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Abstract

In this article, we introduce an iterative algorithm for finding a common element of
the set of common fixed points of a finite family of closed generalized quasi-¢-
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Our results improve and extend the corresponding results announced by many
others.
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1. Introduction and preliminary

Let E be a Banach space with the dual E*. Let C be a nonempty closed convex subset
of E and f:C x C — R a bifunction, where R is the set of real numbers. The equili-
brium problem for fis to find ¥ € C such that

f&y)=o0 (1.1)

for all y € C. The set of solutions of (1.1) is denoted by EP(f). Given a mapping 7T :C
— E*, let flx, y) = (Tx, y - x) for all x,y € C. Then x € EP(f) if and only if
(ch, y— 56) >0forall ye G, ie, & is a solution of the variational inequality. Numerous
problems in physics, optimization, engineering and economics reduce to find a solution
of (1.1). Some methods have been proposed to solve the equilibrium problem; see, for
example, Blum-Oettli [1] and Moudafi [2]. For solving the equilibrium problem, let us
assume that f satisfies the following conditions:

(A1) fix, x) =0 for all x € C;

(A2) fis monotone, that is, flx, y) + fly, x) <0 for allx, y e C;

(A3) for each x, 3, z € C, lim, ,o fitz + (1 - )%, y) < fix, y);

(A4) for each x € C, the function y — flx, y) is convex and lower semicontinuous.

Let E be a Banach space with the dual E*. We denote by J the normalized duality
mapping from E to 2F" defined by
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J(x) = " € E*: () =[xl = |x*]*),

where (, -) denotes the generalized duality pairing. We know that if E is uniformly
smooth, strictly convex, and reflexive, then the normalized duality mapping / is single-
valued, one-to-one, onto and uniformly norm-to-norm continuous on each bounded
subset of E. Moreover, if E is a reflexive and strictly convex Banach space with a
strictly convex dual, then Tlis single-valued, one-to-one, surjective, and it is the dua-
lity mapping from E* into E and thus JJ' = Iz. and J'' J = Iz (see, [3]). It is also well
known that if E is uniformly smooth if and only if £* is uniformly convex.

Let C be a nonempty closed convex subset of a Banach space Eand 7: C — C a
mapping. A point x € C is said to be a fixed point of T provided Tx = x. In this article,
we use F(T) to denote the fixed point set and use — to denote the strong convergence.
Recall that a mapping 7' : C — C is called nonexpansive if

|75 =T < fx -y

,Vx,y € C.

A mapping T: C — C is called asymptotically nonexpansive if there exists a sequence
{k,} of real numbers with k,, — 1 as n — o such that

e I

, VYx,yeC, Vn=>1.

The class of asymptotically nonexpansive mappings was introduced by Goebel and
Kirk [4] in 1972. They proved that, if C is a nonempty bounded closed convex subset
of a uniformly convex Banach space E, then every asymptotically nonexpansive self-
mapping T of C has a fixed point. Further, the set F(T) is closed and convex. Since
1972, a host of authors have studied the weak and strong convergence problems of the
iterative algorithms for such a class of mappings (see, e.g., [4-6] and the references
therein).

It is well known that if C is a nonempty closed convex subset of a Hilbert space H
and Pc: H — C is the metric projection of H onto C, then Pc is nonexpansive. This
fact actually characterizes Hilbert spaces and consequently, it is not available in more
general Banach spaces. In this connection, Alber [7] recently introduced a generalized
projection operator Il in a Banach space E which is an analogue of the metric projec-
tion in Hilbert spaces.

Next, we assume that E is a smooth Banach space. Consider the functional defined
by

2
’

o (x,y) = lIxlI* — 2¢x, Jy) + ||y Vx,y € E.

Following Alber [7], the generalized projection Il : E — C is a mapping that assigns
to an arbitrary point x € E the minimum point of the functional ¢(y, x), that is,
[1cx = X, where x is the solution to the following minimization problem:

(%, x) = inf p(y, x).
yeC
It follows from the definition of the function ¢ that

(vl = 1x1)* < o, %) < (Jy| + Ix1)*,  Vxy € E.
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If E is a Hilbert space, then ¢(y, x) = ||y - x||* and I = P¢ is the metric projection of
H onto C.

Remark 1.1 [8,9] If E is a reflexive, strictly convex and smooth Banach space, then
forx, y € E ¢(x y) = 0 if and only if x = y.

Let C be a nonempty, closed and convex subset of a smooth Banach E and T a map-
ping from C into itself. The mapping 7 is said to be ¢-nonexpansive if ¢(Tx, Ty) < @
(%, ¥), V&, y € C. The mapping T is said to be quasi-@-nonexpansive if F(T) #0, ¢(p,
Tx) < @(p, x), Vx € C, p e F(T). The mapping T is said to be @-asymptotically nonex-
pansive if there exists some real sequence {k,} with k, > 1 and k, — 1 as n — oo such
that @(T"x, T"y) < k,@(x,y), Vx, y € C. The mapping T is said to be quasi-¢@-asymptoti-
cally nonexpansive if F(T) # 0 and there exists some real sequence {k,} with k, >1 and
k, — 1 as n — o such that ¢(p, T"x) < k,, ¢(p, x), Vx € C, p € F(T). The mapping T
is said to be generalized quasi-@-asymptotically nonexpansive if F(T) #0 and there
exist nonnegative real sequences {k,} and {c,} with k,, > 1, lim,_,.. k, = 1 and lim,,_,.,
¢, = 0 such that ¢(p, T"x) < k,@(p, x) + ¢, Vx € C, p € F(T). The mapping T is said
to be asymptotically regular on C if, for any bounded subset K of C, lim sup,,_,..{[| 7"
*ly - T"|: x € K} = 0. The mapping T is said to be closed on C if, for any sequence
{x,,} such that lim,_,.. x, = %9 and lim,,_,.. Tx,, = y,, then Txy = y,.

We remark that a @-asymptotically nonexpansive mapping with a nonempty fixed
point set F(T) is a quasi-@-asymptotically nonexpansive mapping, but the converse
may be not true. The class of generalized quasi-¢@-asymptotically nonexpansive map-
pings is more general than the class of quasi-¢-asymptotically nonexpansive mappings
and @-asymptotically nonexpansive mappings. The following example shows that the
inclusion is proper. Let K = [—;, }r] and define (see [10]) Tx = sin(}c) if x # 0 and Tx
=0 if x = 0. Then T"x — 0 uniformly but T is not Lipschitzian. It should be noted
that F(T) = {0}. For each fixed n, define f,(x) = | T"%||* - |x||* for x € K. Set c, = sup-
xe i4fu(x), 0}. Then lim,, ,.. ¢, = 0 and

$(0, T"x) = || * < [lx]1? + cu = $(0,x) + ca.

This show that T is a generalized quasi-@-asymptotically nonexpansive but it is not
quasi-@-asymptotically nonexpansive and ¢@-asymptotically nonexpansive. Recently,
many authors studied the problem of finding a common element of the set of fixed
points of nonexpansive or quasi-@-asymptotically nonexpansive mappings and the set
of solutions of an equilibrium problem in the frame work of Hilbert spaces and Banach
spaces respectively; see, for instance, [11-15] and the references therein.

In 2009, Cho, Qin and Kang [16] introduced the following iterative scheme on a
closed quasi-@-asymptotically nonexpansive mapping:

x0 €E Ci=C, x1=]]¢xo,

Vo =T (andxy + (1 — )] T™xy),
Ch1={z€Cy: ¢(Z, )/n) < d)(z,x,,) +a,M},
Xn+1 = l_[C,,”xl' Vn > 0.

Strong convergence theorems of fixed points are established in a uniformly smooth
and uniformly convex Banach space.
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Recently, Takahashi and Zembayashi [17] introduced the following iterative process:

xo=x€C,

Yn =T (@n)xn + (1 — @)JSxn),

Uy € Csuch that f(u, y) + | {y — tn, Jun —Jya) = 0, Vy€C,
Hy,={z€C:¢(z uy) < ¢z x1)},

W, ={zeC: (x, —zJx — Jx,) > 0},

Xne1 = [T,ow, @ Yo = 1

(1.2)

where f:C x C — R is a bifunction satisfying (A1)-(A4), J is the normalized duality
mapping on E and S : C — C is a relatively nonexpansive mapping. They proved the
sequences {x,} defined by (1.2) converge strongly to a common point of the set of
solutions of the equilibrium problem (1.1) and the set of fixed points of S provided the
control sequences {o,} and {r,} satisfy appropriate conditions in Banach spaces.

In this article, inspired and motivated by the works mentioned above, we introduce
an iterative process for finding a common element of the set of common fixed points
of a finite family of closed generalized quasi-@-asymptotically nonexpansive mappings
and the solution set of equilibrium problem in Banach spaces. In the meantime, the
method of the proof is different from the original one. The results presented in this
article improve and generalize the corresponding results announced by many others.

Let C, be a sequence of nonempty closed convex subsets of a reflexive Banach space
E. We denote two subsets s - Li,C, and w - Ls,,C, as follows: x € s - Li,C, if and only
if there exists {x,} < E such that {x,} converges strongly to x and that x,, € C, for all n
> 0. Similarly, y € w - Ls,C, if and only if there exists a subsequence {Cy,} of {C,} and
a sequence {y;} € E such that {y;} converges weakly to y and that y; € Cy, for all i > 0.
We define the Mosco convergence [18] of {C,} as follows: If C, satisfies that Cy = s -
Li,C, = w - Ls,C,, it is said that {C,} converges to C, in the sense of Mosco and we
write Cy = M - lim,,_,.. ¢ . For more detail, see [19].

In order to obtain the main results of this paper, we need the following lemmas.

Lemma 1.2 [20]Let E be a smooth and uniformly convex Banach space and let {x,}
and {y,} be sequences in E such that either {x,} or {y,} is bounded. If lim,,_,.. ¢(x,,yn) =
0, then lim,,_,.. ||x, - y,|| = 0.

Lemma 1.3 [21]Let E be a smooth, strictly convex and reflexive Banach space having
the Kadec-Klee property. Let {K,} be a sequence of nonempty closed convex subsets of E.
If Ko = M-lim,,_,.. K, exists and is nonempty, then {]_[KnX}converges strongly to
{I[ [k, x}for each x € C.

Lemma 1.4 [8,22]Let E be a uniformly convex Banach space, s > 0 a positive number
and By(0) a closed ball of E. Then there exists a strictly increasing, continuous, and con-
vex function g: [0, o) — [0, =) with g(0) = 0 such that

N
> (aix)
i=0

forany k, [ € {0, 1,. .., N}, for all xo, x1, .. ., xx € Bs(0) = {x € E: x| < s} and o,
01,0y, € [0, 1] such that Zﬁo ;=1

Lemma 1.5 [1]Let C be a closed convex subset of a smooth, strictly convex, and
reflexive Banach space E, let f be a bifunction from C x C to R satisfying (A1)-(A4),
and letr > 0 and x € E. Then, there exists z € C such that

2

N
<Y aillxl® — exaug(llx — xll)
i=0
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f@y)+ i y—zJz—Jx)>0, VyeC

Lemma 1.6 [17]Let C be a closed convex subset of a uniformly smooth, strictly con-
vex, and reflexive Banach space E. Let f be a bifunction from C x C to R satisfying
(A1)-(A4). For r > 0 and x € E, define a mapping T, : E — C as follows:

T,(x) ={z€C:f(zy)+(Bx,y—z)+ [y —zJz—Jx) >0, VyeC}
for all x € E. Then, the following hold:

(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e., for any x, y € E,
(Trx — Ty, JTex — JTyy) < (Tox — Tyy, Jx — Jy);

(3) F(T,) = EP(f);

(4) EP(f) is closed and convex;

(5) 9(g Tx) + ¢(Tx, x) < @lg, %), Vg € F(T)).

Lemma 1.7 Let E be a uniformly convex and uniformly smooth Banach space, C a
nonempty, closed and convex subset of E and T a closed generalized quasi-@-asymptoti-
cally nonexpansive mapping from C into itself. Then F(T) is a closed convex subset of C.

Proof. We first show that F(T) is closed. To see this, let {p,} be a sequence in F(T)

with p,, — p as n — oo, we shall prove that p € F(T). By using the definition of T, we
have

(P, T"p) < kup (P, p) + Cn,

which implies that @(p,, T"p) — 0 as n — . It follows from Lemma 1.2 that p,
-T"p — 0 as n — o and hence T"p — p as n — . We have T(T"p) = T""'p — p as
n — . It follows from the closedness of T that Tp = p. We next show that F(T) is
convex. To prove this, for arbitrary p, g € F(T), t€ (0, 1), we set w = tp + (1 - t)q. By
(1.3), we have

o(w, T"w)
= lwl? = 2w, JT"w) + | T"w|?
= lwll® = 2t (p,JT"w) — 2(1 — 1) (q, ) T"w) + | T"w]?
= lwl + t(p, T"w) + (1 = ) (g, T"w) — t]}p]* = (1 = )] q]®
< lwl? + theap(p, w) + tn + (1 — eaip (g, w) + (1 — D)o — tp* = (1 = 1)
= lwl? + tha | p||* — 2tk (p, Juw) + theg 0] + (1 — €)len | 1]*
—2(1 = )k (g, Jw) + (1 = Okallwl® + o — t[p|* = (1 = 1) |
= (kn = 1)(t[p]* + (1 = O)]|a]*) + Nwl? + nllwll? = 2ken (10, Jw) + cn
= (kn = 1)(t[p]* + (1 = O)|a]|*) + (kn + D)l = 2R llw])? + ¢,
= (k= D)(tlp]* + (1 = Oflal” = 1wI?) + G,
which implies that @(w, T"w) — 0 as n — . By Lemma 1.2, we obtain T"w — w as

n — oo, and hence T(T"w) = T""'w — w as n — o. Since T is closed, we see that w =
Tw. This completes the proof.
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2. Main results

Theorem 2.1 Let C be a nonempty, closed and convex subset of a uniformly convex and
uniformly smooth real Banach space E and let T; : C — C be a closed and generalized
quasi-Q-asymptotically nonexpansive mapping with real sequences ik, ;} < [1, ) and
{c,i} € [0, ) such that lim ,_,.. k,; = 1 and lim,,_,.. ¢,,; = 0 for each 1 < i < N. Let f
be a bifunction from C x C to R satisfying (A1)-(A4). Assume that T; is asymptotically
regular on C for each 1 < i < N and F = (O, F(T;)) N EP(f) #,0. Let k, = max;;cn

{k,, i} and c,, = max,<;nic,, ). Define a sequence {x,} in C in the following manner:

xo € E chosen arbitrarily,

C =C
X1 = Hclx(]r
Yn =T (on0)xn + Zﬁl o i J T %), (2.1)

Uy € Csuch that f(un, ) + | (y =t Jun —Jyu) = 0, Vy €C,
Cus1 = {2 € Cp 1 ¢(2,un) < kn(2,Xn) + Cn},
Xn+1 = l_[cmxl

for every n > 1, where {r,} is a real sequence in [a, <) for some a > 0, ] is the normal-
ized duality mapping on E. Assume that the control sequences {0, 0}, {Cly1}s - (0N}
are real sequences in (0,1) satisfy ZZO o = land lim inf,_,.. &, 00, > 0 for each i e
{1, 2, - - -, N}. Then the sequence {x,} converges strongly to [1px,, where Il is the gener-
alized projection from C into F.

Proof. Firstly, by Lemma 1.7, we know that F(7)) is a closed convex subset of C for
every 1 < i < N. Hence, F = (ﬂil F(T;)) N EP(f) # /0 is a nonempty closed convex sub-
set of C and Ilgx; is well defined for x; € C. Now we show that C, is closed and con-
vex for each # > 1. From the definition of C,, it is obvious that C,, is closed for each #
> 1. We show that C, is convex for each n > 1. It is obvious that C; = C is convex.
Suppose that C,, is convex for some integer n. Observe that the set

Cue1 = {2 € Cy: ¢(z,un) < kuop(z,x,) + cn}
can be written to

Ch1=1{z€Cy: (1 - kn)”Z”2 + ”un”2 - kn”xn”2 —cn <2z, Juy — knJxn)}.

For z1, zp € C,.1 € C,and t € (0,1), denote z = tz; + (1 - t)z,, we have z e C,. Set-
ting A = ||lu,|* - kullxll* -c, and B = Ju,-k,Jx,, by noting that || - ||* is convex, we have

2 2 2
l2l1® < tllze )17 + (1 = t)llz2 (I
So we obtain

(1 —ka)lzl® + A < (1 —ka)tllzr [? + (1 — ko) (1 — 1) [l22]1* + A
< 2t(z1,B) + 2(1 — t) (z, B)
=2(z,B),

which implies that z € C,,,1, so we get C,,,; is convex. Thus, C, is closed and convex
for each n > 1.

Secondly, we prove that F € C, for all #» > 1. We do this by induction. For n = 1, we
have F € C = C;. Suppose that F € C, for some n > 1. Let p € F € C. Putting
Up = Ty, yn for all m > 1, we have that T, is quasi-@-nonexpansive from Lemma 1.6.
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Since T; is generalized quasi-@-asymptotically nonexpansive, by noting that || - ||* is
convex, we have
o(p, un)
= ¢(p. Ty, yn)
=o(p.yn)

N
= ¢(p, ] (anolxn + Z o iJ T %))

i=1

N
Iol? - 2 <p, ol zanﬂgxﬂ> .

i=1

2

N
op,0lxn + E an,i]Tlﬂxn
i=1

N N (2.2)
||P||2 — 20,0 (Pr ]xn> -2 Zan,i (Pr ]Tinxn> + an,OHxn”z + Z an,iHTinxn ||2

i=1 i=1

IA

N
= 0B (p,%n) + ) nidd(p, Ti'xn)

i=1

N N
< anop(p, xn) + Zan/ikn/id’(p/ Xn) + Zan/icn/i
i=1 i=1
< kndp (P, Xn) + Cn,
which infers that p € C,,1, and hence F € C,,,;. This proves that F € C, for all n >
1.
Thirdly, we show that limy_, ooX, = x* = [[ %1, where C = N2, Cp. Indeed, since {C,}
is a decreasing sequence of closed convex subsets of E such that C = N2, C, is none-

mpty, it follows that

M — lim C, = C =N, C, #0.

n—o00

By Lemma 1.3, {x,} = {Ilc,x1} converges strongly to {x*} = {I1-x:} and {x,} is
bounded.

Fourthly, we prove that x* € F.

Since Xu+1 = Ig,,, X1 € Cyy1, from the definition of C,,,,, we get

¢(xn+1r un) < kn¢(xn+1/xn) + Cp.

From lim, _, ., x, = x* one obtain ¢(x,,1,x,) = 0 as n — oo, and it follows from

lim,, _, . ¢, = 0 we have
@ (xns1,uy) = 0.
Thus, lim,, . [%,:1 - #,/| = 0 by Lemma 1.2. It should be noted that
ln — tnll < 11X = Xnsr | + 1Xne1 — ttn|
for all # > 1. It follows that
Jim [l — unll = 0, (2.3)

which implies that u, — x* as n — . Since J is uniformly norm-to-norm continu-

ous on bounded sets, from (2.3), we have



Zhao and He Fixed Point Theory and Applications 2012, 2012:33

Page 8 of 11
http://www.fixedpointtheoryandapplications.com/content/2012/1/33

lim [|Jx, — Juull = 0. (2.4)
n—>00

Let s = sup {[lx,ll ,

n
Ty %,

n
Tyxy

, PRI

Tyxn| : n € N}. Since E is uniformly smooth
Banach space, we know that E* is a uniformly convex Banach space. Therefore, from
Lemma 1.4 we have, for any p € F, that

B (p, un)
= ¢(p, Tr,yn)
< ¢(p.yn)

N
= ¢(p.J " (an,o)xn + Z oniJT7 %))
i=1

2

N N
= ||P||2 — 20,0 (Pr ]xn> -2 Zan,i (P, ]Tinxn> + |on,0fxn + Z an,i]Tinxn

i=1 j=1

N
< p]* = 200 (p Ja) — 23" cnsi(p. I TV x0)
i=1
N

+ an,OHxn”z + Z On,i H Tinxn ||2 - an,Oan,lg(”]xn - ]T?xn H)
i=1

N
= Oln,o¢(Pr xn) + Zan,i¢(Pr Tl‘nxn) - Oln,OOln,lg(”]xn - ]T?xn ”)

i=1

N N
< ano@(p, xn) + Zan,ikn,i¢(pl Xn) + Zan,icn,i - an,Oan,lg(H]xn - ]Tilxn ”)

i1 i=1
=< kn¢(pr xn) +Cn — an,Oan,lg(H]xn - ]T?xn ||)
= ¢(p, xn) + (kn — 1)@ (P, Xn) +Cn — O‘n,OOln,lg(”]xn — JT xy H)

Therefore, we have

an,Oan,lg(”]xn — ]T?xn ”) =< ¢(P: xn) - ¢(P/ un) + (kn - 1)¢(P/ xn) + Cp. (2.5)
On the other hand, we have

|6(p,%n) — PP, un) |

1 ll> = llunll> = 2 (p, Jxn — Jun)|

< lall = Netw I (lxall + Hotnll) + 2 10 — Juall | p]
< [lxn — unll (Iall + Nunll) + 2 1w — Junll |p] -

It follows from (2.3) and (2.4) that

Jim (#(p: xn) — (P, un)) = 0. (2.6)

Since lim,, ,.. k, = 1, lim,, ,., ¢, = 0 and lim inf, ... @, 00,1 > 0, from (2.5) and (2.6)
we have

lim g([[Jon — JTixa ) = 0.
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Therefore, from the property of g, we obtain

lim {15, — 1773, - 0.

. 1. . .
Since /" is uniformly norm-to-norm continuous on bounded sets, we have

lim [x, — T}x,|| = 0, (2.7)

n—oo
and hence T'%, — x* as n - oo, Since
T3 o = | = 770 — T | + | T —

larity of T; that

, it follows from the asymptotical regu-

lim || T} %, — x*| = 0.
n—oo

That is, T1 (T}x,) — x* as n — . From the closedness of T}, we get T1x* = x*. Simi-
larly, one can obtain that T* = x* for i = 2,.., N. So, x* € NN F(T;).

Now we show x* € EP(f) = F(T,). Let p € F. From u, = T}, V5, (2.2) and Lemma 1.6,
we obtain that

& (un, yn) = ¢(Tr,Yn ¥n)
< (P, yn) — &0, T, yn)
< o(p,xn) + (kn — 1)p(p, xn) + cn — D (P, un).

It follows from (2.6), k,, > 1 and ¢,, —> 0 that ¢(u,, y,) > 0 as n — . Now, by
Lemma 1.2, we have that ||&,, - ¥,/ & 0 as n — oo, and hence, |Ji,, - Jy,|| > 0 as n —>
oo, Since u,, —> x* as n — oo, we obtain that y,, - x*. From the assumption r, >a, we
get

lim Pun =i _ 0. (2.8)

n—00 Tn

Noting that uy, = T}, yn, we obtain
1
flumy) + (y — tin, Jun —Jyn) = 0, VyeC.
n
From (A2), we have

<y — Uy, ]unr_])/n> > —f(un,y) = f(y,ua), VyeC. (2.9)

Letting n — oo, we have from u,, — x*, (2.8) and (A4) that f{y, x*) < 0(Vy € C). For ¢
with 0 <t <landye C, lety, =ty + (1 - t)x*. Since y € C and x* € C, we have y, €
C and hence f(y,, x*) < 0. Now, from (A1) and (A4), we have

0=fruy) =tf(yuy)+ (1 = 0f (1, %) < tf (v, ¥)

and hence fly,y) = 0. Letting t — 0, from (A3), we have flx*, y) > 0. This implies that
x* € EP(f). Thus, x* € F.

Finally, since x* =Il.x; € F and F is a nonempty closed convex subset of
C =N, Cy we conclude that x* = I1xx;. This completes the proof.

In Hilbert spaces, Theorem 2.1 reduces to the following theorem.



Zhao and He Fixed Point Theory and Applications 2012, 2012:33 Page 10 of 11
http://www fixedpointtheoryandapplications.com/content/2012/1/33

Theorem 2.2 Let C be a nonempty, closed and convex subset of a Hilbert space H
and let Tz:C — C be a closed and generalized quasi-@-asymptotically nonexpansive
mapping with real sequences {k,;} < [1, ) and {c,,;} < [0, o) such that lim,,_,., k,; = 1
and lim,, .. ¢,; = 0 for each 1 < i < N. Let f be a bifunction from C x C to R satisfying
(A1)-(A4). Assume that T; is asymptotically regular on C for each 1 < i < N and

N
F= (mi_l F(Ti)> (\EP(f) #0. Let k, = maxy_iontk,,} and ¢, = maxyziznic,,3. Define
a sequence {x,} in C in the following manner:

Xo € H chosen arbitrarily,

Cl = CI
X1 = Pc, Xo,
N n
Yn = O0n,0Xn + Zi=1 i Tj X, (2.10)

1
uy € C such that f(up,y) + . (y—unun—ya) =0, Vyec,
n

2 2
Cn+1={zeCn:||z—un|| < knllz — xu|| +Cn}:

Xne1 = Pc,, X1

for every n > 1, where {r,} is a real sequence in [a, =) for some a > 0. Assume that
the control sequences {0}, {01}, - - {Q,, N} are real sequences in (0,1) satisfy
Zﬁ\_—lo an; = lond lim inf, .. &, 0 0,,; > 0 for each i € {1, 2, ..., N}. Then the sequence
{x,.} converges strongly to Prx;.

Remark 2.3 Theorems 2.1 and 2.2 extend the main results of [16] from quasi-¢-non-
expansive mappings to more general generalized quasi-¢@-asymptotically nonexpan-sive
mappings.
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