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1 Introduction
Let (X, d) be a metric space. Denote by P(X) the set of all nonempty subsets of X and
CB(X) the family of all nonempty closed and bounded subsets of X. A point x in X is a
fixed point of a multivalued map 7 : X — P(X), if x € Tx. Nadler [1] extended the
Banach contraction principle to multivalued mappings.

Theorem 1.1 (Nadler [1]) Let (X, d) be a complete metric space and let T : X — CB
(X) be a multivalued map. Assume that there exists r € [0,1) such that

H(Tx, Ty) < rd(x,y)

for all x, y € X, where H is the Hausdorff metric with respect to d. Then T has a fixed
point.

Reich [2] proved the following generalization of Nadler’s fixed point theorem.

Theorem 1.2 (Reich [2]) Let (X, d) be a complete metric space and T : X — C(X) be
a multi-valued map with non empty compact values. Assume that

H(Tx, Ty) < @(d(x,y))d(x, y)

for all x, y € X, where ¢ is a function from [0, ) into [0,1) satisfying
limsup,_,,.¢(s) < Yfor all t >0. Then T has a fixed point.

Mizoguchi and Takahashi [3] proved the following generalization of Nadler’s fixed
point theorem for a weak contraction which is a partial answer of Problem 9 in Reich
[4].
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Theorem 1.3 (Mizoguchi and Takahashi [3]) Let (X, d) be a complete metric space
and T : X — CB(X) be a multivalued map. Assume that

H(Tx, Ty) < @(d(x,y))d(x. )

for all x, y € X, where ¢ is a function from [0, ) into [0,1) satisfying
limsup,_,.¢(s) < Yorall t > 0. Then T has a fixed point.

Suzuki [5] gave a very simple proof of Theorem 1.3.

Very recently, Amini-Harandi and O’Regan [6] obtained a nice generalization of
Mizoguchi and Takahashi’s fixed point theorem. Throughout the article, let ¥ be the
family of all functions i : [0, =) — [0, o) satisfying the following conditions:

(@) w(s) =0 e s =0,

(b) v is nondecreasing,

(c) limsup,_ . 1//?5) < oo,

We denote by @ the set of all functions ¢ : [0, ) — [0,1) satisfying
lim sup,_,.¢(r) < 1for all £ > 0.

Theorem 1.4 (Amini-Harandi and O’Regan [6]) Let (X, d) be a complete metric
space and T : X — CB(X) be a multivalued map. Assume that

¥ (H(Tx, Ty)) < o(¥ (d(x,y))) ¥ (d(x,y))

forall x, y e X, where y € ¥ is lower semicontinuous and ¢ € ®. Then T has a fixed
point.

The existence of fixed point in partially ordered sets has been investigated recently in
[7-27] and references therein.

Du [13] proved some coupled fixed point results for weakly contractive single-valued
maps that satisfy Mizoguchi-Takahashi’s condition in the setting of quasiordered
metric spaces. Before recalling the main results in [13], we need some definitions.

Definition 1.1 (Bhaskar and Lakshmikantham [11]) Let X be a nonempty set and A
1 X x X —> X be a given map. We call an element (x, y) € X x X a coupled fixed point
of Aifx = Ax, y) and y = A(y, x).

Definition 1.2 (Bhaskar and Lakshmikantham [11]) Let (X, <) be a quasiordered
set and A : XX — X a map. We say that A has the mixed monotone property on X if A
(%, ¥) is monotone nondecreasing in x € X and is monotone nonincreasing in y € X,
that is, for any x, y € X,

x1,% € Xwithx; < xp = A(x1,y) < A(x2,9),

< <
y1,¥2 € Xwithy; < y2 = A(x,y1) = A(x y2).

Definition 1.3 (Du [13]) Let (X, d) be a metric space with a quasi-order <. A none-
mpty subset M of X is said to be

(i) sequentially <1-complete if every <-nondecreasing Cauchy sequence in M
converges;
(ii) sequentially <|-complete if every <-nonincreasing Cauchy sequence in M
converges;

(iii) sequentially <% -complete if it is both <1-complete and <|-complete.
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Theorem 1.5 (Du [13]) Let (X, d, <) be a sequentially <t -complete metric space and
A X x X > X be a continuous map having the mixed monotone property on X.
Assume that there exists a function ¢ € O such that

d(A(xy), Aw,v)) < ;so(d(x, u) +d(y,v))(d(x, u) +d(y, v))

for all x > u and y < v. If there exist xo, yo € X such that xo < A (xg yo) and yo * A
(Vo %0), then A has a coupled fixed point.

Theorem 1.6 (Du [13]) Let (X, d, <) be a sequentially <t -complete metric space and
A : X x X > X be a map having the mixed monotone property on X. Assume that

(i) any <-nondecreasing sequence (x,) with x,, — x implies x,, < x for all n,
(ii) any <-nonincreasing sequence (y,) with y, — y implies > for all n.

Assume also that there exists a function ¢ € ® such that

d(A(x ), Awv)) < ;w(d(x: u) +d(y,v))(d(x, u) +d(y, v))

for all x > u and y < v. If there exist xo,yo € X such that xy < A(xp yo) and yo > A(yo
x0), then A has a coupled fixed point.

Very recently, Gordji and Ramezani [14] established a new fixed point theorem for a
self-map 7 : X — X satisfying a generalized Mizoguchi-Takahashi’s condition in the
setting of ordered metric spaces. The main result in [14] is the following.

Theorem 1.7 (Gordji and Ramezani [14]) Let (X, d, <) be a complete ordered metric
space and T : X — X an increasing mapping such that there exists an element xo € X
with xo & Txo. Suppose that there exists a lower semicontinuous function y € Y and ¢
€ O such that

Y (d(Tx, Ty)) < (¥ (d(x,y)) ¥ (d(x y))

for all x, y € X such that x and y are comparable. Assume that either T is continuous
or X is such that the following holds: any <-nondecreasing sequence (x,) with x, — x
implies x,, < x for all n. Then T has a fixed point.

In this article, we present new coupled fixed point theorems for mixed monotone
mappings satisfying a generalized Mizoguchi-Takahashi’s condition in the setting of
ordered metric spaces. Presented theorems extend and generalize Du [[13], Theorems
2.8 and 2.10], Bhaskar and Lakshmikantham [[11], Theorems 2.1 and 2.2], Harjani et
al. [[15], Theorems 2 and 3], and other existing results in the literature. Moreover,
some applications to ordinary differential equations are presented.

2 Main results
Through this article, we will use the following notation: if (X, <) is an ordered set, we
endow the product set X x X with the order < given by

(), (wv)eXxX, (xy)xWwv)exsuy=ur

Our first result is the following.
Theorem 2.1 Let (X, d, <) be a sequentially <1 -complete metric space and A : X x
X — X be a map having the mixed monotone property on X. Suppose that there exist
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we Yand ¢ € O such that for any (x, y),(u, v) € XxX with (4, v) <(x, y),
Y (d(A(x,y), A(w,v))) < (¥ (max{d(x, u), d(y, v)}))¥ (max{d(x, u),d(y, v)}). (1)

Suppose also that either A is continuous or (X, d, <) has the following properties:

(i) any <-nondecreasing sequence (x,) with x,, — x implies x,, < x for each n,

Y A

(i) any <-nonincreasing sequence (y,) with y, — y implies y, > y for each n.

If there exist xo,y0 € X such that xo < A(xo yo) and yo = A(Yo o), then there exist a,
b e X such that a = A(a, b) and b = A(b, a).
Proof. Define the sequences (x,) and (y,) in X by

Xne1 = A(Xn,¥n)r VYna1 = A(yn,x,) foralln > 0.

In order to make the proof more comprehensive we will divide it into several steps.

o Step 1. %, < x,,,1 and y,, > y,,,; for all n > 0.

We use mathematical induction.

As xp < A(xp y0) = x1 and yy > A(Yo x¢) = y1, our claim is satisfied for n = 0.

Suppose that our claim holds for some fixed # > 0. Then, since %, < x,,; and y,, >
yn+1 and as A has the mixed monotone property, we get

Xne1 = A(Xn, Yn) < A(Xns1, Vn) < A(Xns1, Yne1) = Xns2
and
Yn+1 = A(Yn/ xn) = A(erlz xn) = A(Yn+lrxn+l) = Yn+2-

This proves our claim.

¢ Step 2. limnﬁoo W(max{d(xn+1’xn)’d(yn+lryn)}) = 0.
Since x,, < x,,,; and y,, > ¥,,.; (Step 1), we have (x,, ¥,) £ (%,:1,Y.:1), and by (1), we
have

Y (d(A(Xns1, Yne1), A(%n, ¥n)))
< o(¥(max{d(xp.1, %), A(Yns1, ¥n)}))¥ (max{d(xps1, %), A(Vne1, ¥n)}) (2)
=< 1p(rnax{d(xn-#1r xn)r d()/ml/ )/n)})

Similarly, since (,,,1%,.+1) X O %,,), by (1), we have

Y (d(A(yn Xn), A(Yns1,Xns1)))
< <P(W(max{d()/m Yn+l)r d(xnr xn+l)}))w(max{d()/m Vn+1 )r d(xnr xn+1)}) (3)
< Y (max{d(yn, yn+1), d(Xn, Xns1)})-

From (2) and (3), we get
max{y (d(Xn.2, Xns1), ¥ (d(Yni2, ¥ne1))} < ¥ (max{d(xn.r, Xn), d(Yne1, ¥n)})-
Since y is nondecreasing, this implies that
¥ (max {d(xn2, Xne1)d(Vns2, Yne1)}) < ¥ (max {d(xns1, xn), d(Vns1, ) }) (4)

for all n > 0. Now, (4) means that (w(max{d(x,,1,%x,),d(y,+1,Y,)})) is a non increasing
sequence. On the other hand, this sequence is bounded below; thus there exists y > 0
such that
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nlglgo ¥ (max{d(xns1, Xn), d(Yns1, ¥n)}) = 1. (5)

Since ¢ € @, we have limsup,_, ,.¢(r) < Land ¢ (u) <1. Then, there exist & € [0,1)
and ¢ >0 such that ¢(r) < o for all r € [pp + ¢). From (5), we can take 1y > 0 such
that g < w(max{d(x,,,1,%.),dVns1,Yn)}) < p + € for all n > ny. Then, from (2), for all n >

1o, we have

Ip(d(-xrwlr xn+2))
< o(y¥ (max{d(xs1, %), A(Yni1, ¥n)}) ) (max{d (X1, X4), A(Ynar, ¥n)}) (6)
=< Olw(max{d(x;ﬂ.l, xn)/ d(}’n+1: Vn)})

Similarly, from (3), for all n > ny, we have

w(d()’nﬂl )’n+2))
< w(l//(max{d()/nr Vn+1 )r d(xn/ Xn+1 )}))w(max{d()/nr Vn+1 )r d(xn/ Xn+1 )}) (7)
< ay(max{d(yn, yn+1), d(xn, Xns1)})-

Now, from (6) and (7), we get

¥ (max {d(xns1, Xns2)d(Vne1, Yns2) }) < e (max {d(yn, yns1), d(Xn, xn41)}) (8)
for all n > ny. Letting n — oo in the above inequality and using (5), we obtain that

w =< apu.
Since a € [0,1), this implies that y = 0. Thus, we proved that

Tim ¢ (max{d(xuen, ), duor 1)) = 0. ©)
+ Step 3. lim,,_,.. max{d(x,.,1,%,),d(Vy+1,Yn)} = 0.
Since (y(max{d(x,,1,%,),d(¥,.+1,y,)})) is a decreasing sequence and y is nondecreasing,

then (max{d(x, 1,%,),d(y,.+1,9,)}) is a decreasing sequence of positive numbers. This
implies that there exists § > 0 such that

nll)n;) max{d(xml,xn), d(}’n+lr}/n)}) =6

Since y is nondecreasing, we have
1/f(maX {d(xn+1/ xn)/ d()/n+1 ’ )/n) }) = 1;[/(9)

Letting n — < in the above inequality, from (9), we obtain that 0 > w(6), which
implies that § = 0. Thus, we proved that

lim max {d(xns1, %), d(Yns1,¥n)} = 0. (10)

« Step 4. (x,,) and (y,) are Cauchy sequences in (X, d).

Suppose that max{d(x,,,,1,%,.), A¥,+1,Y)} = 0 for some m > 0. Then, we have d(x,,.1,
Xm) = AWms1Ym) = 0, which implies that (x,,, ¥,,) = X1.Yme1), that is, x,,, = A%, Vi)
and y,, = AWy %,,). Then, (x,,, 7,,) is a coupled fixed point of A.

Now, suppose that max{d(x,,1,%,), d¥,.1,Y,)} # 0 for all n > 0.

Denote

an = ¥ (max{d(xns1, %), d(yns1,yn)}) foralln > 0.

Page 5 of 13
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From (8), we have
ans1 < aan, foralln > ny.

Then, we have

0 no 0
§ : § : § : n—nop

a, < an + o ano < OQ.
n=0 n=0

n=np+1
On the other hand, we have

lim sup max{d(xn+1,%n), d(Vns1,¥n)} < lim sup < o0,
n—oo0 W(max{d(xnﬂrxn)rd(}/n+1/}/n)}) =0+ W(S)

Then X, max{d(x,, %,,1),d(V,» ¥u11)} < . Hence, (x,) and (y,) are Cauchy sequences
in X,

« Step 5. Existence of a coupled fixed point.

Since (X, d, <) is sequentially <¢-complete metric space and (x,) is <-nondecreasing
Cauchy sequence, there exists ae X such that

lim x, = a. (11)
n—oo

Similarly, since (X, d, <) is sequentially <¢-complete metric space and (y,) is <-noin-
creasing Cauchy sequence, there exists b € X such that

lim y, = b. (12)

n—o00

Case 1. A is continuous.
From the continuity of A and using (11) and (12), we get

a= lim xy,1 = lim A (x,, y) = A(lim x,,, lim y,) = A(a, b)
and
b= lim yn1 = lim A (yn, x,) = A(lim yy, lim x,) = A(b, a).

Case 2. (X, d, X) satisfies (i) and (ii).

Since (x,) is <-nondecreasing and lim,,_,.. x,, = a, then from (i), we have x,, < a for
all n. Similarly, from (ii), since (y,) is <-nonincreasing and lim,, ,.. ¥, = b, we have y,
¥ b for all n. Then, we have (x,, y,) < (a, b) for all n. Now, applying our contractive

condition (1), we get
¥ (d(xns1, Ala, b)) = ¥ (d(A(xn, yn), Ala, b))

< ¢(y (max{d(xn, a), d(yn, b)})) ¥ (max{d(xn, a), d(yn, b)})
< ¥ (max{d(xy, a), d(yn, b)}).

Since y is nondecreasing, this implies that
d(xp41,A(a, b)) < max{d(x,, a), d(yn, b)}.
letting # — <o in the above inequality, we obtain that d(a, A(a, b)) < 0, that is, a = A
(a, b). Similarly, we can show that b = A(b, ). O

Remark 2.1 In our presented theorems we don’t need the hypothesis: y is lower semi-
continuous. Such hypothesis is considered in Theorem 1.7 of Gordji and Ramezani [14].

Page 6 of 13
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In what follows, we give a sufficient condition for the uniqueness of the coupled
fixed point in Theorem 2.1. We consider the following hypothesis:

(H): For all (x, 9), (4, v) € X x X, there exists (w, z) € X x X such that (x, y) < (W, 2)
and (1, v) X (W, 2).

Theorem 2.2 Adding condition (H) to the hypotheses of Theorem 2.1, we obtain
uniqueness of the coupled fixed point of A.

Proof. Suppose that (a, b) and (¢, e) are coupled fixed points of A, that is, a = A(a,
b), b = A(b a), c = Al e) and e = A(e ¢). From (H), there exists (fo, go) € X x X such
that (a4, b) < (fo, go) and (¢, €) < (fo, go)-

We construct the sequences (f,,) and (g,) in X defined by

fn+1 = A(fn/ gn)/ gn+1 = A(gn/fn) forall n= 0.

We claim that (a, b) < (f,, g,) for all n > 0.

In fact, we will use mathematical induction.

Since (a, b) < (fo, o), then our claim is satisfied for n = 0.

Suppose that our claim holds for some fixed n > 0. Then, we have (a, b) < (f,, g,.),
that is, a < f,, and b > g,. Using the mixed monotone property of A, we get

fn+1 = A(fnrgn) = A(argn) 7 A(a' b) =a
and
n+1 = A(gnrfn) < A(blfn) < A(b' a) =b.

This proves that (@, b) < (f., 1, £.+1)- Then, our claim holds.
Now, we can apply (1) with (&, v) = (a, b) and (%, y) = (f,, g,). We get

Y (d(farr,a)) = ¥ (d(A(fn, 8n), Ala, b))

< oy (max{d(f a), d(ge b))y (max{d(fy, a)d(gn b)) 1)
Similarly, we have
Y (d(gn1, b)) = ¥ (d(A(g fy). Alb, ))) )
< (Y (max(d(f,, ), (g, b)) (max(d(f,, )d(g, b))
Combining (13) with (14), we obtain
¥ (max{d(fus1, a), d(gns1,b)}) < (¥ (max{d(fn, a), d(gn, b)}))¥ (max{d(fy, a), d(gn, b)}) (15)

=< W(max{d(fn/ a)/ d(gn/ b)})

Consequently, (y(max{d(f,, a), d(g,, b)})) is a nonnegative decreasing sequence and
hence possesses a limit y > 0. Following the same strategy used in the proof of Theo-
rem 2.1, one can show that y = 0 and lim,,_,.. max{d(f,, a),d(g,, b)} =

Analogously, it can be proved that lim,, ,.. max{d(f,, ¢),d(g,, e)} =

Now, we have
d(a,c) < d(a,fn) + d(fu, c) < max{d(f,, a), d(g,, b)} + max{d(f,, c), d(gn, )}
and

d(b,e) < d(b, gn) + d(gn, €) < max{d(f,, a), d(gn, b)} + max{d(fy, c), d(gn. e)}.
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Then, we have

max{d(a, c), d(b, e)} < max{d(fy, a), d(gn, b)} + max{d(fy, c), d(gn, €)}.
Letting n — o in the above inequality, we get

max{d(a, c),d(b,e)} =0,

which implies that d(a, ¢) = d(b, e) = 0. Then, (@, b) = (¢, ). O

Theorem 2.3 Under the assumptions of Theorem 2.1, suppose that x, and y, are
comparable, then the coupled fixed point (a, b) € X x X satisfies a = b.

Proof. Assume that xy < y, (the same strategy can be used if y, < xp). Using the
mixed monotone property of A4, it is easy to show that x,, < y,, for all n > 0.

Now, using the contractive condition, as x,, < y,, we have

Y (d(Vns1, %n41)) = Y (d(AWVn, Xn), A(xn, ¥n)))
< o(¥(d(xn, yn)) ¥ (d(xn, yn)) (16)
< ¥ (d(xn, yn))-

Thus lim, ,.. w(d(x, y,)) = 6 for certain 6 > 0. Since ¢ € @D, we have
limsup,_,4.¢(r) < 1 and ¢(#) <1. Then, there exist o € [0,1) and & >0 such that ¢(r)
<o for all r e [6,0 + ¢).

Now, we take 7y > 0 such that 8 < w(d(x,, y,)) < 0 + ¢ for all n > ny. Then, from
(16), for all n > ny, we have

Y (A(Yne1, Xne1)) < apr(d(xn, yn)).

Letting n — oo in the above inequality, we obtain that
0 <ab.

Since o € [0,1), this implies that @ = 0. Thus, we proved that
Jim ¥ (dsn ) = O,

which implies that lim,,_, .. d(x,, y,,) = 0. Now, we have

0. Jim d(e 1) = d(fim o im ) = da)

and thus a = b. This finishes the proof. O

Now, we present some consequences of our theorems.

Corollary 2.1 Let (X, d, <) be a sequentially <% -complete metric space and A : X x X
— X be a map having the mixed monotone property on X. Suppose that there exist y €
Y and ¢ : [0,00) — [0, 00)with lim inf,,(§(s)/¥(s)) > Ofor all t > 0 such that for
any (%, ¥),(, v) € X x X with(u, v)< (%, y),

Y (d(A(x, y), A, v))) = ¢ (max{d(x, u), d(y, v)}) — @ (¥ (max{d(x, u), d(y, v)})).

Suppose also that either A is continuous or (X, d, <) has the following properties:

(i) any <-nondecreasing sequence (x,) with x,, — x implies x,, < x for each n,
(ii) any <-nonincreasing sequence (y,) with y, — y implies v, * y for each n.
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If there exist xy, yo € X such that xo < A (xo, ) and yy = A(Yo %), then there exist a,
b e X such that a = A(a, b) and b = A(b, a).

Proof. It follows immediately from Theorem 2.1 by considering ¢(s) = 1 — ¢(s)/¥ (s).
a]

Remark 2.2 Corollary 2.1 is an extension of Harjani et al. [[15], Theorems 2 and 3].

Corollary 2.2 Let (X, d, <) be a sequentially <t -complete metric space and A : X x X
— X be a map having the mixed monotone property on X. Suppose that there exists a
nondecreasing function ¢ : [0, =) — [0, 1) such that for any (x, y), (u, v) € X x X with
w v) < (% p),

d(A(x,y), A(u, v)) < (2 max{d(x, u), d(y, v)}) max{d(x, u), d(y, v)}.

Suppose also that either A is continuous or (X, d, <) has the following properties:

(i) any S-nondecreasing sequence (x,) with x,, — x implies x,, < x for each n,

Y A

(ii) any <-nonincreasing sequence (y,) with y, — vy implies y, * y for each n.

If there exist xo, yo € X such that xo < A(xp yo) and yp * A(Yo xo), then there exist a,
b e X such that a = A(a, b) and b = A(b, a).

Proof. It follows from Theorem 2.1 by considering y(s) = 2s O

Remark 2.3 If ¢ is nondecreasing, Corollary 2.2 generalizes Du [[13], Theorems 1.5
and 1.6].

Corollary 2.3 Let (X, d, <) be a sequentially <% -complete metric space and A : X x X
— X be a map having the mixed monotone property on X. Suppose that there exists k €
[0, 1) such that for any (x, y),(u, v) € X x X with (4, v) £ (%, ),

d(A(x,y), A(u, v)) < kmax{d(x, u), d(y, v)}.

Suppose also that either A is continuous or (X, d, <) has the following properties:

(i) any <-nondecreasing sequence (x,,) with x,, — x implies x,, < x for each n,

Y A

(ii) any <-nonincreasing sequence (y,) with y, — y implies y,, > y for each n.

If there exist xo, yo € X such that xo X A(xp yo) and yp ¥ A(Yo %), then there exist a,
b e X such that a = A(a, b) and b = A(b, a).

Proof. It follows immediately from Corollary 2.2 by considering ¢(s) = k B

Remark 2.4 Corollary 2.3 is a generalization of Bhaskar and Lakshmikantham [[11],
Theorems 2.1 and 2.2].

3 An application
In this section, we apply our main results to study the existence and uniqueness of
solution to the two-point boundary value problem

X = fa0a@), telo]
dt2 - 2 7 12 12 (17)
x(0) =x(1) =0,
where f: [0, 1] x R x R — R is a continuous function.

Previously we considered the space X = C(I, R)(I = [0, 1]) of continuous functions
defined on /. Obviously, this space with the metric given by
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d(x,y) = max{|x(t) —y(t)| :t e} forxyel

is a complete metric space. The space X can also be equipped with a partial order
given by
xvyel x=<xy<ox(t)<y()foraltel

Obviously, (X, <) satisfies condition (H) since for x, y € X the functions max{x, y}
and min{x, y} are least upper and greatest lower bounds of x and y, respectively. More-
over, in [21] it is proved that (X, d, X) satisfies conditions (i) and (ii) of Theorem 2.1.

Now, we consider the following assumptions:

(a) f: [0, 1] x R x R = R is continuous.
(b) Forallte L z>h w<r,

0<f(tzw)—f(thr)<4[ln(z—h+1)+In(r—w+1)].

(c) There exists (o, f) € C* (I, R) x C* (I, R) solution to

2(1
o0 = (e, B0, 1< lo1]

2
~ P02 1 p0,0(), 1< 01] (18)

«(0) = (1) = (0) = (1) = 0.

dagsPorBxo.

Theorem 3.1 Under the assumptions (a)-(d), problem (17) has one and only one
solution x* € C*(I, R).

Proof. It is well known that the solution (in C* (I, R)) of problem (17) is equivalent
to the solution (in C(I, R)) of the following Hammerstein integral equation:

x(t) = / G(t, 5)f (x(s)) ds, tel,
0

where G(t, s) is the Green function of differential operator -4*/dt* with Dirichlet
boundary condition x(0) = x(1) = 0, i.e.,
s(1—1),
t(1—ys),

G(t,s) s=t=1
) S) =
t<s<l.

INIA

0<s=<
0<t=<
Define A : X x X > X by

1

Alx, py)(t) = / G(t, ) (s, x(s), y(s)) ds, tel,

0

forall x, y e X.
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From (b), it is clear that A has the mixed monotone property with respect to the par-
tial order < in X.

Let %, 3, u, v € X such that ¥ > u and y < v. From (b), we have

d(AGx ), Al v)) = sup [A(x y)(1) = Al v)(1)

1
- sup [ 6069 s, 66),160) = £s, ), 1] s
0

1

< sup / 4G(t, s)[In(x(s) — u(s) + 1) +In(v(s) — y(s) + 1)] ds
tel
’ 1
< (In(d(x, u) + 1) + In(d(y,v) + 1)) sup / 4G(t,s) ds
tel
0

< (sup f 8G(t,s) ds) In (max{d(x, u),d(y,v)} + 1)

tel
0

On the other hand, for all £ € I, we have

1

/G(t,s)ds = ;t(l—t),

0
which implies that

1
1
sup/G(t,s) ds = 8
0

tel

Then, we get
A(A(x,y), A(u, v)) < In (max{d(x, u), d(y, v)} + 1).

This implies that
In (d(A(x,y), A(u,v)) + 1) < In (In (max{d(x, u), d(y, v)} + 1) + 1)

_ In (In (max{d(x, u), d(y, v)} + 1) + 1)

In (maX{d(x, u), d(y,v)} + 1) In (max{d(x, u), d(y, v)} + 1) ‘

Thus, the contractive condition (1) of Theorem (2.1) is satisfied with w(¢) = In(¢ + 1)

and ¢(2) = w(t)/t.
Now, let (o, B) € C* (I, R) x C* (I, R) be a solution to (18). We will show that o A
(o, B) and B = A(B, o). Indeed,

—a"(s) = f(s,a(s), B(s)), s €0 1].
Multiplying by G(t, s), we get

1
/ —a"(5)G(t,s) ds < A(e, B)(1), tel0,1].
0
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Then, for all £ € [0, 1], we have
1 1

—(1—1) [ sa’(s)ds —t | (1 —s)d"(s)ds <A(e, B)(1).
[=row=f

Using an integration by parts, and since o(0) = (1) = 0, for all £ [0, 1], we get
—(1 = 8)(te' (1) — (t)) — t(—(1 — 1) (1) — (1)) < Alet, B)(2).

Thus, we have
alt) < Ale, B)(1), telo1].

This implies that o < A(o, B). Similarly, one can show that 8 > A(B, ).

Now, applying our Theorems 2.1 and 2.2, we deduce the existence of a unique (x, )
e X? solution to x = A(x, y) and y = A(y, x). Moreover, from (d), and using Theorem
2.3, we get x = y. Thus, we proved that x* = x = y € Cz([O, 1], R) is the unique solu-
tion to (17). O
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