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1 Introduction and preliminaries
Browder and Petryshyn introduced the concept of asymptotic regularity of a self-map
at a point in a metric space.

Definition 1 [1] A self-map 7 on a metric space (X, d) is said to be asymptotically
regular at a point x € X' if lim,,_, ,od(7"x, T™'x) = 0.

Recall that the set O(xo; T) = {T"x0: n=0,1,2,...} is called the orbit of the self-
map 7T at the point xg € X.

Definition 2 [2] A metric space (&, d) is said to be T -orbitally complete if every
Cauchy sequence contained in O(x; 7) (for some x in X) converges in X.

Here, it can be pointed out that every complete metric space is 7 -orbitally complete
for any 7, but a T -orbitally complete metric space need not be complete.

Definition 3 [1] A self-map 7 defined on a metric space (X, d) is said to be orbitally
continuous at a point z in X if for any sequence {x,} C O(x; T) (for some x € X), %,
— z as n —> oo implies Tx, — Tz as n —> .

Clearly, every continuous self-mapping of a metric space is orbitally continuous, but
not conversely.

Sastry et al. [3] extended the above concepts to two and three mappings and
employed them to prove common fixed point results for commuting mappings. In
what follows, we collect such definitions for three maps.

Definition 4 Let S, T, R be three self-mappings defined on a metric space (X, d).

1. If for a point xy € X, there exits a sequence {x,} in X such that
Rxone1 = Sxon, RXonso = Txon1,n=0,1,2,..., then the set
O(x0; S, T,R) ={Rx,:n=1,2,...}is called the orbit of (S, T, R) at xy.
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2. The space (X, d) is said to be (S, 7, R)-orbitally complete at x, if every Cauchy
sequence in O(xo; S, T, R) converges in X.

3. The map R is said to be orbitally continuous at x, if it is continuous on
O(x0; S, T, R).

4. The pair (S,7T) is said to be asymptotically regular (in short a.r.) with
respect to R at x, if there exists a sequence {x,} in X such that
Rx2n+1 = SJCQn, RJCzsz = Tx2n+1/ n=0,12,.., and d(Rxn, Rxn+1) — 0 as n —> oo,

5. If R is the identity mapping on X, we omit "R” in respective definitions.

On the other hand, fixed point theory has developed rapidly in metric spaces
endowed with a partial ordering. The first result in this direction was given by Ran
and Reurings [4] who presented its applications to matrix equations. Subsequently,
Nieto and Lépez [5] extended this result for nondecreasing mappings and applied it to
obtain a unique solution for a first-order ordinary differential equation with periodic
boundary conditions. Thereafter, several authors obtained many fixed point theorems
in ordered metric spaces. For more details, see [6-15] and the references cited therein.

Recently, Nashine and Altun (HK Nashine and I Altun, unpublished work) proved
the following ordered version of a result of Zhang [16]:

Theorem 1 Let (X,d, %) be a complete partially ordered metric space and let
S, T : X — X be two weakly increasing mappings such that

F(d(Tx, Sy)) = ¥ (F(O[T, S](x.y)))

holds for each comparable x,y € X, where F, y : [0, +c0) — [0, +o0) are functions such that
(i) F is nondecreasing, continuous, and F(0) = 0 <F(t) for every t > 0;
(ii) w is nondecr easing, right continuous, and y(t) <t for every t > 0, and

O[T, S1(x,y) = max{d(x, y), d(x, Tx), d(y, Sy), ;[d(x, Sy) +d(y, Tx)}.

If S or T is continuous, then S and T have a unique common fixed point.

In this article, we generalize this theorem of Nashine and Altun (HK Nashine and I
Altun, unpublished work) (and, hence, some other related common fixed point results)
in two directions. The first is treated in Section 3, where a pair of asymptotically regu-
lar mappings in an orbitally complete ordered metric space is considered. The exis-
tence and (under additional assumptions) uniqueness of their common fixed point is
obtained under assumptions that these mappings are strictly weakly isotone increasing,
one is orbitally continuous and they satisfy a generalized weakly contractive condition.

In Section 4, we consider the case of three self-mappings S, 7, R where the pair
S, T is R-relatively asymptotically regular and relatively weakly increasing, while the
contractive condition is given with the help of two control functions.

We furnish suitable examples to demonstrate the validity of the hypotheses of our
results.

2 Notation and definitions
First, we introduce some further notation and definitions that will be used later.

If (X, X) is a partially ordered set then x,y € X are called comparable if x < y or y < x
holds. A subset |C of X is said to be well ordered if every two elements of C are compar-
able. If 7 : X — X is such that, for x,y € X, x < y implies Tx < Ty, then the mapping T
is said to be nondecreasing.
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Definition 5 Let (X, <) be a partially ordered set and S, 7 : X — X.

1. The mapping 7T is called dominating if x < 7x for each x € X[17].

2. The pair (S, T) is called weakly increasing if Sx < 7Sx and Tx < ST« for all
x € X[18,19].

3. The mapping S is said to be T -weakly isotone increasing if for all x € X we have
Sx < TSx < ST Sx[18-20].

4. The mapping S is said to be T -strictly weakly isotone increasing if, for all x ¢ X
such that x < Sx, we have Sx < TSx < ST Sx (HK Nashine, B Samet, and C Vetro,
unpublished work).

5. Let R:X - X be such that TX CRX and SX C RX, and denote
R7'(x):={ue X :Ru=x), for x € X. We say that 7 and S are weakly increasing
with respect to R if and only if for all x € X, we have [10]:

Tx< Sy, Yye R (Tx)
and
Sx < Ty, VyeR (Sx).

Example 1 [17] Let X = [0, 1] be endowed with the usual ordering. Let 7 : X — X
be defined by Tx = /x. Since x < /x = Tx for all x € X, T is a dominating map.

Remark 1(1) None of two weakly increasing mappings need be nondecreasing. There
exist some examples to illustrate this fact in [21].

(2) IfS, T : X — X are weakly increasing, then S is T -weakly isotone increasing.
(3) S can be T -strictly weakly isotone increasing, while some of these two map-
pings can be not strictly increasing (see the following example).

(4) If R is the identity mapping (Rx = x for all x € X), then T and S are weakly
increasing with respect to R if and only if they are weakly increasing mappings.

Example 2 Let X =[0,+00) be endowed with the usual ordering and define

S, T:X > Xas
_ | 2%, ifx € [0, 1], ]2, ifxe[o0,1],
Sx_{3x,ifx> 1; Tx_{zx,ifx>l.

Clearly, we have x < Sx < TSx < ST Sx for all x € X, and so, S is T -strictly weakly
isotone increasing; 7 is not strictly increasing.

Definition 6 [22,23]. Let (X, d) be a metric space and f,g: X — X.

1. If w = fx = gx, for some x € X, then x is called a coincidence point of fand g, and
w is called a point of coincidence of fand gIf w = x, then «x is a common fixed point
of fand g.

2. The mappings f and g are said to be compatible if lim,,_,.. d(fgx,, gfx,) = 0, when-
ever {x,} is a sequence in X such that lim,, .. fx,, = lim, ,..gx, = ¢ for some ¢t € X.

Definition 7 Let X be a nonempty set. Then (X, d, <) is called an ordered metric
space if

(i) (X, d) is a metric space,

(ii) (X, =) is a partially ordered set.
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The space (X, d, X) is called regular if the following hypothesis holds: if {z,} is a non-
decreasing sequence in X’ with respect to < such thatz, — z € X as n — oo, then z, < z.

3 Common fixed points for 7-strictly weakly isotone increasing mappings
In this section, we improve the results of Nashine and Altun (HK Nashine and I Altun,
unpublished work) by considering the following:

1. a pair of asymptotically regular mappings;

2. orbital continuity of one of the involved maps;

3. strictly weakly isotone increasing condition;

4. generalized weakly contractive condition, and

5. an ordered orbitally complete metric space.

We will denote by F and ¥ the set of functions F, y : [0, +o) — [0, +), respec-
tively, such that:

(i) F is nondecreasing, continuous, and F(0) = 0 <F(¢) for every ¢ > 0;

(ii) y is nondecreasing, right continuous, and y(0) = 0.

The first main result of this section is as follows:

Theorem 2 Let (X, d, %) be an ordered metric space. Let S,T : X — X be two map-

pings satisfying
F(d(Tx, Sy)) < F(O[T, S1(x,y))) — ¥ (F(O[T, S1(x. 7)) 3.1)

SJor all x,y € O(x0; S, T) (for some xo) such that x and y are comparable, where
Fe F,we ¥Yand

O[T, SI(x,y) = max{d(x, ), d(x, Tx), d(y, Sy), ;(d(x, Sy) +d(y, Tx))}- (3.2)

We assume the following hypotheses:

(i) (T,S) is a.r. at xo;

(ii) X is (S, T) -orbitally complete at xo;

(iii) S or T is (S, T )-orbitally continuous at xo;

(iv) S is T -strictly weakly isotone increasing

(v) there exists an xq € X such that xq < Sxo.

Then S and T have a common fixed point. Moreover, the set of common fixed points
of S, T in O(xo; S, T) is well ordered if and only if it is a singleton.

Proof First of all we show that, if S or 7 has a fixed point, then it is a common fixed
point of S and 7. Indeed, let z be a fixed point of S. Now assume d(z, Tz) > 0. If we
use the inequality (3.1), for x = y = z, we have

F(d(Tzz)) = F(d(Tz 8z)) < F(O[|T,S](z.2)) — ¢ (F(B[T,S](z 2)))
=F(d(Tz z)) — v(F(d(Tz z))),
wherefrom ¢ (F(d(7Tz,z))) = 0, which is a contradiction. Thus d(z, Tz) = 0 and so z
is a common fixed point of S and 7. Analogously, one can observe that if z is a fixed

point of T, then it is a common fixed point of S and 7.
Since (7, S) is ar. at x, in X, there exists a sequence {x,} in X’ such that

Xons1 = SXop and X2p40 = T Xope1 forn € {0, 1, ...} (3.3)



Ding et al. Fixed Point Theory and Applications 2012, 2012:85
http://www.fixedpointtheoryandapplications.com/content/2012/1/85

and
lim d(x,, xp,1) = 0. (3.4)

If xp, = Sxy, O X, = T Xy, for some ny, then the proof is finished. So assume x,, = x,,
41 for all n.
Since S is T -strictly weakly isotone increasing, we have

X1 =8x9 < TSxg=Tx1 =% < STSx9=8Tx1 =8x, =x3,
X3=8x) < TSx)=Tx3=x4 <STSx) =8Tx3 =8x4 =x5,

and continuing this process we get

X] <X <+ <Xy <Xpyp <o (3.5)

Next, we claim that {x,} is a Cauchy sequence in the metric space O(xo; S, T). We
proceed by negation and suppose that {x,} is not a Cauchy sequence. That is, there
exists ¢ > 0 such that d(x,,x,,) > ¢ for infinitely many values of m and n with m <n.
This assures that there exist two sequences {m(k)}, {n(k)} of natural numbers, with m
(k) <n(k), such that for each ke N

A(X2m(k)s X2n(k)+1) > €. (3.6)

It is not restrictive to suppose that n(k) is the least positive integer exceeding m(k)
and satisfying (3.6). We have

& < d(Xom(k), X2n(k)+1)
< d(%2m), X2n()—1) + A(X2n()—1, X2n()) + A(X2n(), X2n(k)+1)

< &+ d(Xan(k)—1, X2n(k)) + A(X2n(k) X2n(k)+1)
and letting k — oo, we have d(%,,,x), ¥21(0)+1) = € We note that
d (X2m(e), X2n(k)+1) — A (X2m(e)s X2m()+1) — A (X2n(ky+2,X2n(k)+1)

< d (Xam(k)+1, X2n(k)+2)

< d (Xam(r), Xan()+1) + d (X2m(ie), X2m(e)+1) + d (X2n(k)+2,X2n()+1)
and thus d (Xam(k)+1, X2n(k)+2) — € as k — co. We have

O[T, ST (x2n(k)+1, X2m(k))
= max {d (X2n(k)+1, X2m(k)) + d (X2n()+1, X2n)+2) » 4 (X2mi) X2m(iye1) »
3 [d (x2n@eys1s X2miye1) + d (x2m(i), X2n(iy2) |}
< max {d (x2n(e)+1, X2m(k)) + 4 (X2n(e)41, X2n()42) » A (X2m(1), X2m(i)+1) +

d (X2n(kyr1 X2m(i)) + 5 [d (X2mi), X2m(+1) + d (X2n(ye1, X2n()+2) |}

and so letting k — o, we have lim_.,® [T, 5] (xZn(k)+1rx2m(k)) < &. Therefore, we

have

F (d (Xam@)+1, X2n(iy+2)) = F (d (Sx2mry, TXon(iy+1))
< F(O[T,S] (x2n()+1, X2m(i))) — ¥ (F (O [T, 81 (X2n()+1, X2m(iy)))

and letting k — oo in the above equation, F being continuous and y right continuous,
we get

Page 5 of 14
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F(e) = F(e) — ¥ (F(e)) < F(e),

a contradiction. Therefore, {x,} is a Cauchy sequence in O(x¢; S, T). Since X is
(7, 8)-orbitally complete at x,, there exists z € X with lim,,_,., x,, = z.

If S or T is orbitally continuous, then clearly z = Sz =Tz

Theorem 3 Let (X,d, <) and S, T : X — X satisfy all the conditions of Theorem 2,
except that condition (iii) is substituted by

(iii") X is regular.

Then the same conclusions as in Theorem 2 hold.
Proof Following the proof of Theorem 2, we have that {x,} is a Cauchy sequence in
(&, d) which is (S, T )-orbitally complete at x,. Then, there exists z € X’ such that

lim x, = z.
n—o00

Now suppose that d (z, Sz) > 0. From regularity of X, we have X2, <z for all m e N.
Hence, we can apply the considered contractive condition. Then, setting X = X2, and y
= z in (3.1), we obtain:

F(d (x2n+2, 82)) = F (d (Tx2p41, S2))
<F (@[Tr S] (x2n+1,z) 2 (F@[T/ S| (x2n+1,z)) ’

where
@ [T/ S] (x2n+1,z)

= max {d (Xans1,e) , d (X201, TX2ne1) , d(2, Sz),

5 [d (xan41, 82) + d (2, Txane1) ]}
= max {d (%2041, 2) , d (X2n41, X2n42) , d(2, S2)

5 [d (e2ne1, S2) +d (2, x2n12)]} -

Letting n — oo in the above inequality and using the continuity of F and right conti-
nuity of y, we have

F(d(z, Sz)) < F(d(z, Sz)) — ¢ (F(d(z, Sz))) < F(d(z, Sz))

a contradiction. Therefore, d (z, Sz) = 0 and thus z = Sz. Hence, z is a common fixed
point of 7 and S.
Corollary 1 Let (X, d, X) be an ordered metric space. Let T : X — X be a mapping

satisfying
F(d(Tx Ty)) < F(&1[T1(x 7)) = ¢ (F(e1[T](x ¥))) (3.7)

Jor all x,y € O(xo; T) (for some xo) such that x and y are comparable, where F ¢ F,
ve ¥Yand

O1[T](xy) = max {d(x, PATx,d(Try), ) (@ Ty) +d (T, y))} :

We assume the following hypotheses:
(i) T is a.r. at some point xg;
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(ii) X is T -orbitally complete at xo;

(iii) T is orbitally continuous at xy or X is regular.

Also suppose that Tx < T (Tx) for all x € X such that x < Tx and there exists an
Xo € X such that xog < Txo. Then T has a fixed point. Moreover, the set of fixed points
of T in O(xo; T) is well ordered if and only if it is a singleton.

We also state a corollary of Theorem 2 involving a contraction of integral type.

Corollary 2 Let S and T satisfy the conditions of Theorem 2, except that condition
(3.1) is replaced by the following: there exists a positive Lebesgue integrable function u
on R, such that f(f u(t)dt > 0 for each ¢ > 0 and that
u(t)dt <

u(t)dt —

/F(d(Sx,Ty)) ( )d
u(t)at.

/F(@[T,S](x,y)) /w(F(@[T /S1(x)))

Then, S and T have a common fixed point. Moreover, the set of common fixed points
of S and T in O(xo; S, T) is well ordered if and only if it is a singleton.

We present an example showing how our results can be used.

Example 3 Let X = {0} UA U B, where A = {1|n € N} and B = (1, +c), be equipped

with Euclidean metric 4 and the order < given by
x<y&x=yor (x,ycAandx>y).

Consider the mappings S, 7 : X — X given by

O, x=0, 0/ X = 0/

_ 1 _ 1 _ _1
Sx=1 %=, neN, Tx= n+1,x o neN,

3x, x € B, 2x, x € B.

It is easy to check that S and 7T satisfy conditions (i)-(v) of Theorem 2 with xo = ;
Take F ¢ F defined by

0, t=0,
E(t)=3t/,0<t<1,
t, t>1,

and y € ¥ given as ¥(t) = Jt. In order to check the contractive condition (3.1), take
x,y € O(xo; S, T) with, say x <y, i.e, x >y (the case x = y is trivial). Then x = '11 and

y=1 for some m, ne N, m >n. We get that d (Tx, Sy) = !, — ,\; = (ne1)(ms1) and
(n+1)(m+1)
m-—n
4TSN = { (0, 1)(m+ 1)

n+m+1 nm nm

o
Qo) ™ b))

nm

<;'1.(m—n)mfn 1(d(xy)) ;(@[TS](xy))

nm

=F(OIT.Sl(xy) — v (F(OIT. SI(x.1)))-

Hence, (3.1) is fulfilled. Applying Theorem 2, we conclude that S and 7 have a
(unique) common fixed point (z = 0).
Note that S and 7" do not satisty the contractive condition for arbitrary x,y € X.
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4 Common fixed points for relatively weakly increasing mappings
In this section, we improve and generalize the results of Nashine and Altun (HK
Nashine and I Altun, unpublished work) by taking into account the following for three
maps R, S, T:

1. (S, T) is a pair of asymptotically regular mappings with respect to R;

2. orbital continuity of one of the involved maps;

3.(S,T) is a pair of weakly increasing mappings with respect to R;

4. (S, T) is a pair of dominating maps;

5. (S, T) is a pair of compatible maps, and

6. the basic space is an ordered orbitally complete metric space.

We will denote by @ the set of functions ¢ : [0 + ) — [0, +0), such that ¢ is right
continuous, ¢(0) = 0 and ¢(t) <t for every ¢ > 0.

The first result of this section is the following.

Theorem 4 Let (X, d, X) be a regular ordered metric space and let T,S and R be
self-maps on X satisfying

F(d(Tx, Sy)) < o(FM[T, S, R](x,y))) (4.1)

Jor all x,y € O (x0; S, T, R) (for some x,) such that Rx and Ry are comparable,

where F e F, ¢ € @ and
MI[T,S,R](x,y) = max{d (Rx, Ry) ,d(Tx, Rx),d(Sy. Ry),
4.2
U1 (Rx, Sp) + d (T Ry)] } (+2)

2

We assume the following hypotheses:

(i) (S, T) is a.r. with respect to R at xo € X;

(ii)) X is (S, T, R)-orbitally complete at xy;

(iii) T and S are weakly increasing with respect to R;

(iv) T and S are dominating maps;

(v) R is monotone and orbitally continuous at x.

Assume either

(a) S and R are compatible; or

(b) T and R are compatible.

Then S, T and R have a common fixed point. Moreover, the set of common fixed
points of S, T and R in O (xo; S, T, R) is well ordered if and only if it is a singleton.

Proof Since (S, T) is a.r. with respect to R at x, in X, there exists a sequence {x,} in

X such that
Rxone1 = Sxon,  Rionsr = Txon, YneNp={0,1,2,..}, (4.3)
and
nli_)rgod(Rxn,Rxml) =0 (4.4)

holds. We claim that
Rxn < Rxni1, Vn € Np. (4.5)

To this aim, we will use the increasing property with respect to R satisfied by the

mappings 7 and S. From (4.3), we have

Page 8 of 14
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Rx1 =Sxo < Ty, Vye R (Sxp).
Since Rx; = Sxo, then x; € R™! (Sxg), and we get
Rx1 = Sxo < Tx1 = Rx,.
Again,
Rxy =Tx1 xSy, Vye RN (Txy).
Since x, € R™! (T x1), we get
Rx; = Txg < Sxy = Ras.

Hence, by induction, (4.5) holds. Therefore, we can apply (4.1) for x = x,, and y = x,
for all p and ¢.

Now, we assert that {Rx,} is a Cauchy sequence in the metric space O(xo; S, T, R).
We proceed by negation and suppose that {Rx,,} is not Cauchy. Then, there exists ¢ >
0 for which we can find two sequences of positive integers {m(k)} and {n(k)} such that
for all positive integers &,

n(k) > m(k) >k, d (Rme(k),Rx2n(k)) >¢g d (Rme(k)rRxZn(k)—Z) <e. (4.6)
From (4.6) and using the triangular inequality, we get

& < d (Rxam(r), RXan(i))
< d (Ram(ky, Rxan()—2) + d (Rxan(ey—2, R¥Xan(y—1) + d (R¥X2n(e)—1, R2n(r))
< & +d (Rxon()—2, Rxan()-1) + d (RXon(iy—1, RXan(k)) -

Letting kK — o in the above inequality and using (4.4), we obtain

}zlgg d (Rme(k): RxZn(k)) = €. (4.7)

Again, the triangular inequality gives us
|d (Rxan(r), Rxamy—1) — d (Rxan(y, Rxam(i))| < d (Rx2m(ie)—1, R¥Xam(ry) -
Letting k — oo in the above inequality and using (4.4) and (4.7), we get:

lim (RxZn(k)/Rme(k)—l) =e. (4.8)

k—+00
On the other hand, we have
d (Rxan(ry, RXam(iy) < d (Rxan(ey, RXan(e)+1) + d (RX2n(k)+1, RX2m(r))
= d (Rxau(k), RXan(ky+1) + A (Sxan(ey, T Xam()-1) -

Letting k — oo in the above inequality and using (4.4), (4.7) and properties of F € F,
we have

F(e) = lim F(d (Sxang, Tam-1)) - (4.9)

Applying (4.1), we get:

F (d (Sxanky, Txam@ey-1)) < @ (F (MIT, S, R (X2m(ie)-1, X2n(k)) )) - (4.10)

Page 9 of 14
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One can check easily that for k large enough, we have:

MIT, S, R (Xam(ie)—1, ¥2n(k)) = d (Rx2n(i), RXam(iy—1) + dre
where d; > 0 and dy — 0 as k — . From (4.10), for k large enough, we have

F (d (Sxang, Txam(y-1)) < @ (F (d (Rxan(y, Rxam(y—1) + d)) - (4.11)
Letting kK — oo in (4.11) and using properties of F and ¢, we have

lim F (d (Sxangey, Tx2m(r)-1)) < ¢ (F (€)) < F(¢). (4.12)

k—+00

Combining (4.9) and (4.12), we get F(e) <F(e), a contradiction.
Hence, we deduce that {Rx,} is a Cauchy sequence in O(xo; S, 7T, R). Since X is
(S, T, R)-orbitally complete at x,, there exists some z € X such that

Rx, — zasn — o0. (4.13)

We will prove that z is a common fixed point of the three mappings S, 7 and R.

We have

Sx2y = RXops1 — 2asn — 00 (4.14)
and

T xone1 = RXopso — zasn — 00. (4.15)

Suppose that (a) holds, i.e., S and R are compatible. Then, using condition (v),

lim SRXZn+2 = V}Lr& R8x2n+2 =Rz (4-16)

n—o0
From (4.13) and the orbitally continuity of R, we have also
R (Rx,) — Rzasn — oo. (4.17)

Now, using (iv), x2ps1 <X T %2ps1 = RXoneo and since R is monotone, Rixp,,; and
RRxppn,2 are comparable. Thus, we can apply (4.1) to obtain

F(d (SRxan2, Txme1)) < ¢ (F(M[T, S, R] (Rxans2, X2n:1))) (4.18)

where
M[T.,S, RI(Rxan+2. X2n41)
= max{d(Rsz,Hz, Rxone1 ), d(Rszmzr Sszmz)/ d(Rx2ﬂ+1/ T Xan+1 ),
VA(RRx2n12, Txone1) + d(SRxams2, Rxons1) ]}
Letting # — o in (4.18), using (4.13)-(4.17), we obtain
F(d(Rz,z)) < ¢ (F(d(Rz,z))) < F(d(Rzz)),
unless

Rz = z. (4.19)

Now, X241 < Tx2ne1 and Tx2,,1 — z @s 1 —> oo, so by the assumption we have x,,,,;
< z and Rxyu,1 and Rz are comparable. Hence (4.1) gives
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F(d(Sz, Tx2n41)) < ¢(F(max{d(Rz, Rxan+1), d(Sz, Rz), d(T x2ns1, RX2ns1),
;[d(Rz, Txons1) +d(Sz, Rxoni1)]}))-

Passing to the limit as # — oo in the above inequality and using (4.19), it follows that

F(d(Sz,z)) < ¢(F(max{0,d(Sz,z),0, 1d(Sz 2)}))
< ¢(F(d(Sz,2))) < F(d(Sz z)),

which holds unless
Sz =z (4.20)

Similarly, x,, < Sxz, and Sxp, — z as 1 — oo, implies that X2, < z, hence Rux,, and
Rz are comparable. From (4.1) we get

F(d(Sx2n, Tz)) < ¢(F(max{d(Rxan, Rz), d(Rx2n, Sx2n), d(Rz, Tz),
3 (d(Rxon, Tz) +d(Sxan, R2))})).

Passing to the limit as # — o, we have

F(d(z,Tz)) < ¢ (F(max{0,0,d(z, Tz),d(z, Tz)}))
<¢F @z T2)) <F(d(Tz),

which gives that
z="Tz. (4.21)

Therefore, Sz = Tz = Rz = z, hence z is a common fixed point of R, S and T .

Similarly, the result follows when condition (b) holds.

Now, suppose that the set of common fixed points of S, 7 and R in O (xo; S, T, R)
is well ordered. We claim that there is a unique common fixed point of S,7 and R in
O (x0; S, T, R). Assume to the contrary that Su=Tu=Ru=uand Sv=Tv=Rv=v
but u# # v. By supposition, we can replace x by # and y by v in (4.1) to obtain

F(d(u, v)) = F(d(Su, Tv))
< ¢(F(max{d(Ru, Rv), d(Ru, Su), d(Rv, T v)
Jd(Ru, Tv) +d(Su, Rv)]}))
= ¢(F(max{d(u,v),0,0,d(u,v)})) < F(d(u,v)),

a contradiction. Hence, u = v. The converse is trivial.

We obtain the following corollaries from Theorem 4.

Corollary 3 Let (X, d, ]) be a regular ordered metric space and let T and S be self-
maps on X satisfying

F(d(Tx Sy)) < ¢ (F(M[T,S](x. 7)),

Jor all x,y € O(x0; S, T) (for some x,) such that x and y are comparable, where
Fe F, e @ and

M1, S)(xy) = max(d(x, ) d(Txx), d(Sy. 1), ) [ds SY) +d (Te )

We assume the following hypotheses:
(i) (S, T) is a.r. at some point xo € X;
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(ii) X is (S, T) -orbitally complete at xo;

(iii) T and S are weakly increasing;

(iv) T and S are dominating maps.

Then T and S have a common fixed point. Moreover, the set of common fixed points
of T and S in O(xo; S, T) is well ordered if and only if it is a singleton.

Corollary 4 Let (X,d, %) be a regular ordered metric space and let T and R be self-
maps on X satisfying

F(d(Tx Ty)) < o(E(Ma[T, RI(x,))).

Jor all x,y € O (x0; T, T, R) (for some xo) such that Rx and Ry are comparable,
where F e F, p € @ and

M[T, R](x,y) = max {d(Rx, Ry), d(Tx, Rx), d(Ty, Ry),
; [d(Rx, Ty) +d(Tx Ry)]}.

We assume the following hypotheses:

(i) T is a.r. with respect to R at xo € X;

(ii) X is (T, R) -orbitally complete at xo;

(iii) T is weakly increasing with respect to R;

(iv) T is a dominating map;

(v) R is monotone and orbitally continuous at x.

Then T and R have a common fixed point. Moreover, the set of common fixed points
of T and R in O (xo; T, T, R) is well ordered if and only if it is a singleton.

Corollary 5 Let (X, d, %) be a regular ordered metric space and let T be a self-map
on X satisfying for all x,y € O(xo; T) such that x and y are comparable,

F(d(Tx Ty)) < o(F(M3[T](x. 1)),

where F e F, ¢ € @ and
1
Ms[T|(xy) = max{d(x,y), d(Tx,x), d(Ty,y), , [d(x Ty) + d(Tx y)]}-

We assume the following hypotheses:

(i) T is a.r. at some point xy of X;

(ii) X is T -orbitally complete at xo;

(iii) Tx < T (Tx) for all x e X;

(iv) T is a dominating map.

Then T has a fixed point. Moreover, the set of fixed points of T in O(xo; T) is well
ordered if and only if it is a singleton.

We also state a corollary of Theorem 4 involving a contraction of integral type.

Corollary 6 Let S, T and R satisfy the conditions of Theorem 4, except that condi-
tion (4.1) is replaced by the following: there exists a positive Lebesgue integrable func-
tion u on R, such that [; u(t)dt > 0 for each ¢ > 0 and that

F(d(SxTy)) ¢ (F(MIT.S/R](xy)))
/ u(t)dt < / u(t)dt.
0

0
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Then, S, T and R have a common fixed point. Moreover, the set of common fixed
points of S, T and R in O (xo; S, T, R) is well ordered if and only if it is a singleton.

Example 4 Let the set X = [0, +o0) be equipped with the usual metric d and the
order defined by

XSy x=y.

Consider the following self-mappings on X"

1 1 1 1
x,0=<x=< x,0=<x=<
Rx=6x, Sx=12""—7-2, Tx=433""—=773,
X, x> 5, X, x> ;.

Take xo = ; Then it is easy to show that
1
O (x0; S, T, R) C {2k 31 ke N}

and O (xo; S, T, R) = O (x0; S, T, R) U {0}, and all the conditions (i)-(v) and (a)-(b)
of Theorem 4 are fulfilled (condition (iii) on O (xy; S, T, R). Take ¥ (t) = ét and
F € F of the form F(¢) = kt, k > 0. Then contractive condition (4.1) takes the form

1 17 1|: iH
’ X, YI ’

2 372
for x,y € O (x0; S, T, R). Using substitution y = &, ¢ > 0, the last inequality reduces

111 66
X — max X —
273 =6 v "

6 1
- X
v 2

6 1
x—
3Y

to

13—2t <max{6]1—1, Y, Y, [|l6— 1 +]6c— ][]},

and can be checked by discussion on possible values for ¢ > 0. Hence, all the condi-
tions of Theorem 4 are satisfied and S, 7, R have a unique common fixed point in
O (x0; S, T, R) (which is 0).

Remark 2 It was shown by examples in [24] that (in similar situations):

(1) if the contractive condition is satisfied just on O(xo; S, T, R), there might not
exist a (common) fixed point;

(2) under the given hypotheses (common) fixed point might not be unique in the
whole space X.
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