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Abstract

In this paper, we prove the existence of common fixed points for a generalized
asymptotically nonexpansive semigroup {T; : s € S} in CAT(0) spaces, when Sis a left
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improve and extend the corresponding results existing in the literature.
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1 Introduction

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff topology
such that for each s € S, the mappings s — s and s +> st from S to S are continuous,
and let BC(S) be the Banach space of all bounded continuous real-valued functions with
supremum norm. For f € BC(S) and ¢ € R, we write f(s) — ¢ as s — ooy if for each ¢ > 0,
there exists w € S such that |f(¢w) — c| < € for all £ € S; see [1].

A semitopological semigroup S is said to be left (resp. right) reversible if any two closed
right (resp. left) ideals of S have nonvoid intersection. If S is left reversible, (S,>) is
a directed system when the binary relation >’ on S is defined by ¢ > s if and only if
{t}UtS C {s} UsS, for t,s € S. Similarly, we can define the binary relation ‘> on a right re-
versible semitopological semigroup S. Left reversible semitopological semigroups include
all commutative semigroups and all semitopological semigroups which are left amenable
as discrete semigroups; see [2]. S is called reversible if it is both left and right reversible.

In 1969, Takahashi [3] proved the first fixed point theorem for a noncommutative semi-
group of nonexpansive mappings which generalizes De Marr’s fixed point theorem [4].
He proved that any discrete left amenable semigroup has a common fixed point. In 1970,
Mitchell [5] generalized Takahashi’s result by showing that any discrete left reversible
semigroup has a common fixed point. In 1981, Takahashi [6] proved a nonlinear ergodic
theorem for an amenable semigroup of nonexpansive mappings in a Hilbert space. In
1987, Lau and Takahashi [7] considered the problem of weak convergence of a nonex-
pansive semigroup of a right reversible semitopological semigroup in a uniformly convex
Banach space with Fréchet differentiable norm. After that Lau [8—12] proved the existence
of common fixed points for nonexpansive maps related to reversibility or amenability of a
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semigroup. Takahashi and Zhang [13, 14] established the weak convergence of an almost-
orbit of Lipschitzian semigroups of a noncommutative semitopological semigroup. Kim
and Kim [15] proved weak convergence for semigroups of asymptotically nonexpansive
type of a right reversible semitopological semigroup and strong convergence for a com-
mutative case. In [16], Kakavandi and Amini proved a nonlinear ergodic theorem for a
nonexpansive semigroup in CAT(0) spaces as well as a strong convergence theorem for a
commutative semitopological semigroup. In 2011, Anakkanmatee and Dhompongsa [17]
extended Rodé’s theorem [18] on common fixed points of semigroups of nonexpansive
mappings in Hilbert spaces to the CAT(0) space setting. For works related to semigroups
of nonexpansive, asymptotically nonexpansive, and asymptotically nonexpansive type re-
lated to reversibility of a semigroup, we refer the reader to [19-26].

In this paper, we introduce a new semigroup for a left (or right) reversible semitopolog-
ical semigroup on metric spaces, called a generalized asymptotically nonexpansive semi-
group, and prove the existence and convergence theorems for this semigroup in CAT(0)

spaces.

2 Preliminaries
Let S be a semitopological semigroup and C be a nonempty closed subset of a metric space
(X,d). A family T = {T; : s € S} of mappings of C into itself is said to be a semigroup if it
satisfies the following:

(S1) Tyx=TTx foralls,t€SandxeC;

(S2) for every x € C, the mapping s — Tsx from S into C is continuous.

We denote by F(¥) the set of common fixed points of T, i.e.,

F@) =(E(T)=( {xeC: T =x).

ses ses

Remark 2.1 If ¥ = {T : s € S} is a semigroup of continuous mappings of C into itself and
d(Tsx,y) — 0 as s — oog for x,y € C, then y € F(%).

Proof Let ¢ > 0 be given. Fix t € S. By the continuity of T at y, there exists § > 0 such that
d(x,y) < 8 implies d(Tyx, Try) < 5 for x € C. Since d(Tsx,y) — 0 as s — 0O, there exists
w € § such that d(T,,x,y) < min{5,3} for each a € S. Then d(T; T, T;y) < 5. Therefore,

we have

A(Twy,y) < d(Tyy, Trawx) + A(Tiaw,y)
& &

<—+=-=¢.
2 2

Since ¢ is arbitrary, we get T;y = y for each £ € S, so y € F(%). d

Let S be a left (or right) reversible semitopological semigroup. A semigroup ¥ = {T:s €
S} of mappings of C into itself is said to be
(i) nomnexpansive if d(Tyx, Tsy) < d(x,y) forallx,y € Cand s € S;
(ii) asymptotically nonexpansive if there exists a nonnegative real number k; > 0 with
limg ks = 0 such that d(Tsx, Tsy) < (1 + ks)d(x, y) for each x,y € Cand s € S.
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(iii) genmeralized asymptotically nonexpansive if each Ty is continuous and there exist
nonnegative real numbers ks, s > 0 with limg ks = 0 and lim; ¢t = 0 such that

d(Tsx, Tyy) < 1+ kg)d(x,y) + us  foreachx,y € CandseS.

Remark 2.2 If i, = 0 for all s € S, a generalized asymptotically nonexpansive semigroup
reduces to an asymptotically nonexpansive semigroup. If k; = 0 and s = 0 for all s € §,

a generalized asymptotically nonexpansive semigroup reduces to a nonexpansive semi-
group.

We recall a CAT(0) space; see more details in [27]. Let (X, d) be a metric space. A geodesic
path joining x € X to y € X (or, more briefly, a geodesic from x to y) is a map ¢ from a
closed interval [0,] C R to X such that ¢(0) = «, ¢(I) = y and d(c(t1), c(t2)) = |t — t,| for
all f1,¢, € [0,/]. In particular, ¢ is an isometry and d(x,y) = [. The image « of c is called a
geodesic (or metric) segment joining x and y. When unique, this geodesic is denoted [x, y].
The space (X, d) is said to be a geodesic metric space if every two points of X are joined by
a geodesic, and X is said to be uniquely geodesic if there is exactly one geodesic joining x
and y for each x,y € X. A subset C of X is said to be convex if C includes every geodesic
segment joining any two of its points.

A geodesic triangle A(x1,%7,%3) in a geodesic metric space (X, d) consists of three points
X1, %2, 3 in X (the vertices of A) and a geodesic segment between each pair of vertices
(the edges of A). A comparison triangle for the geodesic triangle A(xy,x2,%3) in (X, d) is a
triangle A(xy,%,%3) := A(X1, X2, %3) in the Euclidean plane E? such that dj» (i, %)) = d(x;, %))
fori,j € {1,2,3}.

A geodesic metric space is said to be a CAT(0) space if all geodesic triangles satisfy the
following comparison axiom: Let A be a geodesic triangle in X and let A be a comparison
triangle for A. Then A is said to satisfy the CAT(0) inequality if for all x,y € A and all
comparison points x,y € A, d(x,y) < dg2 (%, ).

If z, x, y are points in a CAT(0) space and if m is the midpoint of the segment [x, y], then
the CAT(0) inequality implies

dam)’ < Jdex) + S d(ey)  dmy). (CN)

This is the (CN) inequality of Bruhat and Tits [28]. By using the (CN) inequality, it is easy
to see the CAT(0) spaces are uniformly convex. In fact [27], a geodesic metric space is a
CAT(0) space if and only if it satisfies the (CN) inequality. Moreover, for each x,y € X and
A € [0,1], there exists a unique point Ax @ (1 — 1)y € [x,y] such that d(x,Ax & (1 — 1)y) =
(1-A)dx,y), dy, Ax @ (1 — A)y) = Ad(x,y) and the following inequality holds:

d(z, e (1 - k)y) <Md(z,x) +(1-21)d(z,y) foreachzeX.
For any nonempty subset C of a CAT(0) space X, let 7 := mp be the nearest point projec-
tion mapping from C to a subset D of C. In [27], it is known that if D is closed and convex,

the mapping 7 is well defined, nonexpansive, and the following inequality holds:

d(x,y)* > d(x,mx)* + d(nx,y)> forallx e CandyeD.
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Let {x,} be a bounded net in a nonempty closed convex subset C of a CAT(0) space X.
For x € X, we set

r(x, (% }) = limsup d(x, xy).

o

The asymptotic radius of {x,} on C is given by
r(C, {xa}) = ;Ielg r(x, {xa}),

and the asymptotic center of {x,} on C is given by
A(C, {xa}) = {x eC: r(x, {xa}) = r(C, {xa})}.

It is known that a CAT(0) space X, A(C, {x,}) consists of exactly one point; see [29].
In 1976, Lim [30] introduced the concept of A-convergence in a general metric space.
Later, Kirk and Panyanak [31] extended the concept of Lim to a CAT(0) space.

Definition 2.3 ([31]) A net {x,} in a CAT(0) space X is said to A-converge tox € X if x is
the unique asymptotic center of {u,} for every subnet {u,} of {x,}. In this case, we write
A-lim, x, = x and call x the A-limit of {x,}.

Lemma 2.4 ([31]) Every bounded net in a complete CAT(0) space X has a A-convergent
subnet.

3 Existence theorems
In this section, we study the existence theorems for a generalized asymptotically nonex-

pansive semigroup in a complete CAT(0) space.

Theorem 3.1 Let S be a left reversible semitopological semigroup, C be a nonempty closed
convex subset of a complete CAT(0) space X, and X = {T;:s € S} be a generalized asymp-
totically nonexpansive semigroup of C into itself. If {Tsx : s € S} is bounded for some x € C
and z € A(C,{Tsx}), then z € F(%).

Proof Let {Tsx:s € S} be a bounded net and let z € A(C, {Tsx}). Then
R:=r(z,{Tsx}) = r(C,{Tex}) = ingr( ATex}).
ye

If R = 0, then limsup, d(z, Tsx) = 0. This implies Tixx — z. It is obvious by Remark 2.1
that z € F(¥). Next, we assume R > 0. Suppose that z ¢ F(T). By Remark 2.1, {7z} does
not converge to z. Then there exists ¢ > 0 and a subnet {s,} in S such that

sa = and d(z,T,,z) >e foreachwa €S. (3.1)

We choose a positive number 7 such that

2
(R+n)2—%<(R—n)2~
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Since ¥ is a generalized asymptotically nonexpansive semigroup, there exists sy € S such
that

d(Tsz, Tsy) < limsupd(T,z, T,y) +

N3

< lim sup((l +ky)d(z,y) + ,uﬂ) +

N

= d(zy) + g (3.2)

for each s € S with s = 59, and y € C.
It is known by [1] that inf; sup, d(z, Tyx) = limsup,, d(z, T,,x). Then inf; sup, d(z, Tisx) = R.
So, there exists £y € S such that for all £ € S with ¢ > ¢y,

d(z, Tyx) <R + g for eachs € S. (3.3)
Since S is left reversible, there exists y € S with y > s and y > ty. Then, by (3.1), s, = y
and

d(z, T, z) > €. (3.4)

Let t = s, y. Since S is left reversible, we have ¢ € {s, ¥} Us, ¥S. Then we may assume
t es,yS. So, there exists {tg} in S such that s, ytg — ¢. It follows by (3.2) and (3.3) that

n

d(TSyz, T, T},tﬁx) <d(z, Tytﬂx) + > <R+n foreachp.
By (3.3) and s, ytg — ¢, we have

(T, 2, Trx) <R+ g forall £ > s,y. (3.5)
It follows by (3.3) that

n

d(z, Ts, Tyryx) <R + > for each 8.
By s, ytg — t, we have

d(z,Ttx)§R+g<R+n forall £ > s,y. (3.6)
So, by the (CN) inequality, (3.4), (3.5), and (3.6), we have

z® T,z 1 1 1
d2<TSV, Ttx> < ST+ Sd (1,2 Tw) - & (2 T,,2)

1
R 2 ~.2
<(R+n) 48
< (R-n)

z® TSV z
2

Thus, d( , Ttx) < R — n. This implies that

z® T,z
r( 5 - ,{Ttx}) <r(C{Tw}),

which is a contradiction. Hence, z € F(%). (]


http://www.fixedpointtheoryandapplications.com/content/2012/1/230

Phuengrattana and Suantai Fixed Point Theory and Applications 2012, 2012:230 Page 6 of 12
http://www.fixedpointtheoryandapplications.com/content/2012/1/230

Theorem 3.2 Let S be a left reversible semitopological semigroup, C be a nonempty closed
convex subset of a complete CAT(0) space X, and ¥ = {Ts :s € S} be a generalized asymp-
totically nonexpansive semigroup of C into itself. Then F(T) # () if and only if {Tsx : s € S}

is bounded for some x € C.

Proof Necessity is obvious. Conversely, assume that x € C such that {Tix : s € S} is
bounded. Then there exists a unique element z € C such that z € A(C, {Tsx}). It follows
by Theorem 3.1 that F(T) # (. O
Theorem 3.3 Let S be a left or right reversible semitopological semigroup, C be a nonempty
closed convex subset of a complete CAT(0) space X, and ¥ = {T; : s € S} be a generalized
asymptotically nonexpansive semigroup of C into itself with F(¥) # (). Then F(X) is a closed

convex subset of C.

Proof First, we show that F(T) is closed. Let {x;} be a net in F() such that x; — x. By the

definition of T;, we have

d(Tyx, %) < d(Tyx,%;) + d(x, %)

< 2+ k))d(x, %) + pe — 0.

Thus, Tix — x. This implies x € F(¥), and so F(¥) is closed.
Next, we show F(¥) is convex. Let x,y € F(¥) and z = @. For t € S, we have

d(Tiz,x) < (1 + k)d(z,x) + s = 1-'-Tktd(x,y) + [y
and

d(Tiz,y) <1+ k)d(z,y) + e = 1Jerta,’(x,y) + g
Thus, by the (CN) inequality, we have

1 1 1
dZ(TtZ’Z) = Edz(thrx) + EdZ(th,y) - Zdz(x:y)

1+k; L 2
=\ d(x,y) + e —Zd(x,y)—>0.

Therefore, Tyz — z. This implies z € F(¥). Hence, F(%) is convex. O

Taking S = N in Theorems 3.2 and 3.3, we obtain the following existence theorem of a

generalized asymptotically nonexpansive mapping in CAT(0) spaces.

Theorem 3.4 Let C be a nonempty closed convex subset of a complete CAT(0) space X
and T : C — C be a continuous generalized asymptotically nonexpansive mapping. Then
F(T) #9 if and only if {T"x : n € N} is bounded for some x € C. Moreover, F(T) is closed
and convex.
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4 A- and strong convergence theorems
In this section, we study the A-convergence and strong convergence theorems for a gen-

eralized asymptotically nonexpansive semigroup in a CAT(0) space.

Lemma 4.1 Let S be a right reversible semitopological semigroup, C be a nonempty closed
convex subset of a complete CAT(0) space X, and X = {T;:s € S} be a generalized asymp-
totically nonexpansive semigroup of C into itself with F(X) # (). Then lim;d(Tx,z) exists
foreach z € F(%).

Proof Let z € F(%) and R = inf; d(Tx, z). For € > 0, there is sy € S such that
d(Tsyx,2) <R + g

Since ¥ is a generalized asymptotically nonexpansive semigroup, there exists ¢y € S such
that

d(T; Tsyx,2) <limsupd(T, Ty x,2) + %

u

&
<d(Tyx,2) + 3

for each ¢ > ¢y. Let b > tys. Since S is right reversible, we have b € {£yso} U Stoso. Then we

may assume b € Styso. So, there exists {s,} in S such that s,Zyso — b. Therefore,
3
A(Ts,t950%:2) < d(Tsyx,2) + 5 for each a.
Hence, d(Tyx,z) < d(Ts,x,2) + 5. This implies that

R <infsupd(Tx,z) < sup d(Tpx,z) <d(Tsyx,z) + % <R+e.

S txs b>tyso

Since ¢ is arbitrary, we get

infsupd(Tx,z) = R = infd(Tx, z).

S txs
Thus, lim, d(Tyx, z) exists. O

Theorem 4.2 Let S be a right reversible semitopological semigroup, C be a nonempty
closed convex subset of a complete CAT(0) space X, and x € C. Assume that T = {T;:s € S}
is a generalized asymptotically nonexpansive semigroup of C into itself with F(T) # (. If
lims d(Tsx, Tysx) = 0 for all t € S, then {Tyx : s € S} A-converges to a common fixed point of
the semigroup ¥.

Proof By Lemma 4.1, we have lim, d(Tsx, z) exists for each z € F(¥), and so {Tsx: s € S} is
bounded. We now let wa(Tsx) := | JA(C, (T, «x}), where the union is taken over all subnets
{T,x} of {Tsx}. We claim that wa (Tsx) C F(%). Let u € wa(Tsx). Then there exists a subnet
{Ts,x} of {Tex} such that A(C,{T;, x}) = {u}. By Lemma 2.4, there exists a subnet {Tsaﬁ x}
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of {T,,x} such that A-limg Ty, ,x=y € C. We will show that y € F(%). Let ¢ > 0. Since ¥ is
a generalized asymptotically nonexpansive semigroup, there exists £, € S such that

d(T; Tsaﬁ x, Tyy) < limsupd(T, Tsaﬂ % T.y) +e

<d(T.

S x,9) + &,

for each t > t; and each B. It follows that

a(Ts,, x, Tyy) < d(T, x, Ttsaﬂ x) + d(Tts[,ﬂx’ T:y)

B
<d(T,

“p

x, Ttsaﬂ x)+d(Ts, x,9) +¢

op op

for each t > t; and each S. By lim; d(Tx, Tysx) = 0 for all £ € S, we have

lim sup d(Tsaﬂ x, Try) <limsupd(Ts, x,y) + ¢
B

8 °

for all ¢ > £. Since ¢ is arbitrary, we get

lim sup d( Tsaﬂ x, Tyy) <limsupd(T;, x,7)
B B

g
for all ¢ > t,. Since {Tsaﬁ x} A-converges to y, it follows by the uniqueness of asymptotic
centers that T,y = y for all £ > ¢y. So, d(T;y,y) — 0. This implies y € F(%). By Lemma 4.1,
lim, d(Tx, y) exists. Suppose that u # y. By the uniqueness of asymptotic centers,

limsupd(Ts,, x,y) < limsupd(Ts, x,u)
s g 8 ?

<limsupd(T,x, u)

o

< limsupd(T,x,y)

o

= limsupd(Tix, y)

saﬁx,y)-

= limsup d(T,
B
This is a contradiction, hence u = y € F(¥). This shows that wa (Tsx) C F(%).

Next, we show that wa (Tx) consists of exactly one point. Let {7, x} be a subnet of { Tx}
with A(C, {Ts,x}) = {u} and let A(C,{T}) = {z}. Since u € wa(Tsx) C F(%), it follows by
Lemma 4.1 that lim, d(T,x, u) exists. We can complete the proof by showing that z = u. To
show this, suppose not. By the uniqueness of asymptotic centers,

limsup d(Ts, x,u) < limsupd(Ts,x,z)

o

< limsupd(Tix,z)

< limsup d(Tx, u)

S

= limsup d(Tix, y)

= limsup d(Ts, x, u),

Page 8 of 12


http://www.fixedpointtheoryandapplications.com/content/2012/1/230

Phuengrattana and Suantai Fixed Point Theory and Applications 2012, 2012:230 Page 9 of 12
http://www.fixedpointtheoryandapplications.com/content/2012/1/230

which is a contradiction, and so z = u. Hence, { Tsx} A-converges to a common fixed point
of the semigroup ¥. d

The following result is a strong convergence theorem for a right reversible semitopolog-

ical semigroup.

Theorem 4.3 Let S be a right reversible semitopological semigroup, C be a nonempty
closed convex subset of a complete CAT(0) space X, and x € C. Assume that T = {T;:s € S}
is a generalized asymptotically nonexpansive semigroup of C into itself with F(T) # 9. Then
{m Tex} converges strongly to a point of F(¥), where w : C — F(%) is the nearest point pro-
jection.

Moreover, if S is reversible, then Px := lim, w Tyx is the unique asymptotic center of the net
{Tsx:s e S}.

Proof By Lemma 3.3, F(%) is closed and convex. So, the mapping = is well defined. Put
R = inf, d(Tsx, w Tex). As in the proof of Lemma 4.1, we have

R =infd(Tsx, w Tyx) = limsup d(Tsx, w Tyx).

We will show that {7 Tx} is a Cauchy net. To show this, we divide into two cases.
Case 1: R = 0. For ¢ > 0, there exists sy € S such that

d(Tex, w Tsx) < Z for each s > sg.

Since ¥ is a generalized asymptotically nonexpansive semigroup, there exists ¢y € S such
that

3
d(Tyso, w Tyyx) < limsup d(T,, Tsyx, Ty Tgyx) + 1
u
£
<d(Tsyx, wTsyx) + 1
foreach ¢ > ty. Let a,b > tyso. Since S is right reversible, a, b € {£yso} U Stpso. Then we may
assume 4, b € Styso. So, there exist {£,} and {sg} in S such that ¢,£yso — a and sgtysg — b.

Therefore, we have

d(TtatOSOxl Ts‘gtosox) = d(TtD(tOSOijTTSOx) + d(T55tosox) v Tsox)

£
<2d(Tsyx, 7w Tyyx) + 5
This implies
&
d(w Tox, w Tpx) < 2d(Tsyx, w Tyyx) + 3
£ &
<2l=)+==¢.
(5) 3

Hence, {r T;x} is a Cauchy net.
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Case 2: R > 0. Suppose that {7 Tyx} is not a Cauchy net. Then, there exists ¢ > 0 such
that for any s € S, there are a,, bs € S with a,, bs > s and d(n T, .x, 7 Tpx) > €.
We choose a positive number 7 such that

2
(R+n)2—€—<R2.
4

So, there exists ug € S such that

d(Twx,mTix) <R+ for each ¢ > uy. (4.1)

N3

Then d(7 T,

iy % 7 T, %) > €. Since T is a generalized asymptotically nonexpansive semi-

group, there exists vy € S such that
d(T; Tex, w Tex) < limsupd(T, Tyx, 7w Tsx) + g
u
<d(Tex, 7w Tex) + g (4.2)

for each t > vy and each s € S.

Since § is right reversible, there exists ¢ € S such that ¢ > vpa,, and ¢ > vyb,,. Then,
there exist {f,} and {sg} in S such that £, vya,, — c and sgvob,, — c. So, by (4.1) and (4.2),
we have

n
A(Tyvoauy® 7 Tayy %) < d(Ta, %, 70 Ta, %) + 3= R+n
and
n
d(TSﬁvobuox,nTbuox) < d(Tbu() x,nTbqu) + 2 <R+n.
This implies

d(TCx,nTauox) <R+n and d(TCx,JTTbMOx) <R+n.

By the (CN) inequality, we get

d> <Tcx, T Tauy * O T T x)
2

1 1 1

< idZ(Tcx,nTauox) + 5(,12(Tcx,7-cT1,uo x) — Z6,'2(71 Tﬂuox,nTbuox)

2
3

<(R+n)?-—

<(R+n) 4

<R?%,

zﬂmo

x®rn Ty, x
and so d(T_x, fbuo) < R. Since 7 is the nearest point projection of C onto F(%),

we have

nTﬂquGanTbuox
d(Tx,nTx) <d|T.x, —————— | <R

2

This contradicts with R = inf; d(Tyx, 7w Tsx).
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So, {7 Tyx} is Cauchy in a closed subset F(¥) of a complete CAT(0) space X, hence it
converges to some point in F(¥), say Px.

Finally, by Lemma 4.1, we have {Tyx : s € S} is bounded. So, let z € A(C, {Tsx}). Since S is
reversible, it implies by Theorem 3.1 that z € F(¥). Thus, by the property of 7, we obtain

lim sup d(Tx, Px) < limsup (d (Tsx, w Tox) + d(r Tix, Px))

s

= limsup d(Tx, w Tsx)

< limsupd(Tx,z).

This implies, by the uniqueness of asymptotic centers, that Px = z. O

Taking S = N in Theorem 4.2, we obtain the following A-convergence theorem of a gen-

eralized asymptotically nonexpansive mapping in CAT(0) spaces.

Theorem 4.4 Let C be a nonempty closed convex subset of a complete CAT(0) space X and
x € C. Assume that T : C — C is a continuous generalized asymptotically nonexpansive
mapping with F(T) # @. If lim,,_, oo d(T"x, T"*'x) = 0, then {T"x : n € N} A-converges to a
fixed point of T

Taking S = N in Theorem 4.3, we obtain the following strong convergence theorem of a

generalized asymptotically nonexpansive mapping in CAT(0) spaces.

Theorem 4.5 Let C be a nonempty closed convex subset of a complete CAT(0) space X and
x € C. Assume that T : C — C is a continuous generalized asymptotically nonexpansive
mapping with F(T) # 0. Then {7 T"x} converges strongly to a point of F(T), where w : C —
F(T) is the nearest point projection. Moreover, Px := lim,,_, oo w T"x is the unique asymptotic
center of the sequence {T"x : n € N}.

Remark 4.6
(i) Itis well known that every commutative semigroup is both left and right reversible

and every discrete amenable semigroup is reversible. Then Theorems 3.1, 3.2, 3.3,
4.2, and 4.3 are also obtained for a class of commutative and discrete amenable
semigroups.

(ii) Theorem 4.2 extends and generalizes the results of [15, 20] to generalized
asymptotically nonexpansive semigroups and to CAT(0) spaces.

(ili) Theorem 4.3 extends and generalizes the results of [16] from amenable semigroups
to right reversible semigroups and from nonexpansive semigroups to generalized
asymptotically nonexpansive semigroups.
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