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Abstract

The main purpose of this article is to introduce the concept of total quasi-¢-
asymptotically nonexpansive multi-valued mapping and prove the strong
convergence theorem in a real uniformly smooth and strictly convex Banach space
with Kadec-Klee property. In order to get the theorems, the hybrid algorithms are
presented and are used to approximate the fixed point. The results presented in this
article improve and extend some recent results announced by some authors.
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1 Introduction
Throughout this article, we always assume that X is a real Banach space with the dual
X*and J : X — 2% is the normalized duality mapping defined by

J(x) = (f* € X* i< x,f* >=xl? = |F*|*), xeE

In the sequal, we use F(7) to denote the set of fixed points of a mapping 7, and use
R and R* to denote the set of all real numbers and the set of all nonnegative real
numbers, respectively. We denote by x, — x and x,, — x the strong convergence and
weak convergence of a sequence {x,}, respectively.

A Banach space X is said to be strictly convex if ”x;)'” <1foralxye U=1{ze X:
||z]| = 1} with x = y. X is said to be uniformly convex if, for each € € (0, 2], there exists
d > 0 such that ||x;—y|| <1—6 forallw, ye U with [|x - y|| > e. X is said to be smooth
if the limit

im [+ ty| — llx

t—0 t

exists for all x, y € U. X is said to be uniformly smooth if the above limit is attained
uniformly in %, y € U.
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Remark 1.1. The following basic properties of a Banach space X can be found in
Cioranescu [1].

(i) If X is uniformly smooth, then J is uniformly continuous on each bounded subset
of X;

(i) If X is a reflexive and strictly convex Banach space, then /' is norm-weak-
continuous;

(iii) If X is a smooth, strictly convex and reflexive Banach space, then J is single-
valued, one-to-one and onto;

(iv) A Banach space X is uniformly smooth if and only if X* is uniformly convex;

(v) Each uniformly convex Banach space X has the Kadec-Klee property, i.e., for any
sequence {x,} € X, if x, ~ x € X and ||«,|| — ||*]||, then x,, — x.

Let X be a smooth Banach space. We always use ¢ : X x X - &' to denote the
Lyapunov functional defined by
2

P(x,y) = x> — 2(x, Jy) + ||y Vx,y € X. (1.1)

It is obvious from the definition of the function ¢ that
(el = yD* = 6 y) < (el + [[)? ¥xyeX. (1.2)

Following Alber [2], the generalized projection Il : X — C is defined by

[¢c(x) = arginfg(y,x), VxeX.
yeC

Lemma 1.2. [2] Let X be a smooth, strictly convex and reflexive Banach space and C
be a nonempty closed convex subset of X. Then the following conclusions hold:

(a) dx, Mey) + dI1ey, ¥) < b, y) forallx e Cand y € X;

(b) If x € X and z € C, then

z=THex iff(z—y, Jx—Jz) >0, VyeC

(c) Forw, ye X, ¢(x, y) = 0 if and only if x = y.

Let X be a smooth, strictly convex and reflexive Banach space and C be a nonempty
closed convex subset of X and 7': C — C be a mapping. A point p € C is said to be
an asymptotic fixed point of T if there exists a sequence {x,}  C such that x,, -~ p and
% - Tx,|| = 0. We denoted the set of all asymptotic fixed points of T by F(T).

Definition 1.3. (1) A mapping T : C — C is said to be relatively nonexpansive [3] if
E(T) #p,F(T) = F(T) and

o(p, Tx) < ¢(p.x), VxeC, pekF().

(2) A mapping T : C — C is said to be closed if, for any sequence {x,} © C with
x, = x and Tx,, > y, then Tx = y.
Definition 1.4. (1) A mapping 7 : C — C is said to be quasi-b-nonexpansive if

F(T) #p and
(. Tx) < ¢(p,x), VxeC, peF(T).

(2) A mapping T : C — C is said to be quasi-b-asymptotically nonexpansive if
F(T) # 0 and there exists a real sequence {k,} € [1, ) with k, — 1 such that
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o(p, T"x) < knop(p,x), ¥n>1, xe€C, peF(T). (1.3)

(3) A mapping T : C — C is said to be total quasi-¢-asymptotically nonexpansive if
F(T) #0 and there exist nonnegative real sequences {v,}, {#,} with v, > 0, u,, > 0 (as

n — o) and a strictly increasing continuous function {: #" — ®* with {(0) = 0
such that for allx € C, p e F(T)

o(p, T"x) < ¢(p,x) + vl (B(p, X)) + n, YN > 1. (1.4)

Remark 1.5. From the definitions, it is easy to know that
(1) Taking {(t) = ¢ t =0, v, =k, - 1 and y,, = 0, then v, > O(as n — o) and (1.3)

can be rewritten as
¢(p, T"x) < d(p, x) + val (#(p, X)) + un, Yn>1, xeC, peFT). (1.5)

This implies that the class of total quasi-p-asymptotically nonexpansive mappings
contains properly the class of quasi-$p-asymptotically nonexpansive mappings as a sub-
class, but the converse is not true.

(2) The class of quasi-¢p-asymptotically nonexpansive mappings contains properly the
class of quasi-p-nonexpansive mappings as a subclass, but the converse is not true.

(3) The class of quasi-p-nonexpansive mappings contains properly the class of rela-
tively nonexpansive mappings as a subclass, but the converse is not true.

Let C be a nonempty closed convex subset of a Banach space X. Let N(C) be the
family of nonempty subsets of C.

Definition 1.6. (1) A multi-valued mapping T : C — N(C) is said to be relatively

nonexpansive (3] if F(T) #p, F(T) = F(T) and
o(pw) <o(px), VYxeC, weTx, pekF).

(2) A multi-valued mapping 7' : C — N(C) is said to be closed if, for any sequence
{x,} © C with x, > x and w, € T(x,) with w, — y, then y € Tx.

Definition 1.7. (1) A multi-valued mapping 7 : C — N(C) is said to be quasi-$-non-
expansive if F(T) #0 and

o(pw) <¢(px), VxeC, weTx, peF(T).

(2) A multi-valued mapping 7' : C — N(C) is said to be quasi--asymptotically non-
expansive if F(T) #0 and there exists a real sequence {k,} € [1, ) with k, — 1 such
that

o(p,wy) <knop(p.x), ¥n>1, x€C, w,eT'x, peF(T). (1.6)

(3) A multi-valued mapping T : C — N(C) is said to be total quasi-y-asymptotically
nonexpansive if F(T) # 0 and there exist nonnegative real sequences {v,}, {¢,} with v,

— 0, y,, = 0(as n —> =) and a strictly increasing continuous function {: #° — R*
with {(0) = 0 such that for allx € C, p e F(T)

G(p,wn) < P(p,x) + val (B(P X)) + i, YN =1, wy € Ty, (1.7)

(4) A total quasi-¢p-asymptotically nonexpansive multi-valued mapping 7 : C — N(C)
is said to be uniformly L-Lipschitz continuous if there exists a constant L > 0 such that



Tang and Chang Fixed Point Theory and Applications 2012, 2012:63 Page 4 of 11
http://www fixedpointtheoryandapplications.com/content/2012/1/63

lwy —sall <L|x—y|, V¥xyeC w,eT s,€T n=>1.

Remark 1.8. From the definitions, it is easy to know that
(1) Taking {(t) =t, t =0, v, =k, -1 and y, = 0, then v, > 0 (as n — o) and (1.6)

can be rewritten as
(P wn) < (p,x) +vns ($(p.X)) +pn, Yn=1, xe€C, wyeT'x, peF(T).

This implies that the class of total quasi-p-asymptotically nonexpansive multi-valued
mappings contains properly the class of quasi-¢-asymptotically nonexpansive multi-
valued mappings as a subclass, but the converse is not true.

(2) The class of quasi-¢-asymptotically nonexpansive multi-valued mappings contains
properly the class of quasi-¢-nonexpansive multi-valued mappings as a subclass, but
the converse is not true.

(3) The class of quasi-$p-nonexpansive multi-valued mappings contains properly the
class of relatively nonexpansive multi-valued mappings as a subclass, but the converse
is not true.

In 2005, Matsushita and Takahashi [3] proved weak and strong convergence theo-
rems to approximate a fixed point of a single relatively nonexpansive mapping in a
uniformly convex and uniformly smooth Banach space X. In 2008, Plubtieng and
Ungchittrakool [4] proved the strong convergence theorems to approximate a fixed
point of two relatively nonexpansive mapping in a uniformly convex and uniformly
smooth Banach space X. In 2010, Chang et al. [5] obtained the strong convergence
theorem for an infinite family of quasi-¢p-asymptotically nonexpansive mappings in a
uniformly smooth and strictly convex Banach space X with Kadec-Klee property. In
2011, Chang et al. [6] proved some approximation theorems of common fixed points
for countable families of total quasi-$-asymptotically nonexpansive mappings in a uni-
formly smooth and strictly convex Banach space X with Kadec-Klee property. In 2011,
Homaeipour and Razani [7] proved weak and strong convergence theorems for a single
relatively nonexpansive multi-valued mapping in a uniformly convex and uniformly
smooth Banach space X.

Motivated and inspired by the researches going on in this direction, the purpose of
this article is first to introduce the concept of total quasi-¢p-asymptotically nonexpan-
sive multivalued mapping which contains many kinds of mappings as its special cases,
and then by using the hybrid iterative algorithm to prove some strong convergence
theorems in uniformly smooth and strictly convex Banach space with Kadec-Klee
property. The results presented in the article improve and extend some recent results
announced by some authors.

2 Preliminaries
Lemma 2.1. [6] Let X be a real uniformly smooth and strictly convex Banach space
with Kadec-Klee property, and C be a nonempty closed convex set of X. Let {x,} and
{y,.} be two sequences in C such that x, — p and ¢(x,, y,) — 0, where ¢ is the func-
tion defined by (1.1), then y,, — p.

Lemma 2.2. Let X and C be as in Lemma 2.1. Let T : C — N(C) be a closed and
total quasi-p-asymptotically nonexpansive multi-valued mapping with nonnegative real
sequences {v,}, {#,,} and a strictly increasing continuous function {: #° — #£" such
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that v, > 0, y,, > 0(as n — o) and {(0) = 0. If y; = 0, then the fixed point set F(7) is
a closed and convex subset of C.

Proof. Let {x,} be a sequence in F(T) with x, — p (as n — o), we prove that p € F
(7). In fact, by the assumption that T is total quasi-¢-asymptotically nonexpansive
multi-valued mapping and y; = 0, we have

¢(xn 1) < G(n p) + V18 ($(xn,p)), Vi € Tp.
Furthermore, we have
¢(p.u) = lim ¢(xs, u)
< lim (¢ (xn, p) + V15 (6(xn p))) = 0, Vu € Tp.
By Lemma 1.2(c), p = u. Hence, p € Tp. This implies that p € F(T), i.e., F(T) is
closed.

Next, we prove that F(T) is convex. For any x, y € F(T), t € (0, 1), putting g = tx +
(1 - t)y, we prove that g € F(T). Indeed, let {u,} be a sequence generated by

u; €1q,
u; € Tu, C T?q,
usz € Tu, C T3¢,

uy € Tu,—y C T'q,

In view of the definition of ¢(x, y), for all u, € Tu,.; € T"q, we have

$(a,un) = |a]* — 24q Jun) + llun]?
= [l ® = 2606 Jun) — 2(1 = )¢y, Jun) + a2 (2.2)
= [la|* + b6, ua) + (1 = )by, un) — tlixll> = (1 = ) Jy]*

Since
(%, tn) + (1 = ) (7, n)
< t(p(x,4) + v (B(x,9)) + 1) + (1 — (@ (y, q) + val (S, 0)) + )
= t(lIxl1? = 2(x,Jq) + a])* + vag ($(x, @) + 1) (2.3)
(1= (y]* = 200 + ] + vt (6, 9)) + 1)
= tlxl? + (1= )|y ]* = [l + ng (6 0)) + (1 = Yuag (B0 @) +

Substituting (2.2) into (2.1) and simplifying it we have
@(q, un) < tvas (d(x, q)) + (1 = va (@(y, 9)) + un —> 0(n — 00).

By Lemma 2.1, we have u,, - g (as n — o). This implies that u,,; — g (as n — o).
Since T is closed, we have g € Tq, i.e.,, g € F(T).

This completes the proof of Lemma2.2.

Lemma 2.3. [8] Let X be a uniformly convex Banach space, r > 0 be a positive num-
ber and B,(0) be a closed ball of X. Then, there exists a continuous, strictly increasing
and convex function g : [0, ) — [0, o) with g(0) = 0 such that
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o+ By|* < el + B|ly|* — aBg(|x - ¥]). (2.4)

for all x, ye B,(0) and all o, B € [0, 1] with o + 8 = 1.

3 Main results

In this section, we shall use the hybrid iterative algorithm to study the iterative solu-
tions of nonlinear operator equations with a closed and uniformly total quasi-¢p-asymp-
totically nonexpansive multi-valued mapping in Banach space.

Theorem 3.1. Let X be a real uniformly smooth and strictly convex Banach space
with Kadec-Klee property, and C be a nonempty closed and convex subset of X. Let T
: C > N(C) be a closed and total quasi-p-asymptotically nonexpansive multi-valued
mapping with nonnegative real sequences {v,},{¢,} and a strictly increasing continuous
function {: #° — R* such that y, = 0, v, > 0, y,, > 0 (as n — ) and {(0) = 0.
Let xo € C, Co = C and {x,} be a sequence generated by

Yn = ]_l(an]xn + (1 - an)]zn)/

Zy = ]_l(ﬁn]xn + (1 - ﬁn)]w")'
Ci1={veCy: ¢(Vr Yn) =< d’(‘)rxn) +&q},
Xn+l = HlexO/ vn > 0,

(3.1)

where w,, € T"x,, Yn > 1, &, = v, sup,e rry (D@, %)) + w4 T, is the generalized
projection of X onto C,,1, {o,} and {B,} are sequences in [0,1] satisfies the following
conditions:

(a) lim inf, .. B,(1 - B,,) > O;

(b)0 <o, <o<1for some e (0,1).

If F(T) is a nonempty and bounded subset of C, then the sequence {x,} converges
strongly to ITgxo.

Proof. We divide the proof of Theorem 3.1 into six steps.

(1) C,, is closed and convex for each n = 0.

In fact, by the assumption, Cy = C is closed and convex. Suppose that C, is closed
and convex for some n > 1. Since the condition (v, y,,) < ¢(v, x,)) + &, is equivalent to

200, 0% — Jyn) < nll® = ] * + & m=1,2,...,
hence the set
Cuat = {v € Cu 200, Jw = Jyn) < lull? = [ 1a]” + &)

is closed and convex. Therefore C,, is closed and convex for each #n > 0.
(1) {x,} is bounded and {®(x,, x0)} is a convergent sequence.
Indeed, it follows from (3.1) and Lemma 1.2(a) that for all # > 0, u € F(T)

@ (xn, x0) = ¢(T1c, X0, X0) < P(u, x0) — ¢ (u, c,x0) < P(u, x0).

This implies that {$(x,, %)} is bounded. By virtue of (1.2), we know that {x,} is
bounded.
In view of structure of {C,}, we have C,,; € C,, Cp C Cy, x, =TIlc,x0 and

X1 = g, Xo. This implies that x,,,; € C, and

@ (xn, %0) < P(Xns1,%), VYn=0.
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Therefore {$p(x,, x0)} is a convergent sequence.

(111) K(T) < C,, for all n = 0.

It is obvious that F(T) € Cy = C. Suppose that F(T) c C,, for some n > 1. Since X is
uniformly smooth, X* is uniformly convex. For any given u € F(T) € C, and n > 1 we
have

Bt yn) = b (endxn + (1 — on)]2n))
= lull® = 2(u, @iy + (1 — @n)zn) + [|anfn + (1 — an)Jza
< Ml — 20 (1, Jx) — 2(1 — ) (14, J21) + |12 (3.2)
+(1 = o) llzall?

= and (U, xn) + (1 — o) (U, 2n).
Furthermore, it follows from Lemma 2.3 that for any u € F(T), w,, € T"x, we have

¢t 2n) = P(u T~ (Buln + (1 = Bn)Jwn))
= [lull? = 2, Bulxu + (1 = Ba)wn) + || Bultn + (1 = Bu)Jwn )
< llull®* = 2Bu(u, Jxn) — 2(1 — Bu) {1, Jwy) + Bullxall®
+ (1= B)llwall> = Ba(1 — Ba)g(IlJxn — Jwn )
= B (, x2) + (1 — Bn)d(u, wn) — Bu(1 — Bn)g(Ixn — Jwyll) (3.3)
< Bud(u, xn) + (1 — Bn) (¢ (w, xn) + vl (D (1, %)) + pn)
= Bn(1 = Bn)g(IlJxn — Jwall)
< d(u,xn) + vy sup S(d(p,xn)) + pn — Bu(1 — Bn)8(NJxn — Jwnll)

peF(T)

= @1, xn) +&n — Bu(1 — Bn)g(IJxn — Jwnll).
Substituting (3.3) into (3.2) and simplifying it, we have
O, yn) < o(u, x0) + (1 — an)én < d(u,xn) +&r,  Vu € F(T), (3.4)

ie,ue C,,q and so F(T) € C,,, for all n > 0.

By the way, in view of the assumption on {v,}, {#,} we have

&n = vn sup ¢(P(p,xn)) + pn — 0(n — 00).
peF(T)

(1V) {x,; converges strongly to some point p* € C.

In fact, since {x,} is bounded and X is reflexive, there exists a subsequence
{xn,} C {xn} such that x,, — p* (some point in C). Since C, is closed and convex and
C,1 © C,, this implies that C, is weakly closed and p* € C, for each n = 0. In view of

X, = Ilc, X0, we have
d’(xni:xo) =< d’(p*: xO)l Vni = 0.

Since the norm |[| - || is weakly lower semi-continuous, we have
o . 2
lim inf ¢ (xp,, Xo) = lim inf( ||xni || — 2(xn,, Jx0) + ||x0||2)
nj— 00 Nn;— 00

> [0*]|> = 200", Jxo0) + lIxoll? = $(p", o),

Page 7 of 11
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and so

¢(p*, x0) < liminfe(xy, x0) < limsup ¢ (xy, x0) < (p*, x0)-

This implies that limp_ 0@ (Xn, x0) = @(p* x0), and so ||x,,1. || — Hp* || . Since
Xn, — p*, by virtue of Kadec-Klee property of X, we obtain that

: *
lim x,, =p*.
nj— 00

Since {$p(x,, x0)} is convergent, this together with limy,_ oo®(xn, X0) = P (p*, %0),
which shows that lim,_,.. ®(x,, xo) = d(p*, xo). If there exists some sequence
{xn,} C {xn} such that ¥ = 4, then from Lemma 1.2(a) we have that

(,b(P*,q) = llm ¢(xni’xnj)= hm ¢(x”i’ncn»x0)

ni,nj—00 n;,nj— 00 i

< lim (¢(xn, x0) — ¢(I1c, X0, X0))
n;,nj—> 00 y)

= lim (¢ (xn, X0) — ¢ (xn;, X0))
n;,1j—>00

= ¢(p*, x0) — (p*, x0) = 0.

This implies that p* = g and

lim x, = p*. (3.5)

n—o0

(V) Now we prove that p* € F(T).
In fact, since x,,,, € C,,; € C,, it follows from (3.1) and (3.5) that

¢(xn+lr Yn) =< ¢(xn+1rxn) +& —> 0(” - OO)
Since x,, — p*, by the virtue of Lemma 2.1

lim y, = p*. (3.6)

From (3.2) and (3.3), for any u € F(T) and w, € T"x,, we have
Gt yn) < G, xn) + &0 — (1 = ) Bu(1 = Bu)g(INxn — Jwnll),
ie,
(1 = an)Ba(1 = Ba)g(Wxn — Jwnll) < d(u,%n) + &n — P (u, yu) — 0(n — 00).

By conditions (a) and (b) it shows that lim,, .. g(||/x, - Jw,||) = 0. In view of prop-
erty of g, we have

Jxn = Jwn |l — 0(n — o0).
Since Jx,, — Jp*, this implies that Jw,, — Jp*. From Remark 1.1 (ii) it yields

wy, — p*(n — 00). (3.7)
Again since

[llwall = ||o*[|| = [IWwall = |J6* ||| < [Jwn = Tp*|| = 0(n — o0),
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this together with (3.7) and the Kadec-Klee property of X shows that

lim w, = p*. (3.8)

n—oo
Let {s,} be a sequence generated by

sy € Twy, C T?xq,
s3 € Tw, C T3x2,

Spa1 € Tw, C T™'x,,

By the assumption that 7 is uniformly L-Lipschitz continuous, hence for any w, €
T"x, and s,,; € Tw, € T""x, we have
Isne1 — wall < l1sne1 — Wt | + [Wne1 — Xpar | + %01 — Xall + 126 — wy | (3.9)
=< (L + 1) l%ne1 — Xull + lwner — Xnar | + X0 — wall . ‘
This together with (3.5) and (3.8) shows that lim,,_,.. ||s,.1 - w,|| = 0 and lim,,_,.. s,
+1 = p*. In view of the closeness of T, it yields that p* € Tp* ie,

p* € F(T).

(VI) we prove that x,, — p* = Hgcyxo.
Let t = I pyxo. Since t € F(T) © C,, and x, = I¢,xo, we have

¢ (xn,%0) < P(t,x0), VYn=>0.
This implies that

¢(p",x0) = lim ¢ (xn, x0) < (& %o)- (3.10)

In view of the definition of IIx7yxo, from (3.10) we have p* = t. Therefore, x,, — p* =
rerxo.

This completes the proof of Theorem 3.1.

From Remark 1.8, the following theorems can be obtained from Theorem 3.1
immediately.

Theorem 3.2. Let X be a real uniformly smooth and strictly convex Banach space
with Kadec-Klee property, and C be a nonempty closed and convex subset of X. Let T'
: C > N(C) be a closed and quasi-¢-asymptotically nonexpansive multi-valued map-
ping with a real sequences {k,} € [1, ) and k,, &> 1(n — (). Let xg € C, Cy = C and
{x,,} be a sequence generated by

Vn = ]71(an]xn + (1 - Oln)]zn)/

zn = T (BJxn + (1 — B)Jwy),  wy € T'xy,
Cii1 ={veCy:d(v,yn) < o(v, xn) +&n},
X1 = g, %0, VN >0,

where &, = (k, - 1) sup,e rny(®(p, %), Ilc,,, is the generalized projection of X onto
C,.1, {0} and {B,} are sequences in [0,1] satisfies the following conditions:

(@ lim inf, .. B,(1 - B) > O

(b) 0 <, < x <1 for some ax e (0, 1).

Page 9 of 11
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If F(T) is a nonempty and bounded subset of C, then the sequence {x,} converges
strongly to ITyxo.

Theorem 3.3. Let X be a real uniformly smooth and strictly convex Banach space
with Kadec-Klee property, and C be a nonempty closed and convex subset of X. Let T
: C = N(C) be a closed and quasi-¢ nonexpansive multi-valued mapping. Let x5 € C,
Co = C and {x,} be a sequence generated by

Vn = ]71(05n]xn + (1 —an)lzy),

Zp = ]71(ﬁn]xn +(1 = Bu)wn), wy € Txy,
Ci1={veCy:d(v,yn) < d(v,xa)}

Xne1 = Ig,,, X0, Vn =0,

where Il¢,,, is the generalized projection of X onto C,,1, {¢,} and {B,} are sequences
in [0,1] satisfies the following conditions:

(a) lim inf, .. B,(1 - B,,) > O;

(b)0 <o, <o<1for some e (0,1).

If F(T) is a nonempty and bounded subset of C, then the sequence {x,} converges
strongly to ITzyxo.

Theorem 3.4. Let X be a real uniformly smooth and strictly convex Banach space
with Kadec-Klee property, and C be a nonempty closed and convex subset of X. Let T
: C — N(C) be a closed and relatively nonexpansive multi-valued mapping. Let xo € C,
Co = C and {x,} be a sequence generated by

Vn = ]71(05n]xn + (1 —an)lzy),

Zn = ]71(ﬁn]xn +(1 = Bu)wn), wy € Txy,
Cn+1 = {U € Cn . d)(vl Yn) S ¢(szn)}/

Xni1 = Ig,,, X0, Vn =0,

where Tl¢,,, is the generalized projection of X onto C,,1, {e,} and {B,} are sequences
in [0,1] satisfies the following conditions:

(a) lim inf, .. B,(1 - B,,) > O;

(b)0 <o, <o<1for some e (0,1).

If F(T) is a nonempty and bounded subset of C, then the sequence {x,} converges

strongly to ITgxo.
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