suppose that the sequences {a,} and {\,} satisfy the following re-
strictions:

(@ 0<a,<a<l;

(b) 0<b <A, <c<2a.
Then the sequence {x,} converges strongly to Prx;.

Proof First, we show that C,, is closed and convex. Notice that C; = C is closed and convex.
Suppose that C; is closed and convex for some i > 1. We show that C;,; is closed and convex
for the same i. Indeed, for any v € C;, we see that

lly: = zll < llx: — 2|l
is equivalent to
y:ll* = ll%:ll* = 24z, 3 — ;) = 0.

Thus C;,; is closed and convex. This shows that C, is closed and convex.
Next, we prove that ] — 1,4 is a nonexpansive mapping. Indeed, we have

| = AA)x = (1 = 2, Ay

=[x =y) - Au(Ax - 4|

= [l = yII* = 22, (x — y, Ax — Ay) + 1,,* || Ax — Ay||*

< llx = ylI” = 2,2 — &) [ Ax — Ay|1*.

In view of the restriction (b), we obtain that I — 1, A is nonexpansive. Next, we show that
F C C, for each n > 1. From the assumption, we see that 7 C C = C;. Assume that F C C;
for some i > 1. For any z € F C C;, we find from Lemma that

z=S8z=J,,(z—- AiAz).
Put z,, = /5, (%, — AnAx,). Since J;,, and I — A,A are nonexpansive, we have

llzn —pll < ”(xn = MiAxy) = (p = ApAp) ”

< lx.-pl. (2.1)
It follows from (2.1) that

ly: =zl = [Jo; + (1 - 00))Szi — 2|
<allxi -zl + Q- a)llz — 2|

=< llxi —zll.

This shows that z € Cj;;. This proves that 7 C C,. Notice that x,, = P¢c, x;. For every z €
F C C,, we have

%1 = xull < ll%1 - 2l|.
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%1 = %l < ll%1 — Pra]l.

This implies that {x,} is bounded. Since x, = Pc,x; and x,,; = P¢,,, %1 € Cp1 C Cy, we

arrive at

0 < (xl —XnsXn _xn+1>

< — o1 = % 1> + 121 = %l 1261 = i -
It follows that
%0 = %11l < %2 — 21l
This implies that lim,,_, o, ||%,, — %1 || exists. On the other hand, we have

2
1%, = Xl

2 2
= ”xn _xlll + 2<xn — X1, %1 _xn+1> + ”xl _xn+1”

2 2 2
”xn _xlll - 2||xn _xlll + 2<xn —X1,%n _xn+1) + ”xl _xn+l||

<l = X I* = [l — 211>
It follows that
lim %, — %411l = 0. (2.2)
n—o0

Notice that %, = Pc,,, %1 € Cy41. It follows that
17n = %na |l < 1% = X [l
This in turn implies that
17 = %nll < 11yn = %l + 1%0 = X | < 201%0 — X [l
In view of (2.2), we obtain that
Jim [lx, =yl = 0. (2.3)
On the other hand, we have
%60 = yull = (1 = ctu) 1% — Szl
It follows from (2.3) that

lim ||x, — Sz,|| = 0. (2.4)
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For any p € F, we see that
2
”Zn —P||2 = ”]An (xn - )\nAxn) —]A,,(P - )\‘}’IAP)H
< ll%, = pI* = 2{x, — p, Ax,, — Ap) + 1} | Ax, — Ap||®

< llxn = pII* = 1u(2er = 1) | A%, — Ap|>. (2.5)
Notice that

1yn =PI < @ulln = pII* + (1 - @) [1Sz, - plI?

< aulln = pII* + (1= )20 — > (2.6)

Substituting (2.5) into (2.6), we see that

1yn = pI? < 1% =PI = (1 = )k (2 = 1) [ A — Ap]*.
It follows that

(1= ) hn(20 = A) A% = AplI* < |12 = pII* = llyn ~ pII°

< (Il = 2l + 19 = 21 1% = Yl

This implies from (2.3) that

lim [[Ax, — Apl| = 0. 2.7)

On the other hand, we have

12w =PI = [ @ = 20A%) =3, (2 = 20AD) |
<(Gen = AwAx) — (p = 2uAP), 20 — p)
= %(Il(xn — dnAxy) = (p = 1nAP)|) + ll2s = pII?

|G = 2nAx) = (p = 2nAp) = (2 = D))

< 5 (P17 + = pIP = [0 =20~ 2a(Am, ~ 4p)])
< %(nxn —pI? + 120 = P12 = 1% = 2all? = A2 ]| A, — Ap]?
+ 2l — 2z 1A%, — Apl))

1 2 2 2
< E(Hxn =PI + 12w = pII> = 1% — 2ull* + 24 1%5 — z4 |l | A%, — Apll).
It follows that

2w = pII* < %0 = pII* = 1% = 2ull* + 20 1%, — 2, ||| A%, — Apll. (2.8)
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Substituting (2.8) into (2.6), we see that
lyn = PI* < %0 = pII* = @ = o) 1% = 2all> + 2(1 = ) Al — zu | [ A%y — Ap|.
It follows that

(I —ay)llx, — Zrt”2
< lxn =PI = lyn = PI” + 20 = ) Au %4 — 2 ||| A% — Apl|

< (10 =PIl + 19 = P11 156 = pll + 201 = )l = 21| A, — Apl.
In view of the restriction (a), we obtain from (2.7) that
lim ||x, —z,]| = 0. (2.9)
n—0oQ

Since {x,} is bounded, we may assume that there is a subsequence {x,,} of {x,} converging
weakly to some point x”. It follows from (2.9) that z,, converges weakly to x”. Notice that

”Szn _Zn” = ”Szn _xn” + ”xn _Zrl”-
It follows from (2.4) and (2.9) that

lim ||Sz, —z,|| = 0.

n—0oQ

In view of the assumption that S is demiclosed at zero, we see that x™ € F(S).
Next, we show that x” € (4 + B)™1(0). Notice that z, = J;, (x, — A,Ax,). This implies that

Xy — AnAx, € ([ + A, B)z,.

That is,

Xn—Zp

- Ax, € Bz,.

n

Since B is monotone, we get for any (i, v) € B, that

<zn —u, x,,)\— Zn —Ax, - v> > 0. (2.10)

n

Replacing # by #; and letting i — 0o, we obtain from (2.10) that

(w—u,-Aw —v) <0.
This means —Aw € Bw, that is, 0 € (4 + B)(w). Hence, we get w € (A + B)™1(0). This com-
pletes the proof that x € F.

Notice that Prx; C Cyy1 and x4 = Pc,,, %1, we have

lvr = xpaa || < [l = Proa .

Page 7 of 11
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On the other hand, we have

1 = Praal| < [Joer — "
< liminf [lx; — x|
1—>00
< limsup ||y — x|l
i—00

< |lx1 = Proxa]l.
We, therefore, obtain that
1 =" = lim [lxg = %, 1| = lv1 = Pray .
11— 00

This implies x,, — x = Pzxy. Since {x,,} is an arbitrary subsequence of {x,}, we obtain
that x,, > Prx; as n — 00. This completes the proof. O

From Theorem 2.1, we have the following results immediately.

Corollary 2.2 Let C be a nonempty closed convex subset of a real Hilbert space H, A : C —
H be an a-inverse-strongly monotone mapping, and B be a maximal monotone operator
on H such that the domain of B is included in C. Assume that (A + B)™(0) # 0. Let {A,,} be
a positive real number sequence. Let {«,} be a real number sequence in [0,1]. Let {x,} be a
sequence in C generated in the following iterative process:

X1 € C,
Cl = C)
Vn = QuXy + (1 - an)])m (xn - )\nAxn)v

C;’1+1 = {Z € Cn: ”yn _Z” = ”xn —ZH},

Xn41 = Pc, %1, n>1,

where J;, = (I + »,B)™\. Suppose that the sequences {a,} and {\,} satisfy the following re-
strictions:

(@ 0<a,<ac<l;

(b) 0<b<A,<c<2a.
Then the sequence {x,} converges strongly to P4 ,g)-1(o)%1.

Let f : H — (—00,00] be a proper lower semicontinuous convex function. Define the
subdifferential

af (x) = {zeH:f(x)+ (y—x,2) §f(y),VyeH}

for all x € H. Then 9f is a maximal monotone operator of H into itself; see [23] for more
details. Let C be a nonempty closed convex subset of H and ic be the indicator function
of C, that is,

0, xeC,
oo, x¢C.

icx =
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Furthermore, we define the normal cone N¢(v) of C at v as follows:
Nev={zeH:(zy-v) <0,¥y e H}

for any v € C. Then i¢ : H — (—00, 0] is a proper lower semicontinuous convex function
on H and dic is a maximal monotone operator. Let Jyx = (I + Adic) " x for any A > 0 and
x € H. From dicx = Ncx and x € C, we get

v=Lhx <& xe€v+ANcv
& (x—-vy-v)<0, VyeC,

& v=DPex,

where P¢ is the metric projection from H into C. Similarly, we can get that x € (4 +
dic)71(0) & x € VI(A, C). Putting B = dic in Theorem 2.1, we can see J;, = Pc. The fol-
lowing is not hard to derive.

Corollary 2.3 Let C be a nonempty closed convex subset of a real Hilbert space H, A : C —
H be an a-inverse-strongly monotone mapping, and S : C — C be a quasi-nonexpansive
mapping such that I — S is demiclosed at zero. Assume that F = F(S) N\ VI(C,A) # (. Let
{1} be a positive real number sequence. Let {«,} be a real number sequence in [0,1]. Let
{x,,} be a sequence in C generated in the following iterative process:

X1 € C,
Cl = Cr
Yn = QuXy + (1 - an)SPC(xn - )Wlen):

Cu1=1{z€ Cy: lyn —zll < lIxn —2ll},

X1 =Pc,yx1, n>1

Suppose that the sequences {«,} and {1, } satisfy the following restrictions:
(@ 0<a,<a<l;
(b) 0<b <A, <c<2a.

Then the sequence {x,} converges strongly to Prx;.
In view of Corollary 2.3, we have the following corollary on variational inequalities.

Corollary 2.4 Let C be a nonempty closed convex subset of a real Hilbert space H and
A : C — H be an a-inverse-strongly monotone mapping. Assume that F = VI(C,A) # 9.
Let {)\,,} be a positive real number sequence. Let {a,} be a real number sequence in [0,1].
Let {x,} be a sequence in C generated in the following iterative process:

X1 € C,
G =G,
Yn = OpXy + (I — a,)Pc(x, — ApAxy),

C;’1+1 = {Z € Cn : ”yn _Z” = ”xn —Z”},

Xn+l = PC,H.lxl! n=> 1.
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Suppose that the sequences {«,} and {1, } satisfy the following restrictions:

(@ 0<a,<a<l;
(b) 0<b<Ar,<c<20a.

Then the sequence {x,} converges strongly to Py a*i.
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