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1 Introduction

Let E be a Banach space and C be a closed convex subsets of E. Let F be an equili-
brium bifunction from C x C into R, y: C — R be a real-valued function and A: C —
E* be a nonlinear mapping. The “so-called” generalized mixed equilibrium problem is
to find z € C such that

F(z, y)+{Az,y —z2) + ¥ (y) — ¥(2) = 0,Vy € C. (1.1)
The set of solutions of (1.1) is denoted by GMEP, i.e.,
GMEP ={ze€ C:F(z, y)+(Az, y—2z) + ¥ (y) — ¥(z) = 0, Vy € C}.

Special examples:
(I) If A = 0, then the problem (1.1) is equivalent to find z € C such that

F(z, y)+¥(y) —v¥(2) =0, ¥y e C. (1.2)

which is called the mixed equilibrium problem, see [1]. The set of solutions of (1.2)
is denoted by MEP.
(IT) If F = 0, then the problem (1.1) is equivalent to find z € C such that

(Az,y —2) + ¥ (y) — ¥(z) = 0,Vy e C. (1.3)
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which is called the mixed variational inequality of Browder type. The set of solutions
of (1.3) is denoted by V I(C, A, y).
(D) If w = 0, then the problem (1.1) is equivalent to find z € C such that

F(z y)+(Azy —2) = 0,y € C. (1.4)

which is called the generalized equilibrium problem, see [2]. The set of solutions of
(1.4) is denoted by EP.
(IV) If A = 0, w = 0, then the problem (1.1) is equivalent to find z € C such that

F(z, y) > 0,Vy € C. (1.5)

which is called the equilibrium problem. The set of solutions of (1.5) is denoted by
EP(F).

These show that the problem (1.1) is very general in the sense that numerous pro-
blems in physics, optimization, and economics reduce to finding a solution of (1.1).
Recently, some methods have been proposed for the generalized mixed equilibrium
problem in Banach spaces (see, for example [1-7]).

Let E be a smooth, strictly convex, and reflexive Banach spaces and C be a nonempty
closed convex subsets of E. Throughout this article, we denote by ¢ the function
defined by

oy, x) = [IVII> = 2(y,Jx) +|[x]|*,Vx,y € E, (1.6)

where J: E — 2% is the normalized duality mapping.

Let T: C — C be a mapping and F (7) be the set of fixed points of T .

Recall that a point p € C is said to be an asymptotic fixed point of T if there exists
{x,} in C which converges weakly to p and lim,,_,.. ||x, - Tx,|| = 0. We denote the set

of all asymptotic fixed point of T by F(T). A point p € C is said to be a strong asymp-
totic fixed point of T if there exists {x,} in C such that x,, — p and lim,_,.. ||x, - Tx,]|
= 0 We denote the set of all strongly asymptotic fixed point of T by F(T).

A mapping T: C — C is said to be nonexpansive, if
ITx =Tyl < llx—yll, Vx, y € C.
A mapping T: C — C is said to be relatively nonexpansive if F (T) = @, F(T) = E(T),
and
o(u, Tx) < ¢p(u, x), Vue F(T), xe C
A mapping T: C — C is said to be weak relatively nonexpansive if F(T) = O,
F(T) = E(T), and
o(u, Tx) < ¢(u, x), Yue F(T), xe C
A mapping T: C — C is said to be quasi-@-nonexpansive, if F(T) = @ and

o(u, Tx) < ¢(u, x), Vx € C, Yu € F(T)

A mapping T: C — C is said to be quasi-p-asymptotically nonexpansive, if there
exists some real sequence {k,} with k,, > 1 and k, — 1 and F (7) # & such that
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o(u, T"x) < kyp(u, x),Vn>1,x € C,u € F(T) (1.7)

A mapping T: C — C is said to be closed, if for any sequence {x,} € C with x,, > x
and Tx, — y, then Tx = y.

Definition 1.1 (1) A mapping T: C — C is said to be total quasi-¢p-asymptotically
nonexpansive, if F (T) # & and there exist nonnegative real sequences {v,}, {#,,} with
v, = 0, 4, > 0 (as n — ) and a strictly increasing continuous function & R* — R *
with £(0) = 0 such that for all x € C, p € F(T)

o(p, T'x) < ¢(p, x) + vn (B(p, X)) + pn, Yn = 1. (1.8)

(2) A family of mappings {T3}1ca: C — C is said to be uniformly total quasi-¢-
asymptotically nonexpansive, if Nycn F (T;) # & and there exist nonnegative real
sequences {v,}, {#,} with v, > 0, u,, > 0(as n — =) and a strictly increasing continu-
ous function { R* — R* with {(0) = 0 such that for all xe C, pe Ny 5 F (T3)

o(p, Tix) < ¢(p, x) +vnl(P(p, X)) + pn, VN > 1. (1.9)

Remark 1.1 From the definitions, it is easy to know that
(1) Each relatively nonexpansive mapping is closed;
(2) Taking {(t) =t t > 0, v, = (k,, - 1) and y,, = 0,, then (1.7) can be rewritten as

o(p, T'x) < d(p, x) +vnl(P(p, X)) + pn, Yn > 1,x€ C,p € F(T). (1.10)

This implies that each quasi-@-asymptotically nonexpansive mapping must be a total
quasi-¢g-asymptotically nonexpansive mapping, but the converse is not true;

(3) The class of quasi-@-asymptotically nonexpansive mappings contains properly the
class of quasi-@-nonexpansive mappings as a subclass, but the converse is not true;

(4) The class of quasi-¢-nonexpansive mappings contains properly the class of weak
relatively nonexpansive mappings as a subclass, but the converse is not true;

(5) The class of weak relatively nonexpansive contains properly the class of relatively
nonexpansive mappings as a subclass, but the converse is not true.

Iterative approximation of fixed points for relatively nonexpansive mappings, weak
relatively nonexpansive mappings, quasi-@ nonexpansive mappings, quasi-@-asymptoti-
cally non-expansive mappings in the setting of Banach spaces has been studied exten-
sively by many authors (see [5-13]).

Motivated by the above, the purpose of this article is to introduce the concept of
total quasi-@-asymptotically nonexpansive mapping which contains many kinds of
mappings as its special cases and we prove a strong convergence theorem by using a
hybrid method for finding a common element of the set of solutions for a generalized
mixed equilibrium problems, the set of fixed points of a family of total quasi- ¢-
asymptotically nonexpansive mappings in uniformly smooth and strictly convex Banach
space with the Kadec-Klee property. The results presented in the paper improve and

extend some recent results.

2 Preliminaries

Throughout this article, we assume that all the Banach spaces are real. We denote by
N and R the sets of positive integers and real numbers, respectively. Let E be a Banach
space and let E* be the topological dual of E. For all x € E and x* € E*, we denote by
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(x, x* the value of x* at x. The mapping J: E — 2% defined by
J(x) = (X" € E" ¢ {x, ) = |Ixl” = [Ix*[I°}, x € E, 2.1)

is normalized duality mapping. We denote the weak convergence and the strong
convergence of a sequence {x,} to x by x,, ~ x and x,, — x, respectively.

A Banach spaces E is said to be strictly convex if ”x;y” <1 forw ye S(E) ={ze E ||
z|| = 1} with x = y. It is said to be uniformly convex if for any given ¢ € (0, 2], there
exists 0 >0 such that ”x;'y” <1—6 forx, y e S(E) with ||x - y|| = & E is said to have

the Kadec-Klee property, if for any sequence {x,} € E such that x,, -~ x¢ E and ||x,]|
— ||x]||, then x,, —> «.
Define f: S(E) x S(E) x R\ {0} > R by

x+tyll =1l
t

oy o=

for x, y € S(E) and t e R \ {0}. A norm of E is said to be Gdteaux differentiable if
lim, ,o fix, y, t) has a limit for each &, y € S(E). In this case, E is said to be smooth.
We know that if E is smooth, strictly convex, and reflexive, then the duality mapping /
is single valued, one to one, and onto. In this case, the inverse mapping J' coincides
with the duality mapping J* on E*. See [14] for more details.

Remark 2.1 If E is a reflexive and strictly convex Banach space, then /' is hemi-con-
tinuous, i.e., J Yis norm-weak-continuous.

Let {C,} be a sequence of nonempty closed convex subset of a reflexive Banach space
E. We define two subsets s - Li,C,, and w - Ls,C, as follows: x € s - Li,,C,, if and only
if there exists {x,} € E such that {x,} converges strongly to x and that x,, € C, for all n
e N. Similarly, y € w - Ls,C, if and only if there exists a subsequence {C,,} of {C,}
and a sequence {y;} € E such that {y;} converges weakly to y and y; € Cy, for all i e N.
We define the Mosco convergence [15] of {C,} as follows: If Cy = s - Li,,C,, = w -
Ls,C,, then {C,} is said to be convergent to Cy in the sense of Mosco and we write C,
=M -lim,_,., C,.

For more details, see [16].

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space E. Then, for arbitrarily fixed x € E, the function y a [|x - y||* C — R*
has a unique minimizer y, € C. Using such a point, we define the metric projection Pc
by Pc x = y, = arg min,c ¢ ||x - y] |? for every x € E. In a similar fashion, we can see
that the function y @ ¢(x, y): C — R" has a unique minimizer z, € C. The generalized
projection Il¢ of E onto C is defined by Il¢ = z, = arg min, ¢ ¢(x, y) for every x € E;
see [17].

The generalized projection Ilc from E onto C is well defined, single valued and satis-
fies

(lxll = yl)* < ¢y, x) < (IIxll +1Iyll)*, Vx,y € E (2.2)

If E is a Hilbert space, then ¢(y, x) = ||y - x||> and Il¢ is the metric projection P¢ of
E onto C.
It is well-known that the following conclusions hold:
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Lemma 2.1 [17,18]. Let C be a nonempty closed convex subsets of a smooth, strictly
convex, and reflexive Banach spaces. Then

¢(x, Tcy) +¢(Mcy, y) <¢(x, y).Vx e C,y € E. (2.3)

Lemma 2.2. Let C be a nonempty closed convex subsets of a smooth, strictly convex,
and reflexive Banach spaces E, let x € E and z € C. Then the following conclusions
hold:

(@ z=Ilcxey-z Jx-jz)<0,Vye C.

(b) For x, ye E, ¢ (x, y) = 0 if and only if x = y.

The following theorem proved by Tsukada [19] plays an important role in our
results.

Theorem 2.1. Let E be a smooth, reflexive, and strictly convex Banach spaces having
the Kadec-Klee property. Let {K,} be a sequence of nonempty closed convex subsets of
E. If Koy = M - lim,,_,.. K,, exists and is nonempty, then {PKnx} converges strongly to

Px,x for each x € C.

Theorem 2.1 is still valid if we replace the metric projections with the generalized
pro-jections as follows:

Theorem 2.2 Let E be a smooth, reflexive, and strictly convex Banach spaces having
the Kadec-Klee property. Let {K,,} be a sequence of nonempty closed convex subsets of

E. If Ky = M - lim,,_,.. K, exists and is nonempty, then {]_[Kn x} converges strongly to

[k, x for each x € C.

For solving the equilibrium problem for bifunction F: C x C — R, let us assume that
F satisfies the following conditions:

(A)) F(x, x) =0 forallx e C;

(A) F is monotone, ie., F(x, y) + F(y, x) <0 forallx, y e C;

(Az) for each «x, y, z€ C,

limsup F(tz + (1 — t)x,y) < F(x,y);
t0

(A4) for each x € C, y o F (x, y) is a convex and lower semicontinuous.

If an equilibrium bifunction F: C x C — R satisfies conditions (A4;)-(A4), then we
have the following results.

Lemma 2.3 [20]. Let C be a nonempty closed convex subset of a smooth, strictly
convex, and reflexive Banach spaces E, let F be an equilibrium bifunction from C x C
to R satisfying conditions (A;)-(A4), let r >0 and let x € E. Then, there exists ze C
such that

1
F(z, y) + T(y—z, Jz—Jx) >0, Vy e C.

Lemma 2.4 [21]. Let C be a nonempty closed convex subset of a smooth, strictly
convex, and reflexive Banach spaces E, let F: C x C — R be an equilibrium bifunction
satisfying conditions (A;)-(A4). For r >0 and x € E, define a mapping 7T,: E — C as fol-
lows:

1
Tr(x)={zeC:F(z, y)+r(y—z, Jz —Jx) > 0, VyeC}.
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for all x € E. Then, the following hold:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping, i.e., for any x, y € E,

(Trx — Tyy, JTix —JTyy) < (Thx = Tyy, Jx —Jy);

(3) F(T,) = F(T;) = EP(F);

(4) EP (F) is a closed and convex set.

Lemma 2.5 [21]. Let C be a nonempty closed convex subset of a smooth, strictly
convex, and reflexive Banach spaces E, let F: C x C — R be an equilibrium bifunction
satisfying conditions (A4;)-(A4). For r >0 and x € E and g € F (7)),

#(q, Trx) + ¢(Trx, x) < ¢(q, x)

Lemma 2.6 [22]. Let E be a uniformly convex Banach space and let r >0. Then there
exists a strictly increasing, continuous, and convex function g: [0, 2r] — R such that g
(0) = 0 and

e (L=l <tlxl?+ (1=0) Iyl — 1 =gl x—y 1) (2.4)

3 The main results

Theorem 3.1. Let E be a uniformly smooth and strictly convex Banach space with
Kadec-Klee property and C be a nonempty closed convex subset of E. A: C — E* be a
continuous and monotone mapping, y: C — R be a lower semi-continuous and convex
function and F be a bifunction from C xC to R which satisfies the conditions (A)-(A4).
Let {T)}(A € A): C — C be a family of uniformly L,-Lipschitzian continuous and uni-
formly total quasi-@-asymptotically nonexpansive mappings such that

S = m)\eA F(Ty) m GMEP # (. Assume that K = sup{||u||: u € F} < . Let {x,} be the

sequence generated by x; =x e C, C; = C and

Vi =1 Hanxn + (1 — an)JTxn), X € A,
uy,n € C such that
F(ux,nl, V) + (A, ¥ — ) + U (y) — ¥ (unn)
. Y — s Jtpn —Jan) =0, Vye C, L€ A (3.1)
an
Chi={z2€ Cyisupo(z, upn) < d(z xu) + &},
AEA

Xpe1 = I, x, Yn > 0.

where &, = (1 - o) (v, sup,er (@1, x,,)) + p,)i0} is a sequence in [0, 1] such that
lim inf,_,. a,(1 - o) >0, lim inf,_,., o, <1 and {r;, ,} [a, o) for some a >0, then {x,}
converge strongly to some point x* in F.

Proof. We define a bifunction G: C x C — R by

G(z, y)=F(z y)+{Az, y—2) + ¥ (y) — ¥(2), Vz, y e C.

It is easy to prove that the bifunction G satisfies conditions(A4;)-(Ay4).
Therefore, the generalized mixed equilibrium problem (1.1) is equivalent to the fol-
lowing equilibrium problem: find z € C such that

G(z, y) =0, Yy e C,
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and GMEP = EP (G), F = GMEP nn,.. A=EP(G) NNy o F(T3). So, (3.1) can be written
as:

Yan =] Hanxn + (1 — oy )JTixy,) forall & € A,

uy,n € Csuch that G(uy, y) + . (y =t Jupn—Jyan) >0, VyeC, L€ A (3.2)

an 3.2

Cpi1 = {2 € Gy i sup P(z, up,n) < @2, xn) + &},
reA

Xne1 =g, x, Vn > 0.

n+1

Since the bifunction G satisfies conditions (A4;)-(A4), from Lemma 2.4, for given r >0
and x € E, the mapping W,: E — C defined by

Wr(x)={zeC:G(z, y)+i(y—z, Jz —Jx) > 0, VyeC}.

has the same properties as in Lemma 2.4.

Putting U,n = Wy, . ¥an for all m € N, we have from Lemmas 2.4 and 2.5 that W,  is
relatively nonexpansive.

We divide the proof of Theorem 3.1 into five steps:

Step 1. We first show that C, is closed and convex for every n € N.

From the definition of ¢, we may show that

Cui1 = {z € Cp i sup;cp#(z, unn) < ¢(2 xn) + &}
=Meafz € Gy : ¢(Z/ uk,n) < ¢(Z/ xn) + &}
= Mieafz € C: 2(z, Jxn — Jupn)+ Il ol = || %ull> — & < 0} NGy,

and thus C, is closed and convex for every n € N.
Step 2. Sequence {x,} is bounded.

In fact, since x, = [1¢,x, for any p € F, from Lemma 2.1, we have
¢ (xn, x) = ¢(Ic,x, x) < P(p, x) — (P, xn) < P(p, x).

This implies that the sequence {¢ (x,, %)} is bounded, and so {x,} is bounded.

Step 3. Next we show that § C C, for each n e N.

For any u € §, since W,,, is relatively nonexpansive, {73}, A € A is uniformly total
quasi-@-asymptotically nonexpansive and E* is uniformly convex, it follows from
Lemma 2.6 that

d(u, win) = ¢(u, Wy, yan) < (1, yin)
= ¢(u, J  (omfxn + (1 — )T} x)
= Jul)? = 2(u, anJxy + (1 — )T %) + o)y + (1 — ot,,)]T)(’an2
< ull® = 20, Jx) — 201 — o), JTxn) + el Ul 1> + (1 = ) [T5 x|
— (1 = an)g(Ixn — JT;xn1) (33)
= and(t, xn) + (1 = @), Txn) — (1 — an)g([1Jxn — JT;xnl[)
< an@(u, xn) + (1 — )@, xn) + a8 (S(u x0)) + ptn] — (1 — )g(IVxn= JTx0l1)
= ¢(u xn) + (1 — ) [vnt (P, x4)) + ptal-an(1 - 0n)g(1Vxn—JT;xnl|)
< o(u, xn) +En — an(1 — n)g(Ixn — JT3xall)
< o, xn) +&n.

This shows that {y; ,} is bounded and supyca @ (&, uy, ,) < O(u, x,) + &,, e, u €
C,, this implies that
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FccC, VneN.

Step 4. Now we prove that the limit lim,, ,., x,, exists.

Since § is nonempty, C, is a nonempty closed convex subset of E and thus Ilc,
exists for every n € N. Hence {x,} is well defined. Also, since {C,} is a decreasing
sequence of closed convex subsets of C such that Co = (;2; Cn is nonempty. There-

fore, we have

o0
M—r}irgocn=c0=r1cn¢®.
n=

By Theorem 2.2, {x,} = {Ilc,x} converges strongly to x* = I1c,x. Therefore, we have
| Xne1 = %n [|= 0. (3.4)

Step 5. Next we prove x* € §.
(a) First, we prove x*e Ny o A F(T}).
In fact, since x,, — x*, we have

¢ (Xns1, xn) = 0. (3.5)
In view of x,,,; € C,,1, from the definition of C,,, we have

sup ¢(xn+1/ uA/n) = ¢(xn+lr xn) +&.
reA

From (3.5) and &, — 0, we have

sup @ (Xns1, Uan) — 0.

AEA
From (2.2) it yields supsc o (|[%us1]] - ||, u|])*> = 0. Since ||x,.1|| = ||x*||, we have
I I= 1 x* || (n — 00), VA € A (3.6)

Hence we have

W, nll — [Jx*[| (n — 00), VA € A 3.7)

This implies that {Ju, ,} is uniformly bounded in E*. Since E is reflexive, and so is
E*. We can assume that Ju; ,—fo € E*. In view of the reflexive of E, we see that J(E) =
E*. Hence there exists p € E such that Jp = f;. Since

¢ (xn+1 ’ uk,n)

2 2
a1 112 = 2 (Xna1, Juan) + [[t62,nl]

2 2
= |lxneall” — 2<-xn+lr ]uk,n> + | [tanl|

Taking lim inf,, ,.. on the both sides of equality above and in view of the weak lower
semicontinuity of norm || - ||, it yields that

0

v

(12 = 2(x*, fo) + lfoll® = x> — 2{x*, Jp) + [UplI?
k12 = 2(x*, Jp) + Ipl1> = ¢ (x*, p)

i.e., * = p. This implies that fy = Jx*, and so Ju,, ,, — Jx*, V 2 € A. It follows from
(3.7) and the Kadec-Klee property of E* that Ju;, , — Jx*(n — o). Note that J'Er >
E is hemi-continuous, it yields that i, , — x*. In view of (3.6) and the Kadec-Klee
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property of E, we have

lim u,, = x*. VA € A
n—oo

From (3.8), we have

lim |lx, — wall =0, VA € A
n—00

Since J is uniformly continuous, we have that
Jxn — Jupnll = 0, VA € A

From (3.9) and (3.10), we have

& x0) — ¢ (1 wnn) = xal® = Jun” = 2w v — Jurn)
< xall? = Nunll?1 + 21{u, Jxn — Jugn)|
< all = Nunnll I (Hoall + Hunull) + 20ull - [Jxn — Jupnll
< lxw = wonll (xall + Hewall) + 20ull - 1% — Juznll.
— 0

It follows from (3.3), (3.11) and &, — 0 that
an (1 — o) g(Ixn — JT3xnll) < @ (u, xn) — $(u, o + &0 — O.
In view of condition lim inf, . «,(1 - «,,) >0, we see that
8(lxy — JTixul]) — O (asn — 00).
It follows from the property of g that
[Uxy — JT{ x4|| — O (asn — 00).
Since x,, — x* and so Jx,, — Jx* From (3.13) we have
JTi x, — Jx* (asn — 00).
Since J : E* — E is hemi-continuous, it follows that
Tix, — %, VA € A.

On the other hand, for each A € A we have

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Tl L= 11T = 1 I(Ta) 1= (U] | < [U(T5%0) = Jx*|] — 0 (asn — 00).

This together with (3.14) shows that

Tix, — %%, Y1 € A.

(3.15)

Furthermore, by the assumption that for each A € A, T is uniformly L,-Lipschitz

continuous, hence from (3.4) and (3.15), we have

1 1 1 1
||T;L1+ Xn — T;fan =< ||T)tl+ Xn — T,'\“ X1 || + ||T)r:+ Xne1 — Xnst |l

+ X1 — Xnll + [lxn — fonH

1
< Ly + 1) |IXps1 — xull + ||T;}+ Xps1 — Xns1ll + [lxn — T;lxn”

— 0
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This implies that T;’*l xn — x*, ie, ThWT{x, — x*. In view of (3.15) and T} is uni-
formly Lipschitzian continuous, it yields that Thx* = x* V A € A. This implies that
x*'eny o A F(Ty).

(b) Next, we prove x* € EP(G).

Since

¢(uk,n' y)n,ﬂ) = ¢(WTA,nyA,n: }/x,n)
< ¢t yan) — d(w Wy, ¥in)

(3.16)
<o W xn) + & — d(u, WTA,nyA,")
=¢(ux,)+E — ¢ (u, uk,n) .
Hence it follows from (3.11) and (3.16) that
Jim ¢ (w3, yan) = 0. (3.17)
From (2.2) and (3.17) it yields (||ua, .|| - ||2, l]) > =0. Since ||uz, .||— ||x*|], we
have
yanll = 1"l (n — o0). (3.18)
Hence we have
[yanll = [Jx*[[(n — o0). (3.19)

This implies that {Jy; ,} is bounded in E*. Since E is reflexive, and so is E*. we can
assume that Jy, , = go € E* In view of the reflexive of E, we see that J(E) = E* Hence
there exists y € E such that Jy = go. Since

& (Wns Yin) = nll> = 2(urn Jyam) + yanll?
= ||u)»,n||2 - 2(”)»,n/ ]yx,n> + ||])/A,n||2

Taking lim inf,, ,.. on the both sides of equality above and in view of the weak lower
semicontinuity of norm || - ||, it yields that

0 > [ — 2(x*, go) + I1gol1® = [IX*I1> — 2{x*, Jy) + [IylI?
= (12 = 2(x% Jy) + [P = ¢ (x* y)

i.e., * = y. This implies that g, = Jx* and so Jy,, , = Jx* It follows from (3.19) and
the Kadec-Klee property of E* that Jy,(1) — Jx*(n — ). Note that J° L E* 5 E is hemi-
continuous, it yields that y, ,, — x* It follows from (3.18) and the Kadec-Klee property
of E that

lim y; , = x*. (3.20)

=00
Since uy, , — «*, from (3.20), we have

Jim [[usn = yanll = 0. (3.21)
Since J is uniformly norm-to-norm continuous on bounded sets, from (3.21), we have

lim [|Juy,n — Jyanll = 0. (3.22)
n—oo
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From ry, ,, = a, we have

lim [Jup,n _]}/A,n|| _

n—00 Tan

0. (3.23)
By up,n = Wy, .¥o.n, we have

1
G(tpn, y) + . Yy — tan Juan — Jyan) 20, Vy € C. (3.24)

An
From condition (4,), we have

1
r ()’ - uA,n: ]uk,n - h’k,n) > _G(u)\,nr Y) Z G()/, uk,n): V)/ S C (325)
an
Since G(x,-) is convex and lower semicontinuous, it is also weakly lower semicontinu-
ous, letting n — 0, we have from (3.25) and (A,) that

G(y,x*) <0, Vy e C. (3.26)

Forany twithO<t<landye C lety, =ty + (1 - t)x* Since y € C and hence G
(y» x*) < 0, from conditions (A;) and (A,4), we have

0 =Gy y) <Gy y) + (1 — )Gy, x*) < tG(y1,y)

This implies that G(y, y) = 0. Hence from condition (A3), we have G(x*, y) > 0 for all
y € C, and hence x* € EP (G).

This completes the proof of Theorem 3.1.

The proof of Theorem 3.1 shows that the properties of generalized projections used
in the iterative scheme do not interact with the properties of mappings {7}}.

Theorem 3.2. Let E be a uniformly smooth and strictly convex Banach space with
Kadec-Klee property and C be a nonempty closed convex subset of E. A: C — E* be a
continuous and monotone mapping, y: C — R be a lower semi-continuous and convex
function and F be a bifunction from C xC to R which satisfies the conditions (A;)-(A4).
Let {T)}(A € A): C — C be a family of uniformly L,-Lipschitzian continuous and uni-
formly  quasi-@-asymptotically = nonexpansive  mappings  such  that
§ = ea F(TX) (N GMEP # @, Assume that K = sup{||u|| : u € §} < co. Let {x,} be

the sequence generated by x; =x € C, C; = C and

Yan =T H@nJxn + (1 — an)ITix,), X € A,
u,, € Csuch that
F(upn, ¥) + (Atipn, ¥ — tan) + ¥ (¥) — ¥ (Urn)

1
. (Y —tn Jupn —Jyan) 20, ¥y €C, L €A (3.27)
rn

Cpi1 = {z € Cy :supd(z, upn) < ¢(z, xu) + Sn},
LEA

Xne1 = e x, Yn > 0.

n+1

where & = (1 — o) (Vasup,c3¢ (9 (1, Xn)) + n), {e,)} is a sequence in 0[1] such that
lim inf, . @,(1 - o) >0, lim inf, ,., o, <1 and {ry, ,} € [a, =) for some a >0, then
{x,;} converge strongly to some point x* in F.

Page 11 of 12



Zuo et al. Fixed Point Theory and Applications 2012, 2012:70 Page 12 of 12
http://www fixedpointtheoryandapplications.com/content/2012/1/70

Proof. In Theorem 3.1 take {(¢) = ¢, v, = k,, - 1, 4,, = 0. Therefore the conclusion of
Theorem 3.2 can be obtained form Theorem 3.1.
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