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1 Introduction

Fixed point theory is a very useful tool in solving a variety of problems in control theory,
economic theory, nonlinear analysis and global analysis. The Banach contraction principle
[1] is the most famous, simplest and one of the most versatile elementary results in fixed
point theory. A huge amount of literature is witnessed on applications, generalizations
and extensions of this principle carried out by several authors in different directions, e.g.,
by weakening the hypothesis, using different setups, considering different mappings.

Many authors obtained important fixed point theorems, e.g., Abbas et al. [2], Agarwal et
al. [3, 4], Bhaskar and Lakshmikantham [5], Choudhury and Kundu [6], Choudhury and
Maity [7], Ciri¢ et al. [8], Luong and Thuan [9], Nieto and Lépez [10, 11], Ran and Reurings
[12] and Samet [13] presented some new results for contractions in partially ordered met-
ric spaces. In [14], Ili¢ and Rakocevi¢ determined some common fixed point theorems by
considering the maps on cone metric spaces. Recently, Haghi et al. [15] have shown that
some coincidence point and common fixed point generalizations in fixed point theory are
not real generalizations. For more detail on fixed point theory and related concepts, we
refer to [16—34] and the references therein.

In [5], Bhaskar and Lakshmikantham introduced the notions of mixed monotone prop-
erty and coupled fixed point for the contractive mapping F : X x X — X, where X is a par-
tially ordered metric space, and proved some coupled fixed point theorems for a mixed
monotone operator. As an application of the coupled fixed point theorems, they deter-
mined the existence and uniqueness of the solution of a periodic boundary value problem.
Recently, Lakshmikantham and Ciri¢ [35] have proved coupled coincidence and coupled
common fixed point theorems for nonlinear contractive mappings in partially ordered
complete metric spaces. Most recently, Samet et al. [36] have defined «--contractive
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and «a-admissible mapping and proved fixed point theorems for such mappings in com-
plete metric spaces.

The aim of this paper is to determine some coupled fixed point theorems for generalized
contractive mappings in the framework of partially ordered metric spaces.

2 Definitions and preliminary results
We start with the definition of a mixed monotone property and a coupled fixed point and
state the related results.

Definition 2.1 ([5]) Let (X, <) be a partially ordered set and F : X x X — X be a mapping.
Then a map F is said to have the mixed monotone property if F(x,y) is monotone non-
decreasing in x and is monotone non-increasing in y; that is, for any x,y € X,

x1,% € X, x <x, implies F(x1,y) < F(x3,7)
and
yy2€X,  y1 =<y, implies F(x,y)=> F(x,2).

Definition 2.2 ([5]) An element (x,y) € X x X is said to be a coupled fixed point of the
mapping F: X x X — X if

F(x,y)=x and F(y,x)=y.

Theorem 2.3 ([5]) Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d) is a complete metric space. Let F : X x X — X be a continuous mapping
having the mixed monotone property on X. Assume that there exists a k € [0,1) with

d(F(x,y), F(u,v)) < g[d(x, u) +d(y,v)]
forall x> u and y < v. If there exist xy,yo € X such that
xo < F(x0,y0) and  yo = F(yo,%0),
then there exist x,y € X such that F(x,y) = x and F(y,x) = y.

Theorem 2.4 ([5]) Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d) is a complete metric space. Assume that X has the following property:
(i) if a non-decreasing sequence (x,) — x, then x,, < x for all n;
(i) if a non-increasing sequence (y,) — y, then'y <y, for all n.
Let F: X x X — X be a mapping having the mixed monotone property on X. Assume that
there exists a k € [0,1) with

k
d(F(xy), Fu,v)) < 2 [deow) +d(y,v)]
forallx > u and y <v. If there exist xo,yo € X such that
xo < F(x0,y0) and yo = F(yo,%0),

then there exist x,y € X such that F(x,y) = x and F(y,x) = y.
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3 Main results
In this section, we establish some coupled fixed point results by considering maps on met-
ric spaces endowed with partial order.

Denote by W the family of non-decreasing functions v : [0, +00) — [0, +00) such that
Y02 ¥ (¢) < oo for all £ > 0, where " is the nth iterate of ¥ satisfying (i) ¥~ ({0}) = {0},
(ii) ¥ (¢) < t for all £ > 0 and (iii) lim,_,;+ ¥ (r) < t forall £ > 0.

Lemma 3.1 Ifv :[0,00] — [0, o0] is non-decreasing and right continuous, then " (t) — 0
asn— oo forall t >0 ifand only if y(t) < t for all t > 0.

Definition 3.2 Let (X, d) be a partially ordered metric space and F: X x X — X be a
mapping. Then a map F is said to be (¢, {)-contractive if there exist two functions « :
X2 x X?> - [0,+00) and ¥ € W such that

o ((x,9), (u,v))d(F(x, ), F(u,v)) < w(M)

2

forallx,y,u,ve X withx>uand y <v.

Definition 3.3 Let F: X x X — X and a : X? x X?> — [0, +00) be two mappings. Then F

is said to be («)-admissible if
a((x%y),wv) =1 = a((Fx),F»:x)), (Fu,v),Fv,u))) >1
forall x,y,u,v e X.

Theorem 3.4 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X, d) is a complete metric space. Let F : X x X — X be a mapping having the
mixed monotone property of X. Suppose that there exist ¥y € ¥ and o : X* x X* — [0, +00)
such that for x,y,u,v € X, the following holds:

(3.1)

d(x, d(y,
Ot((x,y), (u, V))d(F(x,y),F(u, v)) < w(M)

2

forall x > u and y <v. Suppose also that
(i) Fis («)-admissible,
(ii) there exist xo,yo € X such that

a((x0,¥0), (F(x0,50), F(y0,%0))) =1 and  a((yo,%o), (F(yo,%0), F(x0,0))) = 1,
(iii) F is continuous.

If there exist xy,yo € X such that xy < F(xg,y0) and yo > F(y9,%0), then F has a coupled
fixed point; that is, there exist x,y € X such that

F(x,y)=x and F(y,x)=y.

Proof Let x0,90 € X be such that «((xo,y0), (F(x0,90), F(y0,%0))) = 1 and «((yo,x0),
(F(y0,%0), F(x0,%0))) = 1 and x¢ < F(xo,%0) = x1 (say) and yo > F(yo,%0) = y1 (say). Let
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%2,¥ € X be such that F(x,y1) = x and F(y;,%1) = y,. Continuing this process, we can
construct two sequences (x,) and (y,) in X as follows:

%p1 = Fn,yn)  and  ypi1 = F(yn, %)
for all # > 0. We will show that

X <%p1 and Y, > Yua (3.2)
for all n > 0. We will use the mathematical induction. Let # = 0. Since xy < F(xo, o) and
Yo = F(y9,%0) and as x; = F(xg,y0) and y; = F(yo, %), we have xy <x; and yo > y;. Thus,

(3.2) hold for n = 0. Now suppose that (3.2) hold for some fixed n, n > 0. Then, since
%y < Xn41 and ¥, > ¥,,1 and by the mixed monotone property of F, we have

Xp+2 = F(xnﬂ»)’nﬂ) > F(xmywrl) > F(xmyn) =Xn+l

and

Yn+2 = F(y;ﬂl:xnﬂ) =< F()’n:xnﬂ) =< F(y;«z;xn) = Yn+l-

From above, we conclude that

X+l S Xn+2 and yn+l Z yn+2~

Thus, by the mathematical induction, we conclude that (3.2) hold for all # > 0. If for some
n we have (X411, Yu+1) = (% ¥), then F(x,,, y,) = x, and F(y,,x,) = y,; that is, F has a cou-
pled fixed point. Now, we assumed that (x,,1,¥,41) # (%4, ¥,) for all m > 0. Since F is («)-
admissible, we have

a((x0,50)» (%1,91)) = @((x0,0), (F(x0,0), F(¥0,%0))) > 1
= a((F(x0,50), F(yo, %0)), (F(x1,01), Fo1,%1))) = a((x1,31), (%2, 72)) = 1.

Thus, by the mathematical induction, we have

a((xn:yn): (xn+1:yn+l)) >1 (3.3)

and similarly,

a((yn:xn): 0’n+1r xn+l)) >1 (3.4)

for all » € N. Using (3.1) and (3.3), we obtain

d(xnyxwrl) = d(F(xn—lyyn—l); F(xn;yn))

f a((xn—lryn—l)x (xnryn))d(F(xn—lxyn—l):F(xn’yn))

<d(xn—17xn) + d(yn—l:yn)>
) .

IA

v

(3.5)
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Similarly, we have

d(yn:ynﬂ) = d(F(yn—l:yn—l)rF(ym_yn))
=< a((y;q—l:xn—l)) (ynrxn))d(F(yn—bxn—l):F(y;qrxn))

. <d(yn_1, Vn) ; d(xn_l,xn))' (3.6)

Adding (3.5) and (3.6), we get

d(xnr xn+1) + d(yn:yrﬁl) < w d(xn—b xn) + d(yn—lyyn)
2 - 2 '

Repeating the above process, we get

A% 1) + AV Y1) - I/I,q(d(xo,xl) +d(yo,y1))
2 = 2

for all # € N. For € > 0 there exists n(¢) € N such that

Z W <d(xo,x1) ; d()’o,)ﬁ)) <e)2.

n>n(e)
Let n,m € N be such that m > n > n(e). Then, by using the triangle inequality, we have

1

A %) + AV ) = Ak Xp01) + AW Yicr1)

=<
2 . 2
3 = W(d(aco,xl) ; d(yo, yl))
k=n

1/j,,<6l'(xo;xl) -ZF d(yo;h)) <€)

This implies that d(x,,, x,,) + d(y,, ym) < €. Since
AWK Xn) < AKXy Xn) + AWy Ym) < €
and

d()’n;ym) < d(%xp, %) + d(ymym) <€,

and hence (x,) and (y,) are Cauchy sequences in (X, d). Since (X, d) is a complete metric
space and hence (x,) and (y,) are convergent in (X, d). Then there exist x,y € X such that

lim x,=x and lim y,=y.

n—00

Since F is continuous and x,,,1 = F(x,,, y,,) and y,.1 = F(yy, x,,), taking limit n — 0o, we get

x= lim x, = lim F(x,_1,y,1) = F(x,)

n—00 n— 00

Page50of 11
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and
y=lim y, = lim F(y,_1,%,-1) = F(9,%);
H—0Q n— 00
that is, F(x,y) = x and F(y,x) = y and hence F has a coupled fixed point. d

In the next theorem, we omit the continuity hypothesis of F.

Theorem 3.5 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Let F : X x X — X be a mapping such that
F has the mixed monotone property. Assume that there exist € V and a mapping o :
X% x X? — [0, +00) such that

2

((6,9), 1, ) (Fr ), EG,v) < ,,,(M)

forall x,y,u,v € X with x > u and y < v. Suppose that
(i) conditions (i) and (ii) of Theorem 3.4 hold,
(ii) if (xn) and (y,) are sequences in X such that

a((xmyn), (xn+lryn+1)) Z 1 and a(()/mxn), (yn+1;xn+1)) Z 1
forall n and lim,_, %, =x € X and lim,_, oy, =y € X, then
a(@nyn), %,9) =1 and (@ yn), (%,9)) = 1.

If there exist xo,y0 € X such that xy < F(x0,0) and yo > F(yo, %), then there exist x,y € X
such that F(x,y) = x and F(y,x) = y; that is, F has a coupled fixed point in X.

Proof Proceeding along the same lines as in the proof of Theorem 3.4, we know that (x,,)
and (y,) are Cauchy sequences in the complete metric space (X, d). Then there exist x,y €

X such that
lim x,=x and lim y,=y. (3.7)
n—00 n—00

On the other hand, from (3.3) and hypothesis (ii), we obtain

o (% )y (,9)) = 1 (3.8)
and similarly,

(%), 05%)) > 1 (3.9)

for all n € N. Using the triangle inequality, (3.8) and the property of ¥ (¢) < ¢ for all £ > 0,
we get

d(F(x,9),%) < d(F(%,9), F(%u,¥n)) + (%11, %)
< a((%n yn), (%, 9)) A (F (s Y1), F (%, 7)) + d(%11,%)
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2

A, %) + d(yn:y)
o ) PVm
2

< w(w) + d(xn+1’x)

+ d (%41, %).
Similarly, using (3.9), we obtain

d(F(y,%),y) < a(@nxn)s 3, %)) d(F @ %), F3, %)) + d (Y1, 9)

3 w(W) +dYns1,9)

. AW, y) + d(x,, x)

) + d()’n+1,)’)~

Taking the limit as # — oo in the above two inequalities, we get
d(F(x,9),%) =0 and d(F(y,x),y) =0.
Hence, F(x,y) = x and F(y,x) = y. Thus, F has a coupled fixed point. d

In the following theorem, we will prove the uniqueness of the coupled fixed point. If
(X, <) is a partially ordered set, then we endow the product X x X with the following

partial order relation:
xy) <(mv) < =x=<u, y=v
for all (x,y), (4, v) € X x X.

Theorem 3.6 In addition to the hypothesis of Theorem 3.4, suppose that for every (x,7),
(s,t) in X x X, there exists (u,v) in X x X such that

a((x%y),wv) =1 and o(s,1),(w,v)) =1,

and also assume that (u,v) is comparable to (x,y) and (s,t). Then F has a unique coupled
fixed point.

Proof From Theorem 3.4, the set of coupled fixed points is nonempty. Suppose (x,y) and
(s, t) are coupled fixed points of the mappings F : X x X — X; thatis, x = F(x,y),y = F(y,x)
and s = F(s,£), t = F(¢,s). By assumption, there exists (#,v) in X x X such that (&,v) is
comparable to (x,) and (s, ). Put u# = uy and v = vy and choose u;,; € X such that u; =
F(u1,v1) and v; = F(v1, 11). Thus, we can define two sequences (u,,) and v, as

Uper = F(ty,ve) and vy = F(vy, uy,).
Since (u,v) is comparable to (x,y), it is easy to show that x < u#; and y > v;. Thus, x < u,
and y > v, for all n > 1. Since for every (x,), (s,£) € X x X, there exists (#,v) € X x X such

that

a((x,y), (u, v)) >1 and a((s, 1), (u, v)) > 1. (3.10)
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Since F is («)-admissible, so from (3.10), we have
a((%y),wv)=1 = o(Fx),F»,x)), (Fu,v),F(v,u))) > 1
Since u = up and v = vy, we get
a(@y), wv) =1 = a(Fxp),F(,x), (Fluo,vo), F(vo, uo))) > 1.
Thus,
a((x), (u, v)) >1 = a(xy),,n) =1
Therefore, by the mathematical induction, we obtain
a((9), (tn,va)) =1 (3.11)
for all # € and similarly, «((y, %), (v,, #,)) > 1. From (3.10) and (3.11), we get

d(%, Ups1) = d(F(x¢y)’F(un: Vn))

< (%, 9), (tns Vi) )d(F (), F (th, V)

- w(bﬂx, Uy) +d(y,vn)). (312)
2
Similarly, we have
d(% Vn+1) = d(F(y’x)¢F(Vn; un))
< (9, %), (Vs ) )d(F (%), F Vs, 1))
<y (d(y, vn) +d(x, un)). (3.13)
2
Adding (3.12) and (3.13), we get
d(x; uVH—l) + d()/» VVH—I) (d(x: un) +d()/» Vn))
<y .
2 2
Thus,
d(x; un+1) + d(yr Vn+1) < wy, (d(x) ul) + d()’, Vl)) (314)
2 2
for each n > 1. Letting n — o0 in (3.14) and using Lemma 3.1, we get
lim [d(x, un.1) + d(y, vui1)] = 0.
n— o0
This implies
lim d(x,u,,1) = lim d(y,v,,1) = 0. (3.15)

Page 8of 11
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Similarly, one can show that
lim d(s,uy,41) = lim d(t,v,.1) = 0. (3.16)
n—0o0 n—0o0

From (3.15) and (3.16), we conclude that x = s and y = ¢. Hence, F has a unique coupled
fixed point. O

Example 3.7 (Linear case) Let X = [0,1] and d : X x X — R be a standard metric. Define a
mapping F : X x X — X by F(x,y) = +xy forallx,y € X. Consider a mapping o : X* x X*> —
[0, +00) be such that

1 ifx>yu>v,
a(@), ,v) =

0 otherwise.

Since |xy — uv| < |x — u| + |y — v| holds for all x, y, u, v € X. Therefore, we have

d(F(x,y), F(u,v)) = % _ % < i(|x— ul+ly—vl) = i(d(x, u) +d(y,v)).

It follows that

(d(x, u) + d(y,v)).

N

a((xy), (u,v))d(F(x,y), F(u,v)) <

Thus (3.1) holds for y(¢) = t/2 for all £ > 0, and we also see that all the hypotheses of
Theorem 3.4 are fulfilled. Then there exists a coupled fixed point of F. In this case, (0, 0)
is a coupled fixed point of F.

Example 3.8 (Nonlinear case) Let X =R and d: X x X — R be a standard metric. Define
amapping F: X x X — X by F(x,y) = i In(1 + |x]) + iln(l + |y]) for all x,y € X. Consider a
mapping « : X2 x X2 — [0, +00) be such that

1 ifx>yu>v,
a(@y), ,v) =

0 otherwise.

Then we get

d(F(x,y), F(u,v))

1 1 1 1
‘Z ln(l + |x|) + 2 ln(l + |y|) - Zln(l + |u|) ~a ln(l + |v|)

+
4| 1+1v|

1] 1
—‘ln Al ol

IA

|
[% In(1+ Jx - ul) + % In(+1y- "D]

ln(2+|x—z42| +|y—v|>

ln<1+ 7|x—u|+ Iy—VI)
2

1n<1+ w>,
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Thus,

ot((x,y), (u, v))d(F(x,y),F(u, v)) < %ln<1 + M)

2

Therefore (3.1) holds for ¥ (¢) = %ln(l +¢t) for all £ > 0, and also the hypothesis of Theo-

rem 3.4 is fulfilled. Then there exists a coupled fixed point of F. In this case, (0,0) is a
coupled fixed point of F.

4 Concluding remark

The author of [33] recently established some coupled fixed point theorems in partially
ordered metric spaces shortly by using some usual corresponding fixed point theorems
on the metric space M = X x X. Note that if the right-hand side of the «-y-contractive
type condition (3.1) is replaced by %(d(x, u) + d(y,v)), then a very short proof similar to
what followed in [33] can be provided for a coupled fixed point theorem of Theorem 3.4
type by making just use of the results in [36]. However, since the right-hand side of (3.1)
is not of the form %(d(x, u) + d(y,v)), specially for nonlinear functions , then it is not
possible to apply the method [33]. In this connection, notice that Example 3.7 works for
both when the right-hand side is either %(d(x, u) + d(y,v)) or as in (3.1), but Example 3.8
works only for (3.1). Hence, our results are more interesting and different from the existing
results of [33] and [36].
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