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1. Introduction
Throughout this article, (X, || - ||) will denote a real Banach space.

Definition 1.1. The Eisenfeld-Lakshmikantham measure of nonconvexity (E-L mea-
sure of nonconvexity, for short) of a bounded subset A of X is defined by

u(A) = sup inf|lx —all = H (A, coA),
xecoA 4€A

where coA denotes the closed and convex hull of A and H(C, D) is the Hausdorff-
Pompeiu distance between the bounded subsets C and D of X.

The E-L measure of nonconvexity was introduced in [1]. The following properties of
u can be derived in a fairly straightforward manner from its definition. Here, A, B € X

are assumed to be bounded and A denotes the closure of A.

(i) u(A) = 0 if, and only if, A is convex.
(ii) uAA) = |A|u(A) A € R).

(iil) #(A + B) < u(A)+u(B).

(iv) |# (A) - u(B)| < p (A - B).

™) u(A) = u(A).

(vi) u(A) < 6(A), where

8(A) = sup [lx—y|
X, yEA

© 2012 Marrero; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution

L]
@ Sprlnger License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,

provided the original work is properly cited.


mailto:imarrero@ull.es
http://creativecommons.org/licenses/by/2.0

Marrero Fixed Point Theory and Applications 2012, 2012:5 Page 2 of 7
http://www fixedpointtheoryandapplications.com/content/2012/1/5

is the diameter of A.
(vii) |u(A) - u(B)| < 2H(A, B).

The following result was obtained in [2].
Lemma 1.2 ([2, Lemma 2.4]). Let {As};2, be a decreasing sequence of nonempty,

closed, and bounded subsets of a Banach space X with

lim u(A,) =0,
n—o0

where p is the E-L measure of nonconvexity of X, and let As = (\poy An. Then

00
A = ﬂn:l COA,.

Definition 1.3. Let Y be a nonempty and closed subset of the Banach space X. The E-
L measure of nonconvexity y of X is said to have the Cantor property in Y if for every
decreasing sequence {An};2, of nonempty, closed, and bounded subsets of Y such that
lim,— ooit(An) =0, the closed and bounded (and, by Lemma 1.2, convex) set
Aoo = (52, Anis nonempty.

Theorem 1.4 ([2, Theorem 2.5]). For a Banach space X, the following statements are
equivalent:

(i) X is reflexive.

(ii) The E-L measure of nonconvexity of X satisfies the Cantor property in X.

In Section 2 below we prove a result (Theorem 2.1), more general than Theorem 1.4,
which characterizes weak compactness also in terms of the Cantor property for the E-L
measure of nonconvexity. As an application of this characterization, we show that the
convexity requirements can be dropped from the hypotheses of a number of fixed
point theorems in [3-5] for condensing maps (see Section 3.1), nonexpansive maps (see
Section 3.2) and isometries (see Section 4).

2. A characterization of weak compactness

Theorem 2.1. Let X be a Banach space with E-L measure of nonconvexity u, and let C
be a nonempty, weakly closed, and bounded subset of X. The following statements are
equivalent:

(i) C is weakly compact.
(ii) The measure u satisfies the Cantor property in coC .

(iil) For every decreasing sequence {An)y2,of nonempty and closed subsets of

coC such that limy_, o (An) = 0, the set A = ﬂZZl A, is nonempty.

Proof. Part (iii) is just a rephrasement of part (ii).
Suppose (i) holds. By the Krein-Smulian theorem [6, Theorem V.6.4], coC is weakly

compact. Let {An}32; be a decreasing sequence of nonempty and closed subsets of

coC with lim,,_,.. #(A,) = 0. By Lemma 1.2, Ay = ﬂool COAy,, where {coA,} 2, is a
n=
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decreasing sequence of nonempty closed, and convex subsets of the weakly compact
and convex set coC. The Smulian theorem [6, Theorem V.6.2] then allows us to con-
clude that A.. is nonempty.

Conversely, assume (iii). If we take any decreasing sequence {Cyp}52; of nonempty,
closed, and convex subsets of the bounded and convex set coC, then u(C,) =0 (n e
N), and therefore Co # . Appealing again to the Smulian theorem [6, Theorem
V.6.2] we find that the convex set coC is weakly compact. Finally, being a weakly
closed subset of coC, the set C itself is weakly compact.

Note that Theorem 1.4 can be easily derived from Theorem 2.1. For the sake of
completeness, we give a proof of this fact.

Corollary 2.2. For a Banach space X with E-L measure of nonconvexity p, the follow-
ing statements are equivalent:

(i) X is reflexive.

(ii) The closed unit ball By of X is weakly compact.

(iii) For every decreasing sequence {An}i, of nonempty and closed subsets of By such
that lim,, ... u(A,) = 0, the set Ao = (o) An is nonempty and convex.

(iv) The measure u satisfies the Cantor property in X.

Proof. The equivalence of (i) and (ii) is well known [6, Theorem V.4.7]. To see that
(ii) and (iii) are equivalent, take C = By in Theorem 2.1, bearing in mind that
coC = By . For the proof that (iii) implies (iv), let {As}52; be a decreasing sequence of
nonempty, closed, and bounded subsets of X such that lim,, ,.. #(4,) = 0. Since A; is

bounded and {A;};2; is decreasing, there exists 4 > 0 such that
By = AA,; C Bx (HE[N)
Now {B}32; is a decreasing sequence of nonempty, closed, and bounded subsets of

lim w(By) = A lim u(A,) =0.
n—oo n—o0
Therefore Ao, = A™!'By, # @, as asserted. Finally, it is apparent that (iv) implies (iii).

3. Fixed points for condensing and nonexpansive maps

Definition 3.1 ([2, Definition 4.3]). Let Y be a nonempty, closed, and bounded subset of
a Banach space X. A map f: Y — Y is said to have property (C) if lim,_,.. u(Y,) = 0,
where y is the E-L measure of nonconvexity in X and {Yn};o,is the decreasing sequence
of nonempty, closed, and bounded subsets of X defined by

Yi=f(Y), Yun =f(Ya) (neN).

Proposition 3.2. Let Y be a nonempty and weakly compact subset of a Banach space
X, and let f: Y — Y be a map with property (C). Then Y contains a nonempty, closed,
and convex (hence, weakly compact) set K such that fiK) < K.
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Proof. Let {Yn};2; be as above. Since f has property (C), we have

Jim () = 0.

Theorem 2.1 yields that K = Yoo = [),2; Y is nonempty, closed, and convex. Clearly,
AK) < K. Closed convex sets are weakly closed [6, Theorem V.3.18] and therefore K is
weakly compact, as claimed.

As an application of Proposition 3.2, some fixed point theorems for condensing and
nonexpansive maps will be proved.

3.1. Condensing maps

Definition 3.3. Let Y be a nonempty and bounded subset of a Banach space X, and let
Y denote some measure of noncompactness in X, in the sense of [7, Definition 3.2]. A
map f: Y — Y is called y-condensing provided that

v(f(B)) < v(B)

for every B € Y with fiB) € B and ¥(B) > 0.

The following result is an extension of [3, Theorem 4]. It can be also viewed as a
version of Sadovskii’s theorem [8].

Theorem 3.4. Let v be a measure of noncompactness in a Banach space X and let Y
be a nonempty and closed subset of X such that coY is weakly compact. Assume that
the map fY =Y is continuous, y-condensing and has property (C). Then f has at least
one fixed point in Y.

Proof. Arguing as in the proof of Proposition 3.2 we get a nonempty, closed, and
convex set K € Y such that fK) € K. The required conclusion follows from [7, Corol-
lary 3.5].

3.2. Nonexpansive maps
Definition 3.5. Let A € X be bounded. A point x € A is a diametral point of A pro-
vided that sup,c 4 |lx - yll = 5(A). The set A is said to have normal structure if for each
convex subset B of A containing more than one point, there exists some x € B which is
not a diametral point of B.

The following is a version of Kirk’s seminal theorem (cf. [4, Theorem 4.1]) which
does not require the convexity of the domain.

Theorem 3.6. Let Y be a nonempty and weakly compact subset of a Banach space X.
Suppose Y has normal structure. If f: Y — Y has property (C) and is nonexpansive,
that is, satisfies

lf@—fW) <fx=v] ®yeY),

then f has a fixed point.
Proof. The asserted conclusion can be derived from Proposition 3.2 and [4, Theorem
4.1].

4, Fixed points for isometries
Definition 4.1. Let Y be a nonempty and weakly compact subset of a Banach space X.
We say that Y has the fixed point property, FPP for short, if every isometry fY — Y has
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a fixed point. The set Y is said to have the hereditary FPP if every nonempty, closed,
and convex subset of Y has the FPP.

Definition 4.2. Given a nonempty, closed, and bounded subset Y of a Banach space
X, let

r(x) =r(x,Y) =sup |x—y|| (xeX),
yeY

r(Y) = Jicgr(x),

and
Y={xeY:r(x)=r(Y)}

The number r(Y) and the members of Y are respectively called Chebyshev radius and
Chebyshev centers of Y. Further, define

17n={xeY:r(Y)ST(X)ST(Y)*':l}

=ﬂ[y+(r(y)+ :I)BX:|0Y (neN).

yeY

We say that Y has property (S) provided that lim,H'x,/,t(Y,,) = 0, where y is the E-L
measure of nonconvexity in X.

Lemma 4.3. Let Y be a nonempty and weakly compact subset of a Banach space X. If
Y has property (S), then Y is nonempty, closed, and convex.

~ [e.¢]
Proof. Note that {Yn] ) is a decreasing sequence of nonempty and closed subsets of
n=

Y, with lim,,_,..(Y,) = 0. From Theorem 2.1, the set of Chebyshev centers
o0
Y=Y =[Va
n=1

is nonempty closed, and convex.

Theorem 4.4. Let Y be a nonempty and weakly compact subset of a Banach space X.
Assume further that Y has both property (S) and the hereditary FPP. Then every isome-
try fY — Y such that AY) € Y has a fixed point in Y.

Proof. From Lemma 4.3, Y is nonempty, closed, and convex. It suffices to invoke the
hereditary FPP of Y.

Definition 4.5. Let Y be a nonempty, closed, and bounded subset of a Banach space
X. Given an isometry fY — Y, let us consider

Rio(x) =7(x,Y) =sup lx —z|| (x €X),
zeY

Ry m(x) = 7(x, Yn) = sup [lx — z]|

z€Ypy

=7(xf"(Y)) = sug [x=f"@)| (xeX, meN),
ye
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Rf(x) = lim Ry (x) = inzf Rim(x) (x€X),
m—00 meZ.,
Ry(Y) = infRy(x),
and
Yr = {x € Y : Re(x) = Re(Y)}.

The number R(Y) and the set Yy are respectively called asymptotic Chebyshev radius
and asymptotic Chebyshev center of {Ym)owo = {f™ (Y)Y with respect to Y. Further,
define

Y {x €Y : R(Y) < Re(x) < Re(Y) + :l}

ﬂ ﬂ |:z+<Rf(Y)+:l>Bx]ﬂY (n e N).

meZ, zeYy,

We say that f has property (A) provided that limn%m/x(f/ﬁ,,) = 0, where y is the E-L
measure of nonconvexity in X.

Lemma 4.6. Let Y be a nonempty and weakly compact subset of a Banach space X,
and let fY — Y be an isometry with property (A). Then Yy is nonempty, closed, and

convex.

Proof. Note that {?f,n}ﬁl is a decreasing sequence of nonempty and closed subsets of

Y, with lim,_, o u (?f,,,) = 0. From Theorem 2.1, the asymptotic Chebyshev center
o0
Yr =Yoo = m Yfn
n=1

is nonempty closed, and convex.

Lemma 4.7. Let Y be a nonempty and weakly compact subset of a Banach space X,
and let f: Y — Y be an isometry. Assume c € Yyis such that f(c) = c. then c € V.

Proof. We argue as in the proof of [5, Theorem 2]. Since fis an isometry and fic) = ¢,
we have

Rim(€) = Rim (F(€)) = Rm-1(c) (m € N),
whence
Rim(c) = Rro(c) (meN).
From Definition 4.5 and the hypothesis that ¢ € Y} it follows that

7(c,Y) =Rso(c) = VJEIOIO Rym(c) = Re(c) = Re(Y).

Now, for any x € Y we get

r(c,Y) =Re(Y) < ian Rfm(x) < Rpo(x) = r(x,Y),
meZ,

which proves that c e Y.
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Theorem 4.8. Let Y be a nonempty and weakly compact subset of a Banach space X.
Suppose Y has the hereditary FPP. Then every isometry fY — Y with property (A) has a
fixed point in Y.

Proof. Let f: Y — Y be an isometry with property (A). From Lemma 4.6, ¥, is none-
mpty, closed, and convex. Moreover, i¥)) € Y, (cf. [5, Proposition 3]). The hereditary
FPP of Y then yields ¢ € Yy such that fic) = ¢, and Lemma 4.7 ensures that c € Y.

Corollary 4.9 ([5, Theorem 2]). Let Y be a nonempty, weakly compact, and convex
subset of a Banach space X. Suppose Y has the hereditary FPP. Then every isometry fY
— Y has a fixed point in Y.

Proof. Since Y is convex, every isometry f: Y — Y has property (A). Theorem 4.8
completes the proof.

The following is an extension of Kirk’s theorem [4, Theorem 4.1] for isometries.

Theorem 4.10. Let Y be a nonempty and weakly compact subset of a Banach space
X. Assume further that Y has normal structure. Then every isometry fY — Y with prop-
erty (A) has a fixed point in Y.

Proof. Let f: Y — Y be an isometry with property (A). From Lemma 4.6, Yf is none-
mpty, closed, and convex. Moreover, iY) € Y, (cf. [5, Proposition 3]). Kirk’s theorem
[4, Theorem 4.1] along with Lemma 4.7 yield ¢ € Y such that flc) = c.

Corollary 4.11 ([5, Corollary 1]). Let Y be a nonempty, weakly compact, and convex
subset of a Banach space X. Assume further that Y has normal structure. Then every
isometry fY — Y has a fixed point in Y.

Proof. The convexity of Y guarantees that every isometry f: Y — Y satisfies property
(A). The desired conclusion follows from Theorem 4.10.
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