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Abstract
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additive and quadratic functional equation f (kx + y) + flkx - y) = fix + y) + fix - y) + (k- 1)
[k + 2) fix) + ki=x)] (ke N, k= 1) in B-Banach modules on a Banach algebra.
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1 Introduction

The study of stability problems for functional equations is related to a question of
Ulam [1] concerning the stability of group homomorphisms and affirmatively answered
for Banach spaces by Hyers [2]. The result of Hyers was generalized by Aoki [3] for
approximate additive mappings and by Rassias [4] for approximate linear mappings by
allowing the Cauchy difference operator CDf (x, y) = f (x + y) - [fix) + fiy)] to be con-
trolled by e(Jlx[” + |IyII”). In 1994, a further generalization was obtained by Gavruta [5],
who replaced €(||x|” + ||y||”) by a general control function ¢(x,y). Rassias [6,7] treated
the Ulam-Gavruta-Rassias stability on linear and nonlinear mappings and generalized
Hyers result. The reader is referred to the following books and research articles which
provide an extensive account of progress made on Ulam’s problem during the last
seventy years (cf. [8-33]).

The functional equation

fle+y)+flx—y) = 2f(x) + 2f(¥) (1.1)

is related to a symmetric biadditive function [15]. It is natural that such equation is
called a quadratic functional equation. In particular, every solution of the quadratic
Equation (1.1) is said to be a quadratic function. It is well known that a function f
between real vector spaces is quadratic if and only if there exists a unique symmetric
biadditive function B such that f (x) = B (xx) for all x (see [15]). The biadditive func-
tion B is given by B(x,y) = ; (f(x+y) +f(x —y)). In [34], Czerwik proved the Hyers-
Ulam stability of the quadratic functional Equation (1.1). A Hyers-Ulam stability pro-
blem for the quadratic functional Equation (1.1) was proved by Skof for functions f:
E, — E,, where E; is a normed space and E, a Banach space (see [35]). Cholewa [36]
noticed that the theorem of Skof is still true if the relevant domain E; is replaced by
an Abelian group. Grabiec in [37] has generalized the above mentioned results. Park
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and Rassias proved the Hyers-Ulam stability of generalized Apollonius type quadratic
functional equation (see [18]). The quadratic functional equation and several
other functional equations are useful to characterize inner product spaces (cf.
[8,24,28,29,38]).

Now we consider a mapping f: X — Y satisfies the following additive-quadratic (AQ)
functional equation, which is introduced by Eskandani et al. (see [11]),

flx+y)+fllx —y) = fx+y) +f(x =) + (k= D[(k+ 2)f (x) + kf (—=x)] ~ (1.2)

for a fixed integer with k > 2. It is easy to see that the function f (x) = ax® + bx is a
solution of the functional Equation (1.2). The main purpose of this article is to prove
the Hyers-Ulam stability of an AQ-functional Equation (1.2) in 3-normed left Banach
modules on Banach algebras using the fixed point method.

2 Preliminaries
Let 3 be a real number with 0 <3 < 1 and let K denotes either R or C. Let X be a linear
space over K. A real-valued function || - |3 is called a f-norm on X if and only if it
satisfies

(BN1) |lxllg = 0 if and only if x = 0;

(BN2) [Axlls = [A|P - [lxllg for all » € K and all x € X;

(BN3) Ix + yllp < sl + Il for all x y € X.

The pair (X, || - [|p) is called a f-normed space (see [39]). A B-Banach space is a com-
plete B-normed space.

For explicitly later use, we recall the following result by Diaz and Margolis [40].

Theorem 2.1 Let (Q), d) be a complete generalized metric space and ] : QO — Q be a
strictly contractive mapping with Lipschitz constant L < 1, that is

d(Jx, Jy) < Ld(x,y), Vx,ye€Q.
Then, for each given x € C, either
d(J"x,J™'x) = 0o, V¥n =0,

or there exists a non-negative integer no such that

(1) dJ" x, " x) < oo for all n > ny;

(2) the sequence {J" x} is converges to a fixed point y* of J;

(3) y* is the unique fixed point of ] in the set Q* = {y € Q|d (J"x,y) < oo};

) d(y,y*) < |1, d(y. Jy)or all y e Q.

The following Lemma 2.2 and Theorem 2.3 about solutions of Equation (1.2) have
been proved in [11].

Lemma 2.2 (1) If an odd mapping f: X — Y satisfies (1.2) for all x, y € X, then f is
additive.

(2) If an even mapping f: X — Y satisfies (1.2) for all x, y € X, then fis quadratic.

Theorem 2.3 A mapping f: X — Y satisfies (1.2) for all x, y € X if and only if there
exist a symmetric bi-additive mapping B : X x X — Y and an additive mapping A: X —
Y such that f (x) = B(x, x) + A(x) for all x € X.

3 Main results
Throughout this section, let B be a unital Banach algebra with norm | - |, By := {b € B|
|b| = 1}, X be a B-normed left B-module and Y be a B-normed left Banach B-module,
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and let k€ N, k = 1 be a fixed integer. For a given mapping f: X — Y, we define the
difference operators

Dyf (x,y) := f(kbx+by)+f (kbx—by) —bf (x+y) = bf (x—y) — (k—1)b[(k+2)f (x) +kf (—x)]
and
Dyf (x,y) := f (Rbx+by)+f (kbx—by)—b*f (x+y) —bf (x—y) — (k—1)b? [ (k+2)f (x) +kf (—x)]

for all x,y € X and b € B;.
Theorem 3.1 Let ¢ : X> — [0, ) be a function such that

li L
nggo kB ¢

(K'x, K'y) =0 (3.1)
forall x, ye X. Let f: X — Y be an odd mapping such that
|Def ()] 5 < 0(x7) (3.2)
for all x,y € X and all b € B,. If there exists a Lipschitz constant 0 <L < 1 such that
o(kx, 0) < kP Lo(x, 0) (3.3)

for all x € X, then there exists a unique additive mapping A: X — Y such that

If(x) =A@, = (x,0) (3.4)

1
@1 -1)*

for all x € X. Moreover, if f (tx) is continuous in t € R for each fixed x € X, then A is
B-linear, i.e, A(bx) = bA(x) for all x € X and all b € B.
Proof Letting b = 1 and y = 0 in (3.2), we get

IF0) = )] =, 0(50) 65)

for all x € X. Consider the set Q := {g | g: X — Y,¢(0) = 0} and introduce the gener-
alized metric on Q:

d(g h) = inf{C € (0,00)| | g(x) — h(x) Hﬂ < Cp(x,0), VxeX} (3.6)

It is easy to show that (Q, d) is a complete generalized metric space (see [10, Theo-
rem 2.5]). We now define a function J: QO — Q by

(UJg)(x) = ;g(kx), Vge QxeX (3.7)

Let g he Q and C e [0, «] be an arbitrary constant with d (g /) <C, by the defini-
tion of d, it follows

lg(x) = h(x)] ; < Co(x,0), VxeX (3.8)

By the given hypothesis and the last inequality, one has

H ;g(kx) — ;h(kx) < CLgp(x,0), VxeX. (3.9

B

Hence, it holds that d (Jg, Jh) <Ld(g h). It follows from (3.5) that d(Jf, f)<1/(2k)ﬁ < oo,
Therefore, by Theorem 2.1, J has a unique fixed point A : X — Y in the set Q* = {g e
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Q| d (f g < o} such that
A) = lim (")) = lim (') (3.10)

and A(kx) = kA(x) for all x € X :Also,

1

1
dAS) < | D AOEN S Qs

(3.11)

This means that (3.4) holds for all x € X.
Now we show that A is additive. By (3.1), (3.2), and (3.10), we have

3 1 1 1
|DrAGx )|, = lim H n D1 ('3, 1Y) H
B

3 1 n n
= lim |Dif ("% k"),

n—o0 k"

. 1 n N\ _
< lim 5 0(k"x k") =0

that is,
Alkx +y) + A(kx —y) = A(x +y) + A(x — y) + (k — 1)[(k + 2)A(x) + RA(—x)]
for all w, y € X. Therefore by Lemma 2.2, we get that the mapping A is additive.

Moreover, if f (tx) is continuous in ¢ € R for each fixed x € X, then by the same rea-
soning as in the proof of [4]A is R-linear. Letting y = 0 in (3.2), we get

|2f (kbx) — 2kbf (x) ||, < ¢(x, 0) (3.12)
for all x € X and all b € B;. By definition of A, (3.1) and (3.12), we obtain
. 1 N+ 1
HIZA(kbx) — 2kbA(x) H,s = nlLIEO - HZZf(k 'bx) — 2kbf (K"x) Hﬁ

. 1 "
= D, oy #U20) =0
for all x € X and all b € B,. So A (kbx) - kbA (x) = 0 for all x € X and all b € B;.
Since A is additive, we get A(bx) = bA(x) for all x € X and all b € B; U {0}. Now, let a
€ B\{0}. Since A is R-linear,
A(bx) = A <|b| b x) = |b|A< b x) = |b| b A(x) = bA(x)
|b| bl bl

for all x € X and all b € B. This proves that A is B-linear.
Corollary 3.2 Let 0 <r < 1 and 6, 0 be non-negative real numbers, and let f: X > Y
be an odd mapping for which

I1Duf (x,p) | 5 < 8 +O(llxll + [[¥])5) (3.13)

forall x, ye X and b € By. Then there exists a unique additive mapping A : X - Y
such that

1 1 .
[If(x) — A(x)llp < 28 (1 —kﬂr)a * b kﬁf)9||x||ﬁ

Page 4 of 14



Xu and Rassias Fixed Point Theory and Applications 2012, 2012:32 Page 5 of 14
http://www fixedpointtheoryandapplications.com/content/2012/1/32

for all x € X. Moreover, if f(tx) is continuous in t € R for each fixed x € X, then A is
B-linear.

Proof The proof follows from Theorem 3.1 by taking ¢(x,y) =8 +6 (IIxII:8 + ”y”;) for

all x, y € X. We can choose L = k*"" to get the desired result.

The Hyers-Ulam stability for the case of » = 1 was excluded in Corollary 3.2. In fact,
the functional Equation (1.2) is not stable for » = 1 in (3.13) as we shall see in the fol-
lowing example, which is a modification of the example of Gajda [41] for the additive
functional inequality (see also [20]).

Example 3.3 Let ¢ : C— C be defined by

_ | xfor |x| <1,
$(x) = { 1, for |x| > 1.

Consider the function f: C— C be defined by

fx) =) a (")

m=0
for all x € C, where o >k. Let
Dpf (x,y) := f (kpx+puy) +f (kpx—puy) — puf (x+y) — puf (x—y) — (k= 1) s [ (k+2)f (x) +hef (—x)]

forallx, ye Cand u € T :={x € C||A| = 1}. Then f satisfies the functional inequality
202 (k% + 1
IDuf(xy)| < a(_ ) )(le +yD (3.14)

for all x, y € C, but there do not exist an additive function A : C — C and a constant
d > 0 such that |f (x) - A(x)| <d |x| for all x € C.
It is clear that fis bounded by ,*; on C.If |x| + |y| = 0 or |x| + |y| > ., then

212 + 1)

e = 2 T (are ).

Now suppose that 0 < |x| + |y| < Olt Then there exists an integer # > 1 such that
1 1
gt = A Iy < o (3.15)

Hence
a™ }kuxiuy} <1, o” |xj:y| <1, oa"xl <1

for all m = 0,1,..., n - 1. From the definition of f and (3.15), we obtain that

IDuf(x )] = |3 a " p(a" (kpx + ) + > e p(e™ (kpx — p1y))
—uY o P (x+y)) — Y o Pl (x —y))

—(k—1)u |:(k +2) ) a"p(a"x) +k Zam¢(—amx):|

m=n m=n
2(1,2
_202(2 + 1)

= o (=«
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Therefore, f satisfies (3.14). Now, we claim that the functional Equation (1.2) is not
stable for » = 1 in Corollary 3.2. Suppose on the contrary that there exist an additive
function A : C — C and a constant d > 0 such that |[fix) - A(x)| < d |x| for all x € C.
Then there exists a constant ¢ € C such that A(x) = cx for all rational numbers x. So
we obtain that

[f(x)] < (@+]cl) Ix| (3.16)

for all rational numbers x. Let s € N with s + 1 >d + |c|. If x is a rational number in
(0, &), then ™ x € (0,1) for all m = 0,1,..., s, and for this x we get

f(x) = Z ¢>(z:x) > Z qb(;z::x) =(s+1)x> (d+lc]) x,
m=0 m=0

which contradicts (3.16).
Corollary 3.4 Let t, s > 0 such that 2 := t + s < 1 and 6, O be non-negative real num-
bers, and let f:X — Y be an odd mapping for which

[Duf i)l = 8+ [l Iyl + (s + 1)

forall x, ye X and b € By. Then there exists a unique additive mapping A : X - Y
such that
A < ! 8 ! 01lx|%
V) = A5 = 500 _ iy * 25t — pory 111
for all x € X. Moreover, if f(tx) is continuous in t € R for each fixed x € X, then A is

B-linear.
Proof  The  proof  follows from  Theorem 3.1 by  taking

o(x,y)=8+0 [lelllrg ||y”; + (leII% + ”y”;)] for all v, y € X. We can choose L = KBA-D
to get the desired result.

The Hyers-Ulam stability for the case of A = 1 was excluded in Corollary 3.4. Similar
to Theorem 3.1, one can obtain the following theorem.

Theorem 3.5 Let ¢ : X> — [0, ) be a function such that
nmw%(xy)=o

n—00 kn ! kn
for all x,y € X. Let f: X — Y be an odd mapping such that
IDof (5 1) 5 < 0(x,7)

forall x,y € X and all b € By. If there exists a Lipschitz constant 0 <L < 1 such that ¢(x,
0) < kP L ¢ (kx, 0) for all x € X, then there exists a unique additive mapping A: X - Y
such that

F) — AW, < (x,0)

L
w1 -1n°
for all x € X. Moreover, if f(tx) is continuous in t € R for each fixed x € X, then A is
B-linear.
As applications for Theorems 3.5, one can get the following Corollaries 3.6 and 3.7.

Page 6 of 14
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9
Corollary 3.6 Let r > 1 and 0 be a non-negative real number, and let f: X — Y be
an odd mapping for which

[Duf G ) = 0 (el + 1)

for all x,y € X and b € By. Then there exists a unique additive mapping A : X —> Y
such that

|Wﬂ—MMb§ﬁw;_wa%

for all x € X. Moreover, if fitx) is continuous in t € R for each fixed x € X, then A is
B-linear.

Corollary 3.7 Let t, s > O such that A := t + s > 1 and 0 be a non-negative real num-
ber, and let f:X — Y be an odd mapping for which

[Duf ey = 0 [ty Iyl + (et + vl )

for all x,y € X and b € By. Then there exists a unique additive mapping A : X —> Y
such that

”ﬂ”_ﬂﬂhfzawimm“m@

for all x € X. Moreover, if f(tx) is continuous in t € R for each fixed x € X, then A is
B-linear.
Theorem 3.8 Let ¢ : X*> — [0, =) be a function such that

H 1 1 1
7111330 2np e(K"x, kK"y) =0 (3.17)
forall x,y € X Let f: X — Y be an even mapping such that
|Dif e )|, < o) (3.18)
for all x,y € X and all b € B,. If there exists a Lipschitz constant 0 <L < 1 such that
¢(kx, 0) < K Lo(x,0) (3.19)
for all x € X, then there exists a unique quadratic mapping Q:X — Y such that

If(x) = Q)| = (x,0) (3.20)

1
@y -1)°

for all x € X. Moreover, if f (tx) is continuous in t € R for each fixed x € X, then Q is
B-quadratic, i.e, Q(bx) = b>Q(x) for all x € X and all b € B.
Proof Letting b = 1 and y = 0 in (3.18), we get

IF0) = 1@, =, 0(5,0) 3.2)

for all x € X. Consider the set Q := {g | g: X —> Y, g(0) = 0} and introduce the gen-

eralized metric on Q:

Page 7 of 14
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d(g h) = inf{c € (0,00)[8(x) — h(x)], < Co(x,0), Vxe X.]

It is easy to show that (Q, d) is a complete generalized metric space. We now define
a function /: Q — Q by

1
Ug)(x) = kzg(kx), Vg€ Q,x € X.

Let g he Q and C € [0, «] be an arbitrary constant with d(g /) <C, by the defini-
tion of d, it follows

|8() — h(x)], < Cp(x,0), VxeX.

By the given hypothesis and the last inequality, one has

Hence, it holds that d(Jg Jh) < Ld(g, k). It follows from (3.21) that d(Jf, /) < 1/(2k*)* < co.
Therefore, by Theorem 2.1, / has a unique fixed point Q : X — Yin the set Q* = {ge Q |
d(f, g < oo} such that

1 1
12 g(kx) — 12 h(kx)| < CLg(x,0), VxelX.

B

QW) = lim (")) = lim ) (k') (3.22)

—o00 21

and Q(kx) = K*Q(x) for all x € X. Also,

1
d(Qrf) = 1 _Ld(]f'f) = (2k2)ﬂ(1 —L).

This means that (3.20) holds for all x € X.
The mapping Q is quadratic because as follows it satisfies in Equation (1.2):

[paten], = i [ s pscesien]

- lim kzln , Hle(k"x, k'y) Hﬁ

n—oo
: 1 1 n
= im0 (K% k) = 0,

for all x,y € X, therefore by Lemma 2.2, it is quadratic.
Moreover, if fitx) is continuous in t € R for each fixed x € X, then by the same rea-
soning as in the proof of [4]Q is R-quadratic. Letting y = 0 in (3.18), we get

|2 (kbx) — 2R20°f (x) | 4 < @(x, 0) (3.23)
for all x € X and all b € Bj. By definition of Q, (3.17) and (3.23), we obtain
: 1 1+ 1
HzQ(kbx) — 27 h*Q(x) ”ﬁ = nlggo 2np ”2f(k Ybx) — 2k2b°f (K"x) Hﬂ
. 1 "
< lim anﬂ‘p(k x,0)=0

for all x € X and all b € B;. So Q (kbx) - K*b*Q(x) = 0 for all x € X and all b € B,.
Since Q(kx) = K*Q(x), we get Q(bx) = b*Q(x) for all x € X and all b € B; U {0}. Now,

Page 8 of 14
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let b € B\{0}. Since Q is R-quadratic,

Q(bx)=Q<|b| |b|> b Q<|b| )=|b|2~<|b|) Q) - 1*Q(x)

for all x € X and all b € B. This proves that Q is B-quadratic.
Corollary 3.9 Let 0 <r < 2 and 6, 6 be non-negative real numbers, and let f: X —> Y

be an even mapping for which
[Dif e, = +0 (et + 1)

for all x,y € X and be B,. Then there exists a unique quadratic mapping Q:X — Y
such that

1
If () = Q)| , = 28028 — 1)° * 28— ony? W15

Jor all x € X. Moreover, if f (tx) is continuous in t € R for each fixed x € X, then Q is
B-quadratic.

The following example shows that the Hyers-Ulam stability for the case of r = 2 was
excluded in Corollary 3.9.

Example 3.10 Let ¢ : C — C be defined by

x2,for |x| < 1,

$(x) = { 1, for |x| > 1.

Consider the function f: C — C be defined by

fx) =D a"p(a"x)

m=0

for all x € C, where o >k. Let

Duf(x,y) = f(kpx + uy) + f(kpx — py) — w?f(x +y) — w?f(x —y)
— (k= 1)p? [(k+ 2)f (x) + kf (—x)]

forallx, ye Cand u € T :={X € C||A| = 1}. Then f satisfies the functional inequality
k +1a
‘Duf(x, y)‘ ( 3 ) (lxl2 + |y|2> (3.24)

for all x, y € C, but there do not exist a quadratic function Q : C — C and a con-
stant d > 0 such that |flx) - Q)| < d |«|* for all x € C.
It is clear that fis bounded by a;"il on C. If |x|* + [y]* = 0 or x| + |y|2 > 1, then

20t (k + l) 2
Dufen)| == 0 (1 7).
Now suppose that 0 < |x|? + |y|2 < o Then there exists an integer 7 > 1 such that

<+l < ! (3.25)

o2m+2) — o2(n+1) "

Page 9 of 14
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Hence
o |kpx £ pyl <1, o™ |xty| <1, o"xl <1
for all m = 0,1,..., n - 1. From the definition of f and the inequality (3.25), we obtain

that

oo

Y @ p(a" (kux + ) + Y a " p(a" (kpx — y))

m=n m=n

D.f ()

oo [e¢]

— 1Y TG (x4 y)) — 1P Y M@ (x — )

m=n m=n

—(k=1)u? |:(k +2) ia’zmqb(amx) +k ia2m¢(—amx):| ‘

m=n m=n
2(k? + Da?= (k2 + 1)a? 5 2
< < X
= L0 2T . (||+|y|)

Therefore, f satisfies (3.24). Now, we claim that the functional Equation (1.2) is not
stable for r = 2 in Corollary 3.9. Suppose on the contrary that there exist a quadratic
function Q : C — C and a constant d > 0 such that [flx) - Q)| < d |x|* for all x € C.
Then there exists a constant ¢ € C such that Q(x) = cx? for all rational numbers x. So

we obtain that
[f(x)] < (@d+ lc]) |« (3.26)

for all rational numbers x. Let s € N with s + 1 >d + |c|. If x is a rational number in
(0, &), then & x € (0,1) for all m = 0,1,..., s, and for this x we get
E @) o $(a) ) )
f(x) = Z 2 > Z - (s+1)x° > (d+]c])x”,
m=0 m=0
which contradicts (3.26).
Similar to Corollary 3.9, one can obtain the following corollary.
Corollary 3.11 Lett, s > O such that A == t + s < 2 and 6, 6 be non-negative real num-
bers, and let f:X — Y be an even mapping for which

|Durxn) |, =800 ety [l + (1 + 113)]

for all x,y € X and b € B;. Then there exists a unique quadratic mapping Q:X — Y
such that
< ! 8 ! 0 llxIl’s
@) = Q@ < 28028 — w1y’ 28 (126 — o) 16
for all x € X. Moreover, if fitx) is continuous in t € R for each fixed x € X, then Q is
B-quadpratic.
Similar to Theorem 3.8, one can obtain the following theorem.
Theorem 3.12 Let ¢ : X*> — [0, ) be a function such that
: 2np Xy _
lim k"¢ ( o ) =0

n—o00 ! kn

Page 10 of 14
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forallx, ye X Let f: X > Y be an even mapping such that
[Dif e )|, < o)

for all x, ye X and all b € By. If there exists a Lipschitz constant 0 <L < 1 such that
B(x, 0) < kK°PL ¢(kx, 0) for all x € X, then there exists a unique quadratic mapping Q:
X — Y such that

If (%) — Q(x) ||,3 < (x,0)

L
4

(22’ (1-1)

for all x € X. Moreover, if fitx) is continuous in t € R for each fixed x € X, then Q is
B-quadratic.

We now prove our main theorem in this section.

Theorem 3.13 Let ¢ : X*> — [0, ) be a function such that

3 1 1 1
lim - p(K'x, kK'y) =0 (3.27)

n—o00

forall x, ye X Let f: X — Y be a mapping such that
[P ey < 0ey) and [Dif(e )] < o) (3.28)

forall x, ye X and all b € B,. If there exists a Lipschitz constant 0 <L < 1 such that
o(kx,0) < kP Lo(x, 0) (3.29)

for all x € X, then there exist a unique additive mapping A: X — Y and a unique
quadratic mapping Q:X — Y such that

1-28

1) [¢(x,0) + ¢(—x, 0)] (3.30)

2
/) = 49~ Q) =
for all x € X. Moreover, if f(tx) is continuous in t € R for each fixed x € X, then A is
B-linear and Q is B-quadratic.
Proof 1If we decompose f'into the even and the odd parts by putting

fx) +f(=x) fx) = f(=x) (3.31)
2 2

fulx) = and f,(x) =

for all x € X, then f(x) = f.(x) + f,(x). Let w(xy) = [¢p(xy) + o(-x, —y)]/Zﬁ , then by
(3.27)-(3.29) and (3.31) we have
lim oy (R k) =0, v(kx,0) < KLy (x, 0),

n—oo kb

[Py < vn), Dokl < vy

Hence by Theorems 3.1 and 3.8, there exist a unique additive mapping A : X - Y
and a unique quadratic mapping Q : X — Y such that

1

) =A@l = sy

¥(0), LM -], < ¥ (x0)

1
(2k2)"(1 L)
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for all x € X. Therefore
[F(x) — A — QW[ = @) — AW, + ) — Q)] ,

¥ (x,0) (x,0)

1
= a0 -0 @eypa -y’

< 2 ywo
= efa-nt

2172,3
= (1 - 1) [0(x,0) + ¢(—x,0)]

for all x e X.

Corollary 3.14 Let 0 <r < 1 and 0, 0 be non-negative real numbers, and let f: X — Y
be a mapping for which

[Def el < 840 (el + o) and - |BufCe )| < 5+6 (i + vl

for all x,y € X and be B,. Then there exist a unique additive mapping A : X — Y and
a unique quadratic mapping Q: X —Y such that
22(1-8) .
[f() =AW = Q)5 =y s [5+01xl15]

for all x € X. Moreover, if f(tx) is continuous in t € R for each fixed x € X, then A is
B-linear and Q is B-quadratic.

Similar to Theorem 3.13, one can obtain the following theorem.
Theorem 3.15 Let ¢: X* — [0, =) be a function such that

lim kZ"%(}; Y ) -0

n—00 " n
forall x,y e X Let f: X — Y be a mapping such that
[P ey < 0ey) and [Dif(e )] < o)

forall x, ye X and all b € By. If there exists a Lipschitz constant 0 <L < 1 such that

@(x,0) < kP Lp(kx, 0)

for all x € X, then there exist a unique additive mapping A: X — Y and a unique
quadratic mapping Q: X — Y such that

1-28

[16) =) = QW = o, _, [605.0) + (= 0)]

for all x € X. Moreover, if f(tx) is continuous in t € R for each fixed x € X, then A is
B-linear and Q is B-quadratic.

Corollary 3.16 Let r > 2 and 6 be a non-negative real number, and let f: X — Y be
a mapping for which

[Dif el <6 (e + Il;) - and - [Duf e, <6 (i + I

for all x,y € X and b € By. Then there exist a unique additive mapping A : X > Y
and a unique quadratic mapping Q:X — Y such that
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2(1-B) )P
169~ A~ QI = s g 131

Jor all x € X. Moreover, if fitx) is continuous in t € R for each fixed x € X, then A is
B-linear and Q is B-quadratic.
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