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Abstract

In this article, we introduce a new iterative scheme for finding a common element
of the set of fixed points of strongly relatively nonexpansive mapping, the set of
solutions for equilibrium problems and the set of zero points of maximal monotone
operators in a uniformly smooth and uniformly convex Banach space. Consequently,
we obtain new strong convergence theorems in the frame work of Banach spaces.
Our theorems extend and improve the recent results of Wei et al,, Takahashi and
Zembayashi, and some recent results.

1 Introduction

Let E be a real Banach space with norm || - || and let C be a nonempty closed convex
subset of E. Let E* be the dual space of E and (:,-) denote the pairing between E and
E*. We consider the problem for finding:

v € E such that 0 € Ay, (1.1)

where A is an operator from E into E*, such that v € E is called a zero point of A, i.
e, A0 = {ve E: Av = 0}. Such a problem contains numerous problems in economics,
optimization and physics. Many authors studied this problem see, for example [1-5]
and references therein.

Let F: C x C — R be a bifunction, where R is the set of real numbers. The equili-
brium problem for F: C x C — R is to find x € C such that

F(x,y) >0, VyeC. (1.2)

The set of solutions of is denote by EP(F). The above formulation (1.2) was shown in
[6] to cover monotone inclusion problems, saddle point problems, variational inequal-
ity problems, minimization problems, vector equilibrium problems, Nash equilibria in
noncooperative games. In addition, there are several other problems, for example, the
complementarity problem, fixed point problem and optimization problem, which can
also be written in the form of an EP(F). In other words, the EP(F) is an unifying model
for several problems arising in physics, engineering, science, optimization, economics,
see, for example [6-9] and references therein.

In 2009, Takahashi and Zembayashi [10], proposed the iteration in a uniformly
smooth and uniformly convex Banach space: as sequence {x,} generated by x; € E,
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1 — —
{F(un,y) + {y = tn S —Jxa) 2 0, Vy€C, (L.3)

Xne1 = T (aJuy + (1 — o) JSuy)

for every n € N, where J is duality mappings form E to E*, S is a relatively nonexpan-
sive self mapping on C and {a,,} is appropriate positive real sequence. They proved that
if J is weakly sequentially continuous, then {x,} converges weakly to some element in
EP(F) n F(S), where F(S) is the fixed point set of S i.e., F(S) := {x € C: Sx = «}.

In 2010, Wei et al. [5], constructed the following iterative scheme to approximate the
common element of the set of fixed points of a relatively nonexpansive mapping S : E
— E and the set of zero points of a maximal monotone operator A : E — 25 :

X1 € E,
Yn = ]_1 (ﬂn]xn + (1 - ﬁn)]Q‘)?xn) , (1~4')
Xn+l = ]71 (an]xn + (1 — an)]s)/n) ,

for every n e N, where Q4 : E — E* define by Q{x = (J + AA) " Jx for all x € E and
{ou.}, {B,} are sequence in [0,1). They proved that if J is weakly sequentially continuous,
then {x,} converges weakly to some element in F(S) N Ao,

Recently, Nilsrakoo [11], proved a strong convergence theorem for finding a com-
mon element of the fixed points set of a relatively nonexpansive mapping and the set
of solutions of an equilibrium problem in a uniformly convex and uniformly smooth
Banach space. In this article, motivated by the above results and the iterative schemes
considered of Wei, et al. [5], Takahashi and Zembayashi [10], we present a new itera-
tive scheme for approximation of a common element in the intersection of the set of
solutions for equilibrium problems, the set of zero points of maximal monotone opera-
tors and set of fixed points for relatively nonexpansive mapping in a uniformly smooth
and uniformly convex Banach space. We prove a strong convergence theorem under
some mind conditions. The results presented in this article extend and improve the
results of Wei et al. [5], Takahashi and Zembayashi [10], and some authors.

2 Preliminaries
Let E be a real Banach space and let E* be the dual space of E. For g > 1, the general-
ized duality mapping J, : E — 2" is defined by

Jo(x) ={f € E* - {x. f) = Il | f]| = llx07" "}

for all x € E. In particular, if g = 2, the mapping /, is called the normalized duality

mapping and usually write J, = /.
Let U = {x € E : |x|| = 1}. A Banach space E is said to be strictly convex if
X+
H ) 4 H < 1forall x, ye U and x # y. A Banach space E is said to be uniformly convex
if, for any € € (0, 2], there exists 6 > 0 such that, for any x, y € U, ||x - y|| = € implies
X+
H ) Y H <1 —34. It is known that a uniformly convex Banach space is reflexive and
strictly convex. A Banach space E is said to be smooth if the limit
[+ ey =l
—0 t

lim, exists or all », y € U. It is also said to be uniformly smooth if the

limit is attained uniformly for x, y € U. The modulus of smoothness of E is defined by
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p(f)=sup{;(Hx+yH+Hx—yH)—1:x, yeE x| =1, ||yH=r},

where p : [0, ) — [0, =) is a function. It is known that E is uniformly smooth if and
only if limrﬁop(:) = 0. Let g be a fixed real number with 1 <q < 2.

A Banach space E is said to be g-uniformly smooth if there exists a constant ¢ > 0
such that p(r) < ¢z for all 7 > 0.

We note that E is a uniformly smooth Banach space if and only if J, is single-valued
and uniformly continuous on any bounded subset of E. Typical examples of both uni-
formly convex and uniformly smooth Banach spaces are L”, where p > 1. More pre-
cisely, L” is min{p, 2}-uniformly smooth for every p > 1.

A multi-valued operator A : E — 25

(i) The graph of A, G(A) = {(u, v) | u € Eand ve A(u)};

(ii) A is said to be monotone if (x1 - x5, y1 - ¥2) = 0, x1, x5 € D(A), y1 € Axy, yo €
Axy;

(iii) A is maximal monotone if it is monotone and its graph is maximal with
respect to this property, i.e., it is not properly contained in the graph of any other

monotone operator.

Example. The mapping A : R — 2" defined by

x—a, x<0,
A(x) =1 [~aa], x=0, (2.1)
x+a, x>0.

Then, A is a monotone mapping.

Note. A is maximal monotone if and only if A(x) = [-a, a], when x = 0.

Let E be smooth Banach space and ] the normalized duality mapping from E to E*.
Alber [12] considered the following functional ¢ : E x E — [0, o) defined by

2
’

e(x,y) = x> = 2 {x, Jy) + ||y x,y €E. (2.2)

It is obvious from the definition of the function ¢ that

(el = [¥])” < o) < (<l + |y])?
and
o (&I (gy+ (1 = 0)J2)) < to(x,y) + (1 — De(x 2) (2.3)

for all £ e [0,1] and «, y, z € E. The following lemma is an analogue of Xu’s inequal-
ity with respect to ¢.

Lemma 2.1. [11]Let E be a uniformly smooth Banach space and r > 0. Then there
exists a continuous, strictly increasing, and convex function g : [0, 2r] — [0, o) such
that g(0) = 0 and

o (xJ7 (ty+ (1= 0Jz)) < tp(xy) + (1 = Dp(x2) —t(1 =g (|ly—Jz])  (24)

forallte [01],x€ Eandy, z<€ B,

Page 3 of 12
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Let C be a closed convex subset of E, and S be a mapping from C into itself. Let F(S)
= {x € C: Sx = x} be the set of fixed points of S. A point p € C is said to be an
asymptotic fixed point S if C contains a sequence {x,} which converges weakly to p
such that lim,, ,..(x, - Sx,) = 0. The set of asymptotic fixed points of S will denoted by
F(s)

A mapping S from C into itself is said to be relatively nonexpansive it

(C1) F(s) #9;

(C2) o(p, Sx) < ¢(p, x) for all x e C and p € F(S);

(C3) F(S) = F(S)

A mapping S from C into itself is said to be strongly relatively nonexpansive if

(D1) S is relatively nonexpansive;

(D2) ¢(Sx,x,) — O whenever {x,} is bounded sequence in C such that ¢(p, x,,) - o(p,
Sx,) — 0 for some p € F(S).

Lemma 2.2. [13]The duality mapping ] has the following properties:

(i) If E is a real reflexive and smooth Banach space, then ] : E — E* is single-valued;
(ii) For all x € E and \ > 0, J(Ax) = MJx;

(iii) If E is strictly convex, then ] is one to one and strictly monotone, that is, (x - ¥,
x* - y* > 0 hold for all x* € Jx and y* € Jy with x = y;

(iv) If E is a real uniformly convex and uniformly smooth Banach space, then J* : E*
— E is also a duality mapping. Moreover, both | and J* are uniformly continuous
on each bounded subset of E or E¥ respectively.

Lemma 2.3. [8,12]Let E be a real reflexive, strictly convex and smooth Banach space,
let C be a nonempty closed and convex subset of E, and x € E. Then there exists a
unique element xy € C such that ¢(xo,x) = min{p(zx) : z € C}.

In this case, the mapping Ilc of E onto C defined by I[T¢x = xp for all x € E is called
the generalized projection operator.

Lemma 2.4. [14]Let E and C be the same as those in Lemma 2.3. Let x € E and
x € C. Then,

(a) X = My if and only if (y — X, Jx — ]5c) <0 forallye G
(b) ¢ (V, ch) +¢ (e, x) < @(y,x), forally e C.

Lemma 2.5. [14]Let E be a real smooth and uniformly convex Banach space and let
{x,.} and {y,} be two sequences of E. If either {x,} or {y,} is bounded and ¢(x,, y,) — 0
as n — oo, then x,, - y,, > 0 as n — oo.

Lemma 2.6. [8]Let E be a real smooth and strictly convex Banach space and let C be
a closed convex subset of E, and let S be a relatively nonexpansive mapping from C into
itself. Then F(S) is convex and closed.

Lemma 2.7. [14]Let E be a real smooth Banach space, let C be a convex subset of E,
let x € E and xo € C. Then ¢(xox) = infip(z, x) : z€ C} if and only if (z - xo, Jxo - Jx)
>0 forallze C.

Lemma 2.8. [13,15]Let E be a real smooth and uniformly convex Banach space and
let A : E — 2% be a maximal monotone operator. Then A0 is a closed and convex
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subset of E and the graph G(A) of A, is demi-closed in the following sense: for all {x,} <
D(A) with x,, ~ x € E and y, € Ax, with y, -y € E*, we have x € D(A) and y € Ax.

Definition 2.9. Let E and A be the same as these in Lemma 2.8. For all A > 0, define
the operator Q7 : E — E by Q%x = (J + AA) 'Jx for all x € E.

Lemma 2.10. [16]Let E be a real reflexive, strictly convex and smooth Banach space
and let A : E — 2F be a maximal monotone operator with A0. Then, forallxe E y
e A0 and ) > 0, we have ¢ (y, Qx) + ¢ (Q4x, x) < ¢(y,x).

Let E be a reflexive, strictly convex and smooth Banach space. The duality mapping
J* from E* onto E** = E coincides with the inverse of the duality mapping J from E
onto E*, that is, J* = J'. We make use of the following mapping V : E x E — R studied
in Alber [12]:

V(o x*) = flxll® — 2 {x, x*) + [x* ||2 (2.5)

for all x € E and x* € E*. Obviously, V(x, x*) = ¢(x, J 1(x*)). We know the following
lemma.

Lemma 2.11. [11]Let E be a reflexive, strictly convex and smooth Banach space and
let V be as in (2.5). Then

V(x x*)+ 271 (x*) —x,7*) < V(x x* +y)

for all x € E and x* y*e E*

For solving the equilibrium problem, let us give the following assumptions for the
bifunction F: C x C — R, satisfies the following conditions:

(A1) Flx, x) = 0, Vx € C;

(A2) F is monotone, i.e., F(x, y) + F(y, x) <0, Vx, y e C;

(A3) for each %, y, ze C, ltif(f)lF (tz+ (1 —0)x,y) < F(xy),

(A4) for each x € C, y » F(x, y) is convex and lower semi-continuous.

In what follows, we shall make use of the following lemmas.

Lemma 2.12. [10]Let C be a closed convex subset of smooth, strictly convex and
reflexive Banach space E, let F : C x C — R be a bifunction satisfies (A1)-(A4) and let
r> 0 and x € E. Then, there exists z € C such that

1
Fay)+ (y—aJe—Jx)z0, VyeC

Lemma 2.13. [10]Let C be nonempty closed convex subset of a uniformly smooth,
strictly convex and reflexive Banach space E. Let F : C x C — R be a bifunction satis-
fies (A1)-(A4). For r > 0 and x € E, define a mapping T, : E — C as follows:

Ty (x) = {zeC:F(z,y)+1(y—z,]z—]x)20, VyeC},

for all x € C. Then, the following conclusions hold:

(1) T, is single-valued;

(2) T, is a firmly nonexpansive-type mapping, i.e., for any x, y € E, (T.x - T)y, JT\x -
JT.9) < (Tjx - Ty, Jx - Iy

(3) K(T,) = EP(F);

(4) EP(F) is closed and convex.
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Lemma 2.14. [17]Let C be a nonempty closed convex subset of a Banach space E, let
F: C x C— R. be a bifunction satisfying conditions (A1)-(A4) and z € C. Then z € EP
(F) if and only if F(y, z) < 0, Vy € C.

Remark 2.15. [18] Let C be a nonempty subset of a smooth Banach space E. If S : C
— E is firmly nonexpansive-type mapping, then

®(z, Sx) < ¢(z, Sx) + ¢(Sx, x) < ¢(z,x)

for all x € C and z € F(S). In particular, S satisfies condition (C2).
Lemma 2.16. [19]Let {a,} is a sequence of nonnegative real numbers such that

a1 < (1 =byp)an +bycy, n=0

where {b,} is a sequence in (0,1) and {c,} is a sequence in R such that

(1) Y021 by = 00, lim,, .. b, = 0;

(2) lim sup,, .. ¢, < 0.

Then lim,,_,.. a,, = 0.

Lemma 2.17. [20]Let {a,} be a sequence of real numbers such that there exists a sub-
sequence {n;} of {n} such that an; < anifor all ic N. Then there exists a nondecreasing
sequence {my} < N such that my — oo,

Amy, = Amy+1 and a, < Amy+1s (2.6)
Jorall ke N. In fact, my = maxij < k : a; <aj,,}.

3 Main result

In this section, we prove a strong convergence theorem for finding a common element
of the set of solutions for equilibrium problems, the set of zero points of maximal
monotone operators and set of fixed points for strongly relatively nonexpansive map-
ping in a uniformly convex and uniformly smooth Banach space.

Theorem 3.1. Let C be nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E, F: C x C — R bea bifunction satisfying conditions
(AI)-(A4), S : C — C be a strongly relatively nonexpansive mapping, and let A : E —
25 be a maximal monotone operator with Q =: F(S) N EP(F)NA™'(0) # @. For a posi-

tive number A, let the sequence {x,} be generated by xq € C, x; € E and

F(tn,y) + } (v = tin, Jun = Jxa) = 0, Vy € C,
Yn = HC]71 (,Bn]xO + (1 - ,Bn)]Ql)?un) ’ (31)
Xn+1 = ]_1 (Oln]un + (1 - Oln)]s)/n) ’

for every n > 1, where {a,}, {B3,,} are sequences in [0,1), and {r,} < (0, ). If the control
sequences satisfy the following restrictions:

(i) Y o1 Bn = ccand lim,,_,.. B,, = 0;

(ii) 0 < lim inf,_,.. @, < lim sup,, .. o, < 1;

(iii) lim inf,_,., r, > 0.

Then {x,} and {u,} converge strongly to p = Tlq(x,), where Tlq is the generalized pro-
jection from E onto Q).

Proof. First, taking p = Ilq(xo), since I, T;,, Qf and S satisfy the condition (C2) and
(2.4), up = Ty, xy, it follows that
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@(pyn) = @ (p, eI~ (BuJxo + (1 = Bn)IQ}lun))
<o (T (Buxo + (1 — Bu)Q}un))
< Bugp(p, %0) + (1 = Bo) @ (p, Qflun)
< Bno(p, x0) + (1 — Bn)e(p, un)
= B (P, x0) + (1 = Bu)o(p, Tr,%n)
< Bup(p, x0) + (1 — Bn)e(p, xn)

and

@(p,xn1) = ¢ (0T (@nun + (1 — a)ISyn))
< an@(p, un) + (1 — an)@(p, Syn)
=Qap@ (P, Trnxn) + (1 = an)e(p, Syn)
< an@(p, Xn) + (1 — an)@(p yn)
< an@(prxn) + (1 — o) Bup (P X0) + (1 — ) (1 — Bu)e(p, xn)
= (1 —an)Bnp(p, x0) + (1 = Bu(1 — O‘n)) @ (P, xn)
< max {¢(p, x0), ¢ (p, xn)}

rrllalx {(p(P, x0), ¢(p, xl)} .

=
=

This show that {x,} is bounded. Hence {«,}, {y,} and {Sy,} are also bounded.
Put v, = J 1 (BJxo + (1 — Bn)J Q)

Using Lemma 2.11 gives

@(p.yn) = ¢(p. Mcvn)
< @(p,vn) = V(p,Jvu)
<V (pJvn = B (Jxo = Jp)) = 2 (va — p, —Bn (Jxo — Jp))
=@ (p.J7" (Bup + (1 — Bu) Qi tn)) + 2B (v — P, Jxo — Jp)
< Bap(p,p) + (1 = Bu)e (P Qttn) + 25 (vn — P, X0 — Jp)
< Bugp(p, ) + (1 = Bu)e(p, tn) + 2B (vn — p.Jx0 — Ip)
= B (p,p) + (1 = Bu)@ (b, T, %n) + 2B (vu — b, Jx0 — Ip)
= (1 - ﬁn)w(pr xn) + 2By (Vn —p,Jxo — ]P> .

(3.2)

Let g : [0, 2r] — [0, =) be a function satisfying the properties of Lemma 2.1, where r

= Supnzl{””lnlll "Syn"}
By Lemma 2.1, Remark 2.15 and (3.2), we get

(P, Xn1) = ¢ (pr]_l (O‘n]“n +(1- O‘n)]SYn))
< an@(p,un) + (1 — an)e(p, Syn) — an(1 — O‘n)g(HIun —JSyn ”)
< oy (<.0(P/ Xn) — (p(unrxn)) + (1 —an)e(pyn) —an(1 - an)g(”]un —JSyn ”)
< oy ((,0(1)/ Xn) — (p(un/xn)) +(1—ap) ((1 — Bu)o(p, xu) + 2Bn (Un — P, Jxg — ]P)) (33)
—an(1 — an)g (|| Jun — JSyn]))
= (1 - (1 - an)ﬁn) o(p,xn) +2(1 — ) B (Vn —p.Jxo —IP)
— an@(un, Xn) — an(1 — an)g (”]un —JSpn H)

= (1 - (1 - an)ﬂn) <P(Pr xn) + 2(1 - an),Bn <Vn — P Jxo — ]P) (3.4)

We divide the proof into two parts:

Page 7 of 12



Onjai-uea and Kumam Fixed Point Theory and Applications 2012, 2012:27 Page 8 of 12
http://www.fixedpointtheoryandapplications.com/content/2012/1/27

Case 1. Suppose that there exists 1y € N such that {(p(P, xn)} , is nonincreasing. In

o0
n=n
o]

this situation, {(p, x4)} _ is convergent. Then

n=nq
o(p,xn) — (P, Xns1) = 0, as n— oo. (3.5)
From (3.3) and f3,, — 0, we have
an@(Un, xn) + on(1 — an)g (|Jun — JSyn||) = 0, asn — oo.
Since {o,,} < [a, b] < (0,1), we get
@(un, xy) — 0 and g (H]u,, — ISy ||) —~ 0, asn— oo,
By Lemma 2.5, we have
Up — Xy, —> 0, Juy, —JSy, —» 0 and u, — Sy, - 0, asn— oc.
By (2.3) and f3,, = 0, we have

@(un, yn) < @(un, vn)
= ¢ (un, )" (BuJxo + (1 — Bn)]Qfun))
< Bup(ttn, %0) + (1 = Bn) ¢ (ttn, Q' ttn)
< Bno(tn, x0) + (1 — Bn)e(Un, ty) = Bne(Un, x0) = 0 as n — oo.

By Lemma 2.5, implies that u,, - y, > 0 and u,, - v, > 0 as n — oo.
Hence,

Vo=V —>0, ¥»—8Syy— 0 and y,—x, > 0, asn— oo. (3.6)
Now let us show that (x,) € EP(F) n F(S) n A0, where
w(xn) = {x€C:xy =% 3I{n;} C {n} with {n;} > oo}.

Indeed, since {x,} is bounded and E is reflexive, we know that w(x,) #@. Take
X € w(x,) arbitrary, there exists a subsequence {xni} of {x,} such that x,, — X. Let us
show that x ¢ A—10.

From T;,x, = Uy, Lemma 2.10 and (2.3), we have

(D, Xn1) < an@(p, tn) + (1 — an)@(p, Syn)
< an@(p,un) + (1 = otn) [Bugp(p, X0) + (1 = Bu)o (P, Qi un) ]
< anp(p,un) + (1 = an) Bagp (P %0) + (1 — ) (1 = Ba) [@(p, tin) — ¢ (Qthn, un) ]
= (1= (1 =) B) (P, un) + (1 — ) Bag (P X0) — (1 — ctn) (1 = Bu) (Qthn, un)
= (1= (1= ) B) (P, Tr,2%n) + (1 — an) Bugp (P X0) — (1 — tn) (1 — Bu)p (Q 1t tn)
<=1 —a) B) (P xn) + (1 — ) Bug(p, %0) — (1 — 0tn)(1 = ) (Q}tin, 1y)
< @(p,xn) + (1 — an)Bne(p,x0) — (1 —an)(1 — Bn)e (qu,,,un) .

It follows that
(1 —an) (1= Bn)e (Qun, un) < @(prxn) — @(p, Xns1) + (1 — o) Bup(p, %0).  (3.7)

Since B, — 0, lim sup,_,.. o, < 1 and (3.5), we obtain ¢ (qun, u,,) — 0asn —> o,
From Lemma 2.5, implies that Q}u, — u, — 0 as n — . Since ¥, - x, — 0, then

Yn; — X and from Sy, - y, > 0 as as n — . Hence y ¢ F/(-g) = F(S)
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Since J is uniformly continuous on bound subset of E, we have JQ}u, — Ju, — 0 as n
—> oo,
Let z, = QAup. Then there exists w, € Az, such that

_ _10A
wy, = ]un ]Zn _ ]Un ]Qku" N 0, as 11 — oo. (38)
A A
Since Qfuy —uy — 0, u, - x, —> 0, and x,, = &, then Q%uy,, = z,, = X. By Lemma
2.8, x € A-10. Thus w(x,) € F(S) n A™0.
Finally, let us show that x € EP(F). Since x,, - u,, — 0 and x,, — X, we obtain that

Up, — X, and
lim ([Ju, — Jxull = 0.
n—oo

From lim inf,_,.. r, > 0, it follows that

i Jun — Jxnll
1m =

n—o00 Tn

0. (3.9
By the definition of u, = T}, x,, we have

1
F(un,y) + . (v — unJun —Jxa) = 0, VyeC. (3.10)

n

Replacing 7 by n;, we have from (A2) that

1
(y = un, Jun, — Jxn,) = —F (un,y) = F (y,un,), VyeC. (3.11)

Tn,
Letting i — oo, from (3.9), (A4) and u,, — X that

F(y,x) <0, VyeC (3.12)
From Lemma 2.14, we have w(x,) € EP(F) n F(S) n A™0.

Since {y,;} is bounded and E is reflexive, we choose a subsequence {yy,} of {y,,} such
that

lim sup(y, — p, Jxo — Jp) = ilirgo (Yn; — D, Jx0 — Jp).

n—oo
Since yn, — X € Q. By Lemma 2.4(a), we obtain that

lim sup(yn — p, Jxo —Jp) = ilggo (Yn, — P Jxo —Jp) = (x — p,Jxo —Jp) < O.

n—0o0
Since v,, - ¥, > 0, we have

limsup (v, — p,Jxo — Jp) = limsup(y, — p,Jxo —Jp) < 0. (3.13)

By (3.4), it follows that
(P xne1) < (1= (1 — an)Bn)@(p, xn) + 2(1 — an) Bulvn — p,Jx0 — Jp). (3.14)
Set b, = (1 - a,)B,, and ¢, = 2(v,, - p, Jxo - Jp). Then we have

o(p, xne1) < (1 = by)e(p, xn) + bycy. (3.15)
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From the condition (i) and (3.13), we see that Y -, b, = 00 and lim sup, .. ¢, < 0.
Therefore, applying Lemma 2.16 to (3.15), we get that ¢(p,x,,) — 0. Then x, — p and
since u,, - x, — 0, we have u,, —> p.

Case 2. Suppose that there exists a subsequence {n;} of {n} such that

o(p, xn,) < @(prxne1), Vie N (3.16)

By Lemma 2.17, there exists a nondecreasing sequence {m;} € N such that my; — o,

@(p, Xm.) < @(ps Xm,+1) and @(p, x1) < @(p, Xm,1), for all ke N.
From (3.3), condition (i) and (ii), we have

amk(p(umk'xmk) + amk(l - amk)g( ”Iumk - ]Symk H)
< @(p Xm) — @(Ps Xmye1) — (1 — et ) B0 (0, Xy ) + 2(1 — oty ) By Vi, — P J%0 — JP)
= _(1 - amk)ﬂmk(p(p' xmk) + 2(1 - amk).Bmk (Umk - P,]xo - ]P)

Similary proof of Case 1, we obtain that

lim sup(vy, — p.Jxo —Jp) < 0. (3.17)

k— o0
From (3.3), we have
(P, xXms1) = (P, Xm.) — (1 = otm,) B @ (0, Xm,) + 2(1 = otm,) B (Vm, — P, Jx0 — Jp).  (3.18)
Since @(p, Xm,) < @(p, Xmy+1), we have

(1 - amk)ﬁmk(p(p’ xmk) = §0(P, xmh) - (P(P/ xmk+1) + 2(1 - am;l)ﬂmk (mG - pr]xO - IP)
= 2(1 - am}z)lek<vmk —p,Jxo —Jp).

Since, (1 — o, )Bm, > 0 and (3.17) we have
QD(P, xmk) S 2<Umk - pr]x() _]p> S 0 (319)

It follows that ¢(p, xm,) — 0. From (3.18), we gives @(p, Xm,+1) — 0, as k — oo.

From ¢(p, xr) < @(p, Xm,+1) and Lemma 2.5, we obtain that x; — p and ux — p, as k
— oo,

From Cases 1 and 2, we conclude that {x,} and {u,} converge strongly to p. This
completes the proof.

Corollary 3.2. Let C be nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E, S : C — C be a strongly relatively nonexpansive
mapping, and let A : E — 25 be a maximal monotone operator with

F(S) NA=Y(0) # 0. For a positive number A, let the sequence {x,} be generated by x, €

C, x, € E and
up = Mcxy,
VYn = T (Bulxo + (1 — Bu)]Q uy), (3.20)

Xn+1 = ]71(0511]”11 + (1 - an)]SYn)l

for every n = 1, where {o,,} and {B,} are sequences in [0,1). If the control sequences
satisfy the following restrictions:

(i) Y020 Bn = ccand lim,,_,.. B, = 0;

(ii) 0 < lim inf, ., @, < lim sup,, .. o, < 1.

Then {x,} converges strongly to p = Ilgs)na-1(0)(xo), where Ilps)na-1(0) is the general-
ized projection from E onto F(S) n A™(0).
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Proof. Put F= 0 and r, = 1 in Theorem 3.1. Then the conclusion of Corollary 3.2
can be obtained the desired result easily.

Corollary 3.3. Let C be nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E, F : C x C — R bea bifunction satisfying conditions
(A1)-(A4) and S : C — C be a strongly relatively nonexpansive mapping, with
F(S)NEP(F) #P. Let the sequence {x,} be generated by xo € C, x; € E and

F(un, y) + rln (y —unJuy, —Jx,) =0, VyeC,
Vn = HC]_I(,BHIXO + (1 - ,Bn)]un)l (321)
Xn+1 = ]71(0511]”11 + (1 - an)]SYn)l

for every n > 1, where {o,,}, {B,,} are sequences in [0,1), and {r,} € (0, ). If the control
sequences satisfy the following restrictions:

(i) Y r2o Bn = ccand lim,,_,.. B,, = 0;

(ii)) 0 < lim inf,_,.. o, < lim sup,,_,.. o, < 1;

(iii) lim inf,_,., r, > 0.

Then {x,} and {u,} converge strongly to p = rs)nepr)(%0), Where Igsnepr) is the gen-
eralized projection from E onto F(S) N EP(F).

Proof. Put A = 0, then Q4 is an identity mapping, in Theorem 3.1. Then the conclu-
sion of Corollary 3.3 can be obtained the desired result easily.

Corollary 3.4. Let C be nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E, F: C x C — R bea bifunction satisfying conditions
(A1)-(A4) and let A : E — 25 be a maximal monotone operator with
EP(F) N A=1(0) #0. For a positive number A, let the sequence {x,} be generated by x
€ C x,€ Eand

F(unr}/)"' Tln(y_un/]un_]xn> >0, Vye C,
Yn = HC]_I(ﬂn]xo + (1 - ﬁn)]Q?un)/ (3.22)
Xne1 =T (anJtin + (1 — a)Jyn),

for every n > 1, where {a,}, {,,} are sequences in [0,1), and {r,} < (0, ). If the control
sequences satisfy the following restrictions:

(1) Y02 Bn = ccand lim,, .. B,, = 0;

(ii)) 0 < lim inf,_,.. o, < lim sup,_,.. o, < 1;

(iii) lim inf,_,., r, > 0.

Then {x,} and {u,} converge strongly to p = Hgprna1(0)(xo), where Ieprna1(0) is the
generalized projection from E onto EP(F) n A™(0).

Proof. Put S = I, is an identity mapping, in Theorem 3.1. Then the conclusion of
Corollary 3.4 can be obtained the desired result easily.

Remark 3.5. Our main result extends and improves the recent results of Wei et al.
[5], Takahashi and Zembayashi [10] and generalizes the result of Nilsakoo [11].
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