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1 Introduction and preliminary

Let E be a topological vector space (t.v.s.) with zero vector #. A nonempty subset K of
E is called a convex cone if K + K € K and AK € K for each L > 0. A convex cone K
is said to be pointed if K n - K = {#}. For a given cone K € E, we can define a partial
ordering < with respect to K by

Xy y—xek.

x < y will stand for » < y and x = y while » << y stands for y — x € K°, where K°
denotes the interior of K. In the following, we shall always assume that Y is a locally
convex Hausdorff t.v.s. with zero vector 6, K is a proper, closed, and convex pointed
cone in Y with K° # &, e € K° and < a partial ordering with respect to K. The non-

linear scalarization function &, :Y — R is defined by
&) =inflreR:yere—K}

forallye Y.

We will use P instead of K when E is a real Banach spaces.

Lemma 1.1 [1]For each r € R and y € Y, the following statements are satisfied:

(i) ély) sreye re-K

(i) £(y) >reye¢re - K

(ii)) E(y) 2r oy ¢ re - K

(iv) éy) < reoye re - Ko

(v) &) is positively homogeneous and continuous on Y .

Vi) yr € y2 + K= &(y2) < &)

vii) Ce(y1 + y2) < Cey1) + Cy2) for all y,, yr € Y.

Definition 1.2 [1]Let X be a nonempty set. A vector-valued function d : X x X —> Y is
said to be a TVS-cone metric, if the following conditions hold:

(C1)0<dx, y) forallx, ye Xand dx, y) =0 iffx =y

(C2) d(x, y) = d(y, x) forall x, ye X

(C3)d(x, y) < (% 2) + d(z y) forall x, y, z € X.
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The pair (X, d) is then called a TVS-cone metric space.

Huang and Zhang [2] discuss the case in which Y is a real Banach space and call a
vector-valued function d : X x X — Y a cone metric if d satisfies (C1)-(C3). Clearly, a
cone metric space, in the sense of Huang and Zhang, is a special case of a TVS-cone
metric space.

In the following, some conclusions are listed.

Lemma 1.3 [3]Let (X, D) be a cone metric space. Then

dxy) = {uemg(gy)w} lll, - xyeX

is a metric on X.

Theorem 1.4 [3]The metric space (X, d) is complete if and only if the cone metric
space (X, D) is complete .

Theorem 1.5 [1]Let (X, D) be a TVS-cone metric space. Then dy : X x X — [0, o)
defined by dy(x, y) = &(D(x, ¥)) is a metric.

2 Main results
We first show that the metrics introduced the Lemma 1.3 and the Theorem 1.5 are
equivalent. Then, we provide some examples involving the metric defined in Lemma
1.3.

Theorem 2.1 For every cone metric D : X x X — E there exists a metric
d: X x X — R*which is equivalent to D on X.

Proof. Define d(x, y) = inf {||u||: D(x, ¥) < u}. By the Lemma 1.3 d is a metric. We
shall now show that each sequence {x,} € X which converges to a point x € X in the
(X, d) metric also converges to x in the (X, D) metric, and conversely. We have

1
Vn, m € N Juy,y, such that  ||ugm|| < d(x,, x)+ , D(xn, X) < tnm.
m

Put v, := u,, then [jv,]] < d(xn, x)+ } and D(x,, %) < v,,. Now if x, > x in (X, d)
then d(x,, x) — 0 and so v,, — 0 too, therefore for all ¢ >> 0 there exists N € N such
that v, << ¢ for all n = N. This implies that D(x,, x) << ¢ for all # > N. Namely «x,, —
x in (X, D).

Conversely, for every real ¢ >0, choose ¢ € E with ¢ >> 0 and ||c|| < &. Then there
exists N € N such that D(x,, x) << ¢ for all » > N. This means that for all ¢ >0 there
exists N e N such that d(x,, x) < ||c|| < ¢ for all # = N. Therefore d(x,, x) - 0 as n
— 50 X, = x in (X, d).

O

Theorem 2.2 If dy(x, y) = inf {||u||: D(x, y) < u} and d(x, y) = E(D(x, y)) where D is
a cone metric on X. Then d is equivalent with d,.

Proof. Let xnil)xthen d1(%n, X) R 050 by Theorem 2.1 in ¥ B %50
Ve >0, Ve>>0 3N Vn(n=N= D(x,, x) << ¢e),

and or ¢e — D(x,, x) € K°for all » > N. So D(x,, x) € e - K° for n > N. Now by [[1],
Lemma 1.1 (iv)] &.(D(x,, x)) < ¢ for all n > N. Namely d,(x,, x) < ¢ for all n > N there-

fore d2(xn, X) RO or Xn % .
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Conversely, xn@)x hence d2(%n, X) RO 50 &(D(xn, X)) RO, therefore
Ve >0 3N Vn(n>N= &(D(xn, x)) < é).
So D(x,, x) € ¢e-K° for n > N by [[1], Lemma 1.1 (iv)]. Hence, D(x,, x) = ce—k for
some k € K so D(x,, x) << ge for n > N this implies that B cand again by Theo-
rem 2.1 xnﬁ)x. o

In the following examples, we use the metric of Lemma 1.3.
Example 2.3 Let 0 #a € P C R"with ||a|| = 1 and for every x,y € R"define

a, X f
D(x, y) = {0 xi;

Then D is a cone metric on R" and its equivalent metric d is

1, x f
d(x, y)={0 xf;

which is a discrete metric.
Example 2.4 Let a, b > 0 and consider the cone metric D : R x R — R2with

D(x, y) = (adi(x, ). bda(x, y))

where dy, d, are metrics on R . Then its equivalent metric is
d(x, y) = Va2 + 02||(d1(x, y), da(x, )II.

In particular if d\(x, y):= |x — y| and dy(x, y):= a|x - y|, where o > O then D is the
same famous cone metric which has been introduced in [[2], Example 1] and its equiva-
lent metric is

d(x, ) =vV1+a2lx—yl.

Example 2.5 For g >0, b >1, E = 1%, P = {{x,,},>1 : %, = 0, for all n} and (X, p) a
metric space, define D : X x X — E which is the same cone metric as [[4], Example 1.3]
by

ot - | ()

n>1
Then its equivalent metric on x is

i, ) - H (p(;y))i _ (i p(;;y))cl’ ) (x;(f,yl)f’,

n=1llg n=1
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