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1 Introduction
Fixed point theory has fascinated hundreds of researchers since 1922 with the cele-
brated Banach’s fixed point theorem. This theorem provides a technique for solving a
variety of applied problems in mathematical sciences and engineering. There exists a
last literature on the topic and this is a very active field of research at present. There
are great number of generalizations of the Banach contraction principle. Bhaskar and
Lakshmikantham [1] introduced the notion of coupled fixed point and proved some
coupled fixed point results under certain conditions, in a complete metric space
endowed with a partial order. Later, Lakshmikantham and Ciri¢ [2] extended these
results by defining the mixed g-monotone property. More accurately, they proved
coupled coincidence and coupled common fixed point theorems for a mixed g-mono-
tone mapping in a complete metric space endowed with a partial order. Karapinar
[3,4] generalized these results on a complete cone metric space endowed with a partial
order. For other results on coupled fixed point theory, we address the readers to
[5-13].

To make our exposition self contained, in this section we recall some previous nota-
tions and known results.

X x X+ X x X

For simplicity, we denote from now on by X*, where k € N and
L terms

X be a non-empty set.
Let (X, <) be a partially ordered set. According to [1], the mapping F: X? > X is said
to have mixed monotone property if F(x, y) is monotone non-decreasing in x and is

monotone non-increasing in y, that is, for any x, y € X,

x1 <x; = F(x1,y) < F(x2,y), forx;,x; €X,
V1 <y2=F(x,y2) <F(x,y1), fory;,y, eX.
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An element (x, y) € X is said to be a coupled fixed point of the mapping F: X*> — X
if
F(x,y)=xand F(y,x)=y.

Theorem 1.1. ([1]) Let (X, <) be an ordered set such that there exists a metric d on X
such that (X, d) is complete. Let F: X* — X be a continuous mapping having the mixed
monotone property on X. Assume that there exists k € [0, 1) with

d(F(x,y), F(u,v)) < g[d(x, u) +d(y,v)], forallu<x, y<u. (1.1)

If there exist xo, yo € X such that xy < F(xo, yo) and F(yo, o) < Yo, then, there exist x,
yl X such that x = F(x, ) and y = F(y, x).

Recently, Samet and Vetro [14] introduced the notion of fixed point of N-order as
natural extension of that of coupled fixed point and established some new coupled
fixed point theorems in complete metric spaces, using a new concept of F-invariant
set. Later, Berinde and Borcut [15] obtained existence and uniqueness of triple fixed
point results in a complete metric space, endowed with a partial order.

Again, let (X, <) be a partially ordered set. In accordance with [15], the mapping F:
X® > X is said to have the mixed monotone property if for any x, y, ze X

X1, X2 € Xl X1 < X2 = F(xll }//Z) < F(le YI'Z)I
i 2€X, y1 <y2 = F(x,y1,2) = F(x,y2,2),
z1,220€X, z21 <2z = F(x,y.21) < F(x,y,22).

An element (x, y, z) € X° is called a tripled fixed point of F if
F(x,y,2) =x, F(y.x,y)=y and F(zy,x) ==z

Berinde and Borcut [15] proved the following theorem.

Theorem 1.2. ([15]) Let (X, <) be a partially ordered set and (X, d) be a complete
metric space. Let F: X> — X be a mapping having the mixed monotone property on X.
Assume that there exist constants a, b, ¢ € [0, 1) such that a + b + ¢ < 1 for which

d(F(x,y,z), F(u,v,w)) < ad(x, u) + bd(y, v) + cd(z, w) (1.2)
forall x > u, y <v, z=w. Assume either

(I) F is continuous, or
(II) X has the following properties:

(i) if non-decreasing sequence x,, — x, then x,, < x for all n,
(ii) if non-increasing sequence y, —> vy, then y, > y for all n.
If there exist xq, Yo, zo € X such that

xo < F(x0,¥0,20), Yo > F(yo, X0, y0), andzo < F(xo,Y0,%0)
then there exist &, y, z € X such that

F(x,y,z2) =x, F(y,x,y) =y, andF(z,y,x) =z.
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In this article, we establish tripled coincidence point theorems for F: X> — X and g:
X — X satisfying nonlinear contractive conditions, in partially ordered metric spaces.
The presented theorems extend and improve some results in litterature.

2 Main results

We shall start this section by recalling the following basic notions, introduced by
[Abbas, Aydi and Karapinar, Tripled common fixed point in partially ordered metric
spaces, submitted]. In this respect, let us consider (X, <) a partially ordered set, F: X3
— X and g X > X two mappings. The mapping F is said to have the mixed g-mono-
tone property if for any %, y, ze X

X1, X €X,  gx1 = gxy = F(x1,y,2) < F(x2,7,2),
Y 2 €X, gy <82 = F(x,y1,2) = F(x,y2,2),
z1, 23 € X, 921 < 82) = F(X,)/,Zl) < F(X,)/,Zz).
An element (x, y, z) is called a tripled coincidence point of F and g if

F(x,y,z) =gx, F(y,x,y)=gy, and F(zy,x) =gz,

while (gx, gy, gz) is said a tripled point of coincidence of mappings F and g. Moreover,
(%, 3, z) is called a tripled common fixed point of F and g if

F(x,y,z)=gx=x, F(yx,y)=g =y, and F(zy,x)=8 =z
At last, mappings F and g are called commutative if
8(F(x,y,z)) = F(gx, 8y, 82), Vx,y,z€X.

In the same paper, they proved the following result.

Theorem 2.1. Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d) is a complete metric space. Assume there is a _function ¢: [0, +o0) —
[0, +o0) such that ¢(t) <t for each t > 0. Also suppose F: X> — X and g: X — X are
such that F has the mixed g-monotone property and suppose there exist p, g, r € [0, 1)
with p + 2q + r < 1 such that

d(F(x,y,2), F(u,v,w)) < ¢ (pd(gx, gu) + 4d(gy, gv) + rd(gz, gw)), 2.1)
for any x, y, z € X for which gx >gu, gv > gy and gz > gw.

Suppose F(X®) € g(X), g is continuous and commutes with F. Suppose either

(a) F is continuous, or

(b) X has the following properties:
(i) if non-decreasing sequence gx, — x (respectively, gz, — z), then gx, < x
(respectively, gz, < z) for all n,
(ii) if non-increasing sequence gy,, — vy, then gy, >y for all n.

If there exist xo, Yo, 2o € X such that gxo < F(xo, Yo, 20), &0 = F(o, %0, Yo) and gzo < F
(2o, Yo, %0), then there exist x, y, z € X such that
F(x,y,2) =gx, F(y,x,y)=8y, andF(zy,x) =24z,

that is, F and g have a tripled coincidence point.
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Before starting to introduce our results, let us consider the set of functions
P = {go : [0, +00) — [0, +00)|¢(t) < t and liIItl o(r) <t t> O} .
r—t*

Our first main result is the following:

Theorem 2.2. Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X,d) is a complete metric space. Suppose F: X> — X and g: X — X are
such that F has the mixed g-monotone property and F(X*) € g(X). Assume there is a
function ¢ € @ such that

d(F(x,y,z), F(u,v,w)) + d(F(y, x,y), F(v, u, v)) + d(F(z, v, x), F(w, v, u))

<30 (d(gxr gu) + d(gygi gv) +d(gz, gW)> , (2:2)

for any x, v, z, u, v, w € X for which gx > gu, gv = gy and gz > gw. Assume that F is
continuous, g is continuous and commutes with F. If there exist xo, Yo, zo € X such that

8xo < F(x0,¥0.20), 8Vo = F(yo,x0,¥0) and gzo < F(zo,y0,%0), (2.3)
then there exist x, ¥, z € X such that
F(x,y,2) =gx, F(y,x,y) =8y, andF(zy,x) =4z,

that is, F and g have a tripled coincidence point.
Proof. Let xq, yo, zo € X be such that gxy < F(xo, Yo, 20), &0 = F(yo, %0, yo) and gzo < F
(20, Yo, %0). We can choose x1, y1, z; € X such that

gx1 = F(xo0,Y0,20),  8y1 = F(yo,x0,y0) and gz = F(zo, yo, Xo0). (2.4)

This can be done because F(X®) g(X). Continuing this process, we construct
sequences {x,,}, {y,,}, and {z,;} in X such that

8Xn+1 = F(xnr Vns Zn), 8Vn+1 = F(}’nr Xn, Zn), and 8Zn+1 = F(an Vns xn)~ (2.5)
By induction, we will prove that
8X%n < 8%ni1,  &YVns1 < &¥n, and gz, < gzni1. (2.6)

Since gxg < F(xo, Y0, 20), &0 = F(¥o, %0, ¥0), and gzo < F(zo, Yo, %o), therefore by (2.4)

we have
&% < gx1, &1 <go, and gz < gz:.

Thus (2.6) is true for n = 0. We suppose that (2.6) is true for some # > 0. Since F
has the mixed g-monotone property, by gx, < gx,,1, 21 < & and gz, < g2,,.1, We
have that

8%ni1 = F(%n, Y 2n) < F(Xns1, Vo 2n)
=< F(xn+11 Yns Zn+1)

< F(xn+1/}/n+lrzn+1) = 8Xn+2,
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8&Vn+2 = F(Yne1s Xna1 s Yne1) < F(Yne1s Xn) Y1)
< F(an Xn, Yn+1)
< F(Yn: Xn, ¥n) = &Yn+1,

and

82ni1 = F(zn, Yno xn) < F(zps1, Yn, %n)
= F(zn+1r Yn+lrxn)

=< F(Zn+1/ Yn+1/xn+1) = 8Zn+2.-
That is, (2.6) is true for any n € N. If for some ke N
8% = 8Xke1,  8Vk = 8Vke1,  and g2 = 241,

then, by (2.5), (x4 ¥» zx) is a tripled coincidence point of F and g. From now on, we
assume that at least

8xn # 8Xns1 O &Yn #&Vnr1  OF  &Zn # &Zni1 (2.7)
for any n € N. From (2.6) and the inequality (2.2)

d(gxn+1, gxn) + d(g}/mlzg)’n) + d(gZyH.l,gzn)
= d(F(xYll )’n/ zn)l F(xn—lz Yn—l: Zn—l)) + d(F(Yru Xn, Yn)/ F(Yn—l: Xn—1, )’n—l))
+ d(F(Zn/ Yns xn)/ F(anlr Yn—1,Xn—1 ))

1
<3¢ (3 (d(gxn, &xn—1) + d(8Yn, ¥n—1) + d(gzn,gzn1)> :
For each n > 1, take

1
8n 1= 3 (d(8%n, 8%n—1) + A(gYn, &¥n—1) + d(82n, 82n-1)). (2.8)

One can write
Sna1 < @(8n) VYn=> 1. (2.9)

By (2.7), we have ¢,, > 0. Having in mind ¢(t) <t for each ¢ > 0, so we have ¢(d,) <J,.
From (2.9), we get

Ope1 <Op Vn =1,
that is, the sequence {J,} is non-negative and decreasing. Therefore, there exists

some J > 0 such that

. 1 .
lim 8, = lim 3 (d(gxn, &xn—1) + A(&Vn, &Vn—1) + d(82n, §2n-1)) = 8". (2.10)

n—+00 n—+00

We shall prove that 6 = 0. Assume, on the contrary, that 6 > 0. Then by letting n —
+e0 in (2.9) we have

0<d= ngrpoo Sps1 < nlirpmw(Sn) = TIHR 3(r) < é,
which is a contradiction. Thus, J = 0, and by (2.10), we get

lim &, =0. (2.11)

n—+00
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We now prove that {gx,}, {gy,.}, and {gz,} are Cauchy sequences in (X,d).

Suppose, on the contrary, that at least one of {gx,}, {gy,}, and {gz,} is not a Cauchy
sequence. So, there exists ¢ > 0 for which we can find subsequences {gx, 40}, {g%ma9} of
(g%}, 1@V 1@Vmao) of {gyn), and {gz,w}, 1€2mao} of {gz,; with n(k) >m(k) = k such that

A(gxn(ky, 8Xm(k)) + A(8Yn(k), &Vm(k)) + A(&Zn(k), §Zm(k)) = €. (2.12)

Additionally, corresponding to m(k), we may choose n(k) such that it is the smallest
integer satisfying (2.12) and n(k) >m(k) > k. Thus,

A(8%n (x)—1/ 8%m(k)) + A(&Vn(i)—1, 8Ym(k)) + A(dzn(i)—1, §Zm(k)) < €. (2.13)
By using triangle inequality and having in mind (2.12) and (2.13)

& =<t = d(8%n (k) &Xm(k)) + A(&Vn(k), 8Ym(k)) + A(8Zn(k) &&m(k))
< d(8%n(1), 8%n(k)—1) + d(Xn(i)—1, 8Xm(k)) + A(8Yn(k)s &¥n(ie)—1)
+d(8Yn(l)—1, 8Ym(k)) + A(8Zn(k): &Zn(i)—1) + A(&Zn(k)—-1/ &Zm(k))
< d(8Xn(k) 8%n()—1) + A(8Vn(k): 8Vn(ik)—1) + A(&Zn()s &Zn(l)—1) + &.

(2.14)

Letting k — oo in (2.14) and using (2.11)

Jim g = lim d(gxne), 8xmr)) +d(8Yn(e), 8¥m()) + A(&2n(iy. 82m()) = &- (2.15)

Again by triangle inequality,

te = Ad(8Xn(k), §¥m(k)) + A(8Yn(k)s §¥m(1)) + A(&Zn (1), §Zm())
< d(8%n(k), &%n(i)+1) + A(Xn ()41, &Xm(k)+1) + A(&Xm(k)+1, &Xm(k))
+d(Yn(k), 8Yn()+1) + A(&Yn(k)+1, 8¥m(k)+1) + A(&Ym(k)+1, §Ym(k))
+ d(8zn(1): 82n(k)+1) + A(8Zn(k)+1, Ym(k)+1) + A(8Zm(k)+1, §Zm(k))
< Snk)+1 + Sm(y+1 + A(8Xn(k)+1, 8Xm(k)+1) + A(ZVn(k)+1, 8Ym(k)+1)
+ d(8Zn(k)+1, §Zm(k)+1)-

(2.16)

Since n(k) >m(k), then
8Xn(k) = 8Xm(k),  8Yn(k) = &Ym(k):  &Zn(k) = 8Zm(k)- (2.17)
Take (2.17) in (2.2) to get

A(8%n(t)+1, 8Xm(i)+1) + A(ZVn(k)+1, 8Vm(k)+1) + A(8Zn(k)+1, &Zm(k)+1)
= d(F(Xn(k), Yn(k)s Znk) )s F(Xm(1e), Ym(k), Zm(1))
+ d(FE (V@) Xn()r Yn(k))r EQm(e)s Xim(e)s Ym(iey)
+ d(F(2n(k)s Yn(i)s Xn(e) ), F(Zm(k), Ym(iy: Xm(k)))

1
<3p (3 [d(8%n(iy, 8%m(r)) + A(&Yn(i)s Z¥Ym(t)) + d(gzn(k)rgzm(k))])

()
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Combining this in (2.16), we obtain that

the < Sn(l)+1 + Sm(ky+1 + A(GXn(k)+1, §xm(ky+1) + A(GYn(k)+1, &Vm(k)+1)
+ d(82n(k)+1, §Zm(k)+1)

7
< Sn(k)+1 + Sm(ky+1 + 3¢ <3> .

Letting kK — oo and having in mind (2.11) and (2.15), we get

1 1

<31 t)=3 1l 3 =g,

e < kianw¢<3 k) 1rln o(r) < (38) e
r— t)+

which is a contradiction. This shows that {gx,}, {gy,}, and {gz,} are Cauchy sequences
in (X, d).
Since X is complete, there exist &, y, z € X such that

lim gx, =x, lim gy, =y and lim gz, =z (2.18)
n—+00 n—+00 n—+00

From (2.18) and the continuity of g.

lim g(gxn) =gx,  lim g(gy) =gy, and  lim g(gz) = ge. (2.19)

Nn—+00
From the commutativity of F and g, we have
8(8xns1) = 8(F(xn, yns 2n)) = F(&%n, &¥n, &n),

8(8vne1) = 8(E(Yn) %n, ¥n)) = F(8Vn: 8%n, 8Vn), (2.20)
8(8zn+1) = 8(F(2n, yn, Xn)) = F(82n, &Vn, §%n)-

Now we shall show that gx = F(x, y, z), gy = F(3, %, ), and gz = F(z, y, x).
Suppose that F is continuous. Letting # — +c in (2.20), therefore by (2.18) and
(2.19), we obtain

8X = nl—1>r+!loo g(gx"+1 ) - nl—1>rPoo F(gxn’ & gzn)

= F( lim gx,, lim gy,, lim gz,,) = F(x,y,2),
—+00 n—>+00

n—+00 n

gy = lim g(gyns1) = lim F(gyn, §%n, §¥n)
n—+00 n—+00

- (Jim g lim g im g) = £l ),

n—+00
and
gz = lim g(gzns1) = lim F(gzn, gYn, 8%n)
n— +00 n—+00

- £ ((Jim gen lim g lim ) = F(ey.).

n—+00

We have proved that F and g have a tripled coincidence point.

Corollary 2.3. Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X,d) is a complete metric space. Suppose F: X° — X and g: X — X are
such that F has the mixed g-monotone property and F(X®) € g(X). Assume there exists
o € [0,1) such that

Page 7 of 12
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d(F(x,y,z), F(u,v,w)) + d(F(y, x,y), F(v, u, v)) + d(F(z,y,x), F(w, v, u))
< a(d(gx, gu) +d(gy, gv) + d(gz gw)),

for any x, y, z, u, v, w € X for which gx > gu, gv > gy, and gz > gw. Assume that F is
continuous, g is continuous and commutes with F. If there exist xo, Yo, 2o € X such that

8x0 < F(x0,Y0.20), Yo = F(yo,%0,y0), and gzo < F(zo,yo,%o),
then there exist x, ¥, z € X such that
F(x,y,2) =gx, F(y,x,y) =gy, and F(z,y,x) = g,

that is, F and g have a tripled coincidence point.

Proof. 1t follows by taking ¢(¢) = ot in Theorem 2.2.

In the following theorem, we omit the continuity hypothesis of F. We need the fol-
lowing definition.

Definition 2.1. Let (X, <) be a partially ordered set and d be a metric on X. We say
that (X, d,<) is regular if the following conditions hold:

(i) if a non-decreasing sequence (x,,) is such that x,, — x, then x,, < x for all n,
(ii) if a nomn-increasing sequence (y,,) is such that y, — vy, then y < y, for all n.

Theorem 2.4. Let (X, <) be a partially ordered set and d be a metric on X such that
(X, d, <) is regular. Suppose that there exist ¢ € ® and mappings F: X> — X and g: X
— X such that (2.2) holds for any x, y, z, u, v, w € X for which gx > gu, gv > gy and gz
> gw. Suppose also that (g(X), d) is complete, F has the mixed g-monotone property and
F(X3) c g(X). If there exist xo, Yo, zo € X such that gxy < F(xo, Yo, 20)» &0 = F(o, X0, ¥0),
and gz < F(zo, Yo, X0), then there exist x, y, z € X such that

F(x,y,2) =gx, F(y,x,y) =gy, and F(z,y,x) = gz,

that is, F and g have a tripled coincidence point.

Proof. Proceeding exactly as in Theorem 2.2, we have that (gx,,), (gy,), and (gz,) are
Cauchy sequences in the complete metric space (g(X), d). Then, there exist %, 3, z€ X
such that gx,, — gw, gy, — gy, and gz, — gz. Since (gx,,) and (gz,) are non-decreasing
and (gy,) is non-increasing, using the regularity of (X, d, <), we have gx, < gx, gz, < gz,
and gy < gy, for all n = 0. If gx,, = gx, gy,, = gy, and gz,, = gz for some n > 0, then gx =
g%y S @Xy1 S GX = gX,, 92 = 82, S 92441 S 82 = g2, and gy < gy,,1 < gy, = gY, which
implies that gx,, = gx,,1 = F&X Vi 20)s &0 = @ne1 = FO %, v,), and gz, = g2,,1 = F
(2,» Y %), that is, (x,, ¥,» 2,) is a tripled coincidence point of F and g. Then, we sup-
pose that (gx,, gv,, gz,) = (g, gy, gz) for all n > 0. Using the triangle inequality, (2.2)
and the property ¢(t) <t for all ¢ > 0,

d(gx, F(x,y, z))
< d(gx, §xni1) + d(gxns1, F(x, v, 2))
= d(gx, gxn1) + d(F(x, y, 2), F(%n, Yn, 2n))

< dlgn gnve) + 30 (3 [d(gwn )+ dlgyn )+ s 9]

< d(gx, gxns1) + d(gxn, 8x) + d(8yn, gy) + d(8zn, &2)-

(2.21)
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Taking n — o in the above inequality we obtain that d(gx,F(x, 3, z)) = 0, so gx = F(x,
Y, 2).
Analogously, we find that
F(y.xy) = gy, Flzy,x) = g2,

thus, we have proved that F and g have a tripled coincidence point.

Corollary 2.5. Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, <,d) is regular. Suppose F: X> — X and g: X — X are such that F has
the mixed g-monotone property and F(X?) c g(X). Assume there exists a € [0,1) such
that

d(F(x,y,z), F(u,v,w)) + d(E(y, x,y), F(v, u, v)) + d(F(z,y, x), F(w, v, u))
< a(d(gx, gu) + d(gy, gv) + d(gz, gw)),

for any x, y, z, u, v, w € X for which gx > gu, gv > gy, and gz > gw. Suppose also that
(g(X), d) is complete. If there exist xo, Yo, zo € X such that

8xo < F(xo0,v0,20), &0 = F(yo,%0,y0) and gzo < F(zo, Yo, Xo0),
then there exist x, ¥, z € X such that
F(x,y,2) =gx, F(y,x,y)=gy, and F(zyx) =gz

that is, F and g have a tripled coincidence point.

Proof. 1t follows by taking ¢(¢) = at in Theorem 2.4.

Now, we shall prove the existence and the uniqueness of a tripled common fixed
point theorem. For a product X*> = X x X x X of a partial ordered set (X, <), we define
a partial ordering in the following way: For all (x, ¥, 2), (4, v, 1) € X°

(xyz2)<(mvr)sex<u y>vandz<r. (2.22)
We say that (v, 3, z) and (4, v, w) are comparable if
(x,y,2) <(wvr) or (uvr)<(xyz).

Also, we say that (x, y, z) is equal to (&, v, r) if and only if x = 4, y = vand z = r.

Theorem 2.6. [n addition to hypothesis of Theorem 2.2, suppose that for all (x, y, z)
and (u, v, 1) in X>, there exists (a, b, ¢) in X° such that (F(a, b, ¢), E(b, a, b), F(c, b, a))
is comparable to (F(x, ¥, z), F(y, %, ¥), F(z, ¥, x)) and (F(u, v, v), F(v, u, v), F(r, v, u)).
Also, assume that ¢ is non-decreasing. Then, F and g have a unique tripled common
fixed point (x, y, z), that is

x=gcx=F(xyz2), y=8=F@y.xy), andz=gz=F(z v x).

Proof. Due to Theorem 2.2, the set of tripled coincidence points of F and g is not
empty. Assume now, that (x, ¥, z) and (u,v,r) are two tripled coincidence points of F
and g, that is,

F(x,y,z) =gx, F(y,x,y) =gy, andF(z,y,x) = gz,
F(u,v,r) =gu, F(v,u,v)=gv, andF(r,v,u)=gr.

We shall show that (gx, gy, gz) and (gu, gv, gr) are equal.
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By assumption, there is (a, b, ¢) in X> such that (F(a, b, ¢), F(b, a, b), F(c, b, a)) is
comparable to (F(x, ¥, 2z), F(y, %, y), F(z ¥, %)) and (F(», v, 1), F(v, u, v), F(r, v, u)).
Define the sequences {ga,},{gh,}, and {gc,} such that a = ay, b = by, ¢ = ¢y and

8an = F(anflr by—1, Cnfl)r gb, = F(bnflr ap—1, bnfl)r 8Cn = F(Cnflr by—1, anfl)r

for all n. Further, set xo = %, yo = ¥, 2o = z and ug = u, vy = v, ry = r, and similar
define the sequences {gx,},{gy,}, igz,} and {gu,},{gv,}, {gr,}. Then,

g%y =F(x,y,2), gun =F(u,v,1),
gVn =F(y,xy.), &wm=F@uv), (2.23)
8n =F(z,7,x), grn=F(r,v.u,),

for all n > 1. Since (F(x, ¥, 2), F(y, %, ¥), F(z, 3, x)) = (gx1, g1, gz1) = (g, gy, gz) is
comparable to (F(a, b, ¢), F(b, a, b), F(c, b, a)) = (gay, gby, gc1), then it is easy to show
that (gx, gy, g2) = (gay, gb1, gc1). Recursively, we get that

(8%, 8y, 82) > (8an, gbn, gcn) foralln > 0. (2.24)
By (2.24) and (2.2), we have

d(gx, 8ans1) + d(gbns1, 8y) + d(8z, §cns1) = d(F(x,y, z), F(an, by, cn))
+d(F(bp, an, by), F(y, x,y)) + d(F(z,y, x), F(cn, by, an)

<30 (d(gx, gan) + d(gyégbn) +d(gz, 8Cn)> .

(2.25)

Set

_ d(gx,gan) +d(gy, gbn) + d(gz, gcn)
3

n

From (2.25), we deduce that ¥,,,1 < &(3,,). Since ¢ is non-decreasing, it follows
Ya < 9" (v0).
From the definition of ®, we get nl_i)IPoo @"(t) =0, Then, we have nl_i)fpoo ¥n =0, Thus,
lim d(gx, gan) =0,  lim d(gy,gb,) =0,  lim d(gz, gcu) = 0. (2.26)
By analogy, we show that
lim d(gu, gay) =0,  lim d(gv,gb,) =0,  lim d(gr, gca) = O. (2.27)

Combining (2.26) and (2.27) yields that (g, gy, gz) and (gu, gv, gr) are equal.
Since gx = F(x, ¥, 2), gy = F(9, %, ¥), and gz = F(z, y, x), by the commutativity of F and
g, we have
8(8%) = 8(F(x,y.2)) = F(gx, gy, &),
8(8y) = 8(F(y. x,y)) = F(gy. gx 8y),
8(82) = 8(F(zy,x)) = F(gz. 8y, 8x).

Denote gx = %), gy = ¥, and gz = z. From the precedent identities,

&' =F(x,y,7), g/ =F(F.x,y), andg =F(,y,x),
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that is, (x), ¥, 2) is a tripled coincidence point of F and g. Consequently, (gx’ gy, gz)
and (gw, gy, gz) are equal, that is, gx = gx’, gy = gy’, and gz = gz’.

We deduce gx’ = gx = x, gy’ = gy = ¥, and gz’ = gz = z". Therefore, (x), ¥, 2)) is a
tripled common fixed of F and g. Its uniqueness follows from Theorem 2.2.

3 Examples
Remark that Theorem 2.2 is more general than Theorem 2.1, since the contractive
condition (2.2) is weaker than (2.1), a fact which is clearly illustrated by the following
example.
Example 3.1. Let X = R with d(x, y) = |x - y| and natural ordering and let g: X — X,
F: X° - X be given by
+1

n
g(x) = x, n=12,..., xe€X; Fxypz)=x (xyz)eX.
n

It is clear that F is continuous and has the mixed g-monotone property. We now
n

take ¢(t) = nel t. We shall show that (2.2) holds for all gx > gu, gy < gv, and gz < gw.
+

Let w, 3, z u, v, and w such that gx > gu, gy < gv, and gz < gw, and by definition of g,
it means that x > 4, y < v and z < w, so we have

d(F(x,y,z), F(u,v,w)) + d(F(y, x,y), F(v, u, v)) + d(F(z, y, x), F(w, v, u))
=lx—ul+|y—v|+lz—wl

d(gx, gu) +d(gy, gv) + d(gz, gw)
- ( 3 ) |

which is the contractive condition (2.2). On the other hand, x5 = 0, y9 = 0, zo = 0
satisfy (2.3). All the hypotheses of Theorem 2.2 are verified, and (0,0,0) is a tripled
coincidence point of F and g.

On the other hand, assume that (2.1) holds. Then, there exist p,g,r > 0 such that p +
2g + r < 1 and ¢ satisfying ¢(¢) < ¢ for each ¢t > 0. If x >u, z = w and y = v, we have

0 < |x —u| = d(F(x,y,z), F(u, v, w))
= ¢(pd(gx, gu) + qd(gy, gv) + rd(8z, gw))

n+1 | | n+1 | |
=@ pix—u < pix—uj,

n
which implies p > 0l for any n 2 1, and letting # — +co, we get p 2 1, that is a
+

contradiction. Thus, Theorem 2.1 is not applicable in this case.
Following example shows that Theorem 2.2 is more general than Theorem 1.2.
Example 3.2. Let X = R be endowed with the usual ordering and the usual metric.
Consider g: X — X and F: X° — X be given by the formulas

3x — 6y +3z

16 Jorallx,y,z e X

8(x)=x  Flxyz)=

Take ¢: [0, =) = [0, =) be given by ¢(t) = Tfor all t € [0, ).

It is clear that all conditions of Theorem 2.2 are satisfied. Moreover, (0,0,0) is a

tripled coincidence point (also a common fixed point) of F and g.

Page 11 of 12
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Now, for x = u, z = w and v >y, we have
3 1 k
A(F(xy,2) Fu,vw) = ((v—y) > J(v—y) = J[d(xu) +d(y,v)d(z w)],

for any k € [0,1), that is the result of Berinde and Borcut [15]given by Theorem 1.2 is

not applicable (fora=b=c= l;)
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