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Abstract

In this paper, we prove a coupled fixed point theorem for a multivalued fuzzy
contraction mapping in complete Hausdorff fuzzy metric spaces. As an application of
the first theorem, a coupled coincidence and coupled common fixed point theorem
has been proved for a hybrid pair of multivalued and single-valued mappings. It is
worth mentioning that to find coupled coincidence points, we do not employ the
condition of continuity of any mapping involved therein. Also, coupled coincidence
points are obtained without exploiting any type of commutativity condition. Our
results extend, improve, and unify some well-known results in the literature.
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1 Introduction and preliminaries

Bhaskar and Lakshmikantham [1] introduced the concept of a coupled fixed point of a
mapping F from X x X to X and established some coupled fixed point theorems in partially
ordered sets. Later on some authors gave improved and generalized results in this context.
For details, we refer to 2, 3].

The concept of fuzzy sets was initiated by Zadeh [4] in 1965. Fuzzy metric spaces were
introduced by Kramosil and Michalek [5]. George and Veeramani [6, 7] modified the no-
tion of fuzzy metric spaces by using continuous ¢-norm and generalized the concept of a
probabilistic metric space to a fuzzy situation. Then a number of authors started the study
of fixed point theory in fuzzy metric spaces; for a detailed survey, we refer to [8—18] and
the references therein. Recently Lépez and Romaguera [19] introduced a Hausdorft fuzzy
metric on a set of nonempty compact subsets of a given fuzzy metric space. In 2011, Kiany
etal. [20] proved fixed point and endpoint theorems for set-valued fuzzy contraction maps
in fuzzy metric spaces.

Recently Abbas [21] introduced the concept of coupled fixed points of a mapping F :
X x X — 2% (a collection of all nonempty subsets of X) and coupled coincidence points
of a hybrid pair F and g : X — X. The aim of this paper is to obtain a coupled fixed point
theorem for F and a coupled coincidence and coupled common fixed point theorem for a
hybrid pair {F, g} which satisfies a contractive condition in complete Hausdorft fuzzy met-
ric spaces. It is to be noted that to find coupled coincidence points, we do not employ the
© 2012 Abbas et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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condition of commutativity and continuity of any mapping involved therein. Our results
unify, extend, and generalize various known comparable results given in existing literature

(see, for example, [20] and some references therein).

Definition 1 [22] A binary operation * : [0,1]> — [0,1] is called a continuous ¢-norm if
(1) * is associative and commutative;
(2) * is continuous;
(3) axl=aforalla €[0,1];

(4) a*b <cxdwhenevera<candb <d.

Definition 2 [6] Let X be a nonempty set and * be a continuous ¢-norm. If a mapping
M : X% x [0,00) — [0,1] satisfies the following conditions:

(F1) M(x,y,t) > 0;

(F2) M(x,y,t) =1ifand only if x = y;

(F3) M(x,y,t) = M(y,x,¢);

(F4) M(x,y,t) « M(y,2,8) < M(x,z,t +s);

(F5) M(x,y,t):(0,00) — [0,1] is continuous;
for each x,y,z € X and s, ¢ > 0, then 3-tuple (X, M, ) is called a fuzzy metric space.

Example 3 [6] Let (X, d) be a metric space. Define a * b = min{a, b} and

M(x,y,t) = ———
(.5,2) t+dx,y)

forall x,y € X and ¢ > 0. Then (X, M, %) is a fuzzy metric space. We call this a fuzzy metric
M, the standard fuzzy metric induced by d.

Definition 4 [6] Let (X, M, ) be a fuzzy metric space.
(i) A sequence {x,} is said to be convergent to a point x € X if lim,,_, .o M(x,,%,2) = 1
forall £ > 0.
(i) A sequence {x,} is said to be a Cauchy sequence if lim,_, oo M (%1, %1, £) = 1 for all
t>0.
(iii) A fuzzy metric space in which every Cauchy sequence is convergent is said to be
complete.
(iv) A subset A C X is said to be closed if for each convergent sequence {x,} with x,, € A
and x,, — x, we have x € A.
(v) A subset A C X is said to be compact if each sequence in A has a convergent

subsequence. The set of all compact subsets of X will be denoted by K(X).
Lemma 5 [10] Forall x,y € X, M(x,y, ") is nondecreasing.

Definition 6 Let (M, X, *) be a fuzzy metric space, M is said to be continuous on X? x
(0,00) if

lim M(x,, Yr ) = M(x, 9, 1),

n—00
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whenever {(x,, . t,)} is a sequence in X2 x (0, 00) which converges to a point (x,y,t) €
X2 x (0, 00); that is,

lim M(x,,x,t) = lim M(y,,y,t)=1 and lim M(x,y,t,) = M(x,y,t).
n—00 n—00

n—00

Lemma 7 [10] M is a continuous function on X? x (0,00).
Kiany et al. [20] introduced the following lemma in fuzzy metric spaces.
Lemma 8 [20] Let (X, M, %) be a fuzzy metric space satisfying
. 00 i\ _

nlin;o *ian(x,y, th ) =1 (1)
foreveryx,ye X, t >0, and h > 1. Suppose {x,} is a sequence in X satisfying

M(xm Xn+ls Olt) = M(xn—l; Xns t)

foralln e Nand 0 < a < 1. Then {x,} is a Cauchy sequence.

Lemma 9 [19] Let (X, M, x) be a fuzzy metric space. Then, for each a € X, B € K(X), and
t >0, there is a by € B such that M(a, B, t) = M(a, by, t), where

M(a, B, t) = supM(a, b, t).
beB

Definition 10 [19] Let (X, M, *) be a fuzzy metric space. For each A,B € K(X) and ¢ > 0,
set

Hy(A, B, 1) = min{ inf M(x, B, £), inf M(A, y, £) }
x€A y€EB

The 3-tuple (K(X), Hy, *) is called a Hausdorff fuzzy metric space.

Lemma 11 [23] Let X be a nonempty set and g : X — X be a mapping. Then there exists a
subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

Theorem 12 [20] Let (X, M, ) be a complete fuzzy metric. Suppose F : X x X — K(X) is
a multivalued mapping such that

HM (Fxx F_)/, (,b(d(x,y’ t))t) = M(xxyx t);

foreach x,y € X and t > 0, where ¢ : [0,00) — [0,1] satisfying limsup,_, . ¢(r) < 1, for all
t € [0,00), and d(x,y,t) = M(+ﬂ) — t. Furthermore, assume that (X, M, x) satisfies (1) for
some xy and x; € F(xg). Then F has a fixed point.

We also need the following definitions given in [21].

Definition 13 [21] Let X be a nonempty set, F : X x X — 2% (a collection of all nonempty
subsets of X) and g: X — X. An element (x,7) € X x X is called
(C1) acoupled fixed point of F if x € F(x,y) and y € F(y,x);
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(C2) a coupled coincidence point of a hybrid pair {F, g} if g(x) € F(x,y) and

g(y) € F(y! .?C);
(C3) a coupled common fixed point of a hybrid pair {F, g} if x = g(x) € F(x,y) and

y=g) € F(y,%).

We denote the set of coupled coincidence points of mappings F and g by C(F,g). Note
that if (x,y) € C(F, g), then (y,x) is also in C(F, g).

Definition 14 [21] Let F: X x X — 2% be a multivalued mapping and g be a self-map
on X. The hybrid pair {F, g} is called w-compatible if g(F(x, y)) € F(gx,gy) whenever (x,y) €
C(F,g).

Definition 15 [21] Let F: X x X — 2% be a multivalued mapping and g be a self-mapping
on X. The mapping g is called F-weakly commuting at some point (x,y) € X x X if g?(x) €

F(gx, gy) and g*(y) € F(gy, gx).

2 Coupled fixed and coincidence point theorems
In the following theorem, we obtain a coupled fixed point for a multivalued mapping sat-
isfying a contractive condition.

Theorem 16 Let (X, M, *) be a complete fuzzy metric space and let F : X x X — K(X) be
a set-valued mapping satisfying

Hy(F(x,9), F(u,v), ¢ (d(x, u, £))t) = min{M(x, u, t), M(x, F(x,),t) } (2)

for each x,y,u,v € X, t > 0. Suppose that d(x,u,t) = m —tand ¢:[0,00) — [0,1) isa
mapping satisfying

limsupp(r) <1

r—tt

forallt € [0,00). Furthermore, assume that (X, M, x) satisfies (1) for some x¢,x, € F(xo,%0)
and yo, 01 € F(y0,%0). Then F has a coupled fixed point.

Proof Let x9,70 € X be arbitrary. Choose x; € F(xg,y0) and y; € F(yo, o). Since F is com-
pact valued, then by Lemma 9 there exists x; € F(x;, 1) such that
M(xl,xg, t) > M(xl,xz, ¢(d(x0,x1, t))t)

= sup M(xl,y, ¢(d(x0,x1, t))f)
YEF(x1,31)

> Hp(F(x0,y0), F(x1,51), ¢ (d (%0, %1, 1)) )
> min{M (xo, %1, ), M (%0, F (%0, ¥0), £) } = M(x0,%1,1).

Since F is compact valued, there exists y, € F(y1,%1) such that

M(©y1,y2,8) = M(y1,2,9(d(yo, 31, 1))

= sup M(yl,y, ¢(d(yo,y1, t))t)
yEF(y1,%1)
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> HM(F()/O,xo),F(thl), ¢>(d(3’0»3’1» t))t)
> min{M(yo,yl,t),M(yo,F(yo,xo),t)} > M(yo,yl, t).

Continuing this process, we obtain a sequence {x,},>0 and {y,},>0 in X such that x,,; €
F(xy,y,) and y,.1 € F(y,, x,) satisfying

MKy, X1, 8) > M(xm Kn+ls ¢(d(xn—1; Xn» t))t)

= sup M(xn)_yr ¢(d(xﬂflrxntt))t)
YEF(Xn,yn)

> HM(F(xn—l,yn—l)’F(xnryn)r¢(d(xn—1vxn;t))t)

= min{M(xn—lr Xn» t)’ M(xn—h F(xn—l’yn—l)r t)} = M(xn—h Xn» t)'

That is, we obtain

M(xm Xn+ls t) = M(xn—l) Xns t) (3)
Similarly,
M(ymywrl’t) ZM(Yn—l,ymt)' (4)

Inequalities (3) and (4) show that the sequences {M(x,,x,:1,£)}, and {M(yy, yy+1,£)}, are
nondecreasing. Thus, d(x,, x,1,t) and d(¥,, ¥441, ) are nonnegative nonincreasing and so

they are convergent, say, to /; > 0 and /, > 0. Since, by the given assumption,

limsup ¢ (d(xn, X141 t)) <limsup¢(r) <1 and

n—00 r—lIf
(5)
lim sup ¢ (d (¥, Yn11,8)) < limsupp(r) <1,
n—00 r—>l§
then there exist k; <1, k3 <1, and N7, Ny € N such that
d)(d(xn,xml, t)) <k forallm>N; and
(6)

A AW yni1,1)) <ko  forall m>No.

Since M(x,y, ) is nondecreasing, then (3), (4), and (6) yield

M(xn: Xn+ls klt) > M(xn: Xn+lr d’(d(xn—l: X t))t) > M(xn—l) X t) and

M()/nrynﬂ; th) > M(yn:wal: ¢(d(yn—1yym t))t) > M n-1>Yn» t)'
Then we obtain

M(xn; Xn+ls klt) = M(xn—l,xm t) and

M(ynry;ﬁl; th) > M(J/n—l:ym t)'
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Hence, by Lemma 8, {x,} and {y,} are Cauchy sequences. Since (X, M, ) is a complete
fuzzy metric space, then there exist x and y in X such that lim,_, %, = ¥ and lim,_, o ¥, =

y, we have

lim M(x,,x,t)=1 foreacht>0 and
n—00

lim M(y,,y,t)=1 foreacht¢>0.
n—00
Thus

lim d(x,,x,t)=0 foreacht>0 and
n—00

lim d(y,,y,t) =0 foreacht>D0.
n— 00
Since

lim supd)(d(x,,,x, t)) <limsup¢(r)<1 and

n— 00 r—0*
limsup ¢ (d(y,, 3, 8)) < llm sup o(r) <1,
n—0o0

then there exist A1, A5 such that A; <1, A5 < 1, and #1, 15 € N such that

qb(d(xn,x, t)) <M forallm>n and

¢(dymy,0) <ry foralln>n,.
Now, we show that x € F(x,y) and y € F(y,x). Consider

HM(F(xmyn)’F(xry): )\lt) = HM(F(xmyn):F(xry)»¢)(d(xmx: t))t)
> min{M(x,,,x, t),M(me(xnryn)’t)}

> m {M KXy Xy t) M xnrxn+17 t)}
t t
> min{ M(x,, x, t), M(x,,,x, 2) M(x,xml, 5) }
On taking limit as n — 0o, we obtain
nli}’gOHM(F(xmyn)rF(x,y)r )\lt) =1
So that
lim Hy(F(n, yn), F(x,9),£) = 1. (7)
n— o0
Similarly, we can obtain

lim HM(F(y,,,x,,),F(y,x),t) =1 (8)

n—00


http://www.fixedpointtheoryandapplications.com/content/2012/1/225

Abbas et al. Fixed Point Theory and Applications 2012, 2012:225 Page 7 of 12
http://www.fixedpointtheoryandapplications.com/content/2012/1/225

Since x,,41 € F(%,,,) and y,,1 € F(y,, %), from (7) and (8) we obtain

lim sup M(x,.1,a,£)=1 and lim sup M(yu1,b0,t) =1

=30 4eF(x,y) =% heF(yx)

There exist sequences w,, € F(x,y) and z, € F(y,x) such that
lim M(xn+l¢ Whil, t) =1 and lim M(yn+lr Zn+ls t) =1
n— 00

n—00

for each t > 0. Now, for each n € N, we have
t t
M(Wpi1,%,t) = M| Wyit, Xpats E * M\ %41, %, E .
On taking limit as n — 0o, we get
lim M(Wp,1,%,£) = 1. )
n— o0

Similarly, for each # € N, we have

t t
M(Zn+1,y, t) = M<Zn+1:yn+1r E) * M(yn+1;y; E)

On taking limit as n — oo, we get

lim M(z01,9,8) = 1. (10)
(9) and (10) imply

lim w,=x and lim z,=y.

n=o00 =00

Since F(x,y) and F(y, x) are compact, we get x € F(x,y) and y € F(y,x). O

Corollary 17 Let (X, M, *) be a complete fuzzy metric space and let F : X x X — K(X) be
a mapping satisfying

Hy(F(x,y), F(u, v), kt) > min{M(x, u, ), M(x, F(x,y), £) } (11)

foreachx,y,u,ve X,t>0,and0 < k < 1. Suppose that (X, M, x) satisfies (1) for some xo,x; €
F(x0,0) and yo,y1 € F(y9,%0). Then F has a coupled fixed point.

Corollary 18 Let (X, M, *) be a complete fuzzy metric space and let F : X x X — K(X) be
a set-valued mapping satisfying

Hyi(F(x,9), F(u,v), ¢ (d(x, u, 1)) £) = M(x, u, 1)

for each x,y,u,v € X, t > 0. Suppose that d(x,u,t) = m —tand ¢:[0,00) = [0,1) isa
mapping satisfying

limsupo(r) <1

r—tt
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forallt € [0,00). Furthermore, assume that (X, M, %) satisfies (1) for some x¢,x, € F(xo,Y0)
and yo,y1 € F(yo,%0). Then F has a coupled fixed point.

Corollary 19 Let (X, M, x) be a complete fuzzy metric space and let F : X x X — K(X) be
a mapping satisfying

Hu(F(x,9), F(u,v), kt) > M(x, 1, 1)

foreachx,y,u,ve X,t>0,and 0 < k < 1. Suppose that (X, M, x) satisfies (1) for some xo, %1 €
F(x0,0) and yo,y1 € F(¥0,%0). Then F has a coupled fixed point.

Example 20 Let X ={0,1,2} and d: X x X — R be defined as
d(0,1) =2, d(1,2) =15, d(0,2) =1,

d(0,0)=d(1,1) =d(2,2) =0,
d(a,b) =d(b,a) foralla,beX.

Hence, (X, d) is a metric space. Consider

M( t)—é
o A, y)

for t > 0 and (X, M, %) satisfies (1). Define F : X x X — CB(X) as follows:

{0,2} whenx#landyeX,
{0} whenx=1andy € X.

F(x’y) =

Forx € {0,2} and u € {0,2} and for x = 1 and u = 1, we have
HM(F(x»y)>F(u» V); kt) =1

for any k € (0,1). Hence, (11) is satisfied. For the rest of cases,

kt
Hi(F (. 9), Flu,v), kt) =

and

. t t
min{M(x, u, 1), M(x, F(x,9), £)} € {0' t+2't+15 }

Hence, for all x,y,u,v € X, £t >0, and k = %, (11) holds. All the conditions of Corollary 17

and Theorem 16 with ¢(£) = k are satisfied. Moreover, (0,0) and (2,2) are coupled fixed
points of F.

Example 21 Let X = [0,1] be endowed with the usual metric d(x,y) = |x —y| and F(x,y) =

[In(1+x),1] for eachx,y € X. Let M(x,y,t) = Hd & and let ¢ () = ln(lt”) for each t > 0. Then
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we have

Hy(F(%,9), F(u,v), ¢(6)t) = Hyi(F(x,9), F(u,v), £)

t
= t+|In(1+ u) —In(1 + x)|
t
Tt lu—x|
= M(x,u,t)

for each x,y € X and ¢ > 0. Then by Corollary 18, F has a coupled fixed point ((0,0) is a
coupled fixed point of F).

Example 22 Let X = R be endowed with the usual metric d(x,y) = |x — y| and let f(x,y) =

%x for each x,y € X. Let M(x,y,t) = H;T,y) and let ¢(¢£) = % for each ¢ > 0. Then we have

Ha (f(x,w,f(u, 0, %t) _ M(f(x,y),fw, », %t)

1 1 1
=M\ =x,—u, =t | = M(x,u,t)
22 72

for each %,y € X and ¢ > 0. Then by Corollary 19, f has a coupled fixed point ((0,0) is a
coupled fixed point of f).

Now, as an application of the above theorem, we obtain a coupled coincidence and com-
mon fixed point theorem for a hybrid pair of multivalued and single-valued mappings.

Theorem 23 Let (X, M, x) be a complete fuzzy metric space and let F : X x X — K(X) and
g: X — X be mappings satisfying

Hyi(F(x,9), F(u,v), ¢ (d(x, u, £))t) > min{M (g, gu, t), M (gx, F(gx, gy), £) } 12)

for each x,y,u,v € X, t > 0. Suppose that d(x,u,t) = m —tand ¢ :[0,00) > [0,1) isa
mapping satisfying

limsup¢(r) <1

r—tt

for all t € [0,00). Furthermore, assume that F(X x X) C g(X) and (X, M, ) satisfies (1)
for some gxo,gx1 € F(xo,Y0) and gyo,gy1 € F(yo,%0). Then F and g have a coupled coinci-
dence point. Moreover, F and g have a coupled common fixed point if one of the following
conditions holds:
(a) F and g are w-compatible, lim,,_, - g"x = u and lim,,_, .o g"y = v for some
(x,y) € C(F,g), u,v € X, and g is continuous at u and v.
(b) g is F-weakly commuting for some (x,y) € C(g, F), and gx and gy are fixed points of g,
that is, g%x = gx and gy = gy.
(c) g is continuous at x,y for some (x,y) € C(g,F) and for some u,v € X, lim,,_, 0 g"u = x
and lim,_, oo g"v =1y.

Page 9 of 12
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Proof By Lemma 11 there exists E C X such that g: E — X is one-to-one and g(E) = g(X).
Now, define a mapping A : g(E) x g(E) - K(X) by

Algx,gy) = F(x,y) for all gx, gy € g(E), (13)

and since g is one-one on E, so A is well defined. Further,

Hu(A(gx, ), Algu, gv), ¢ (d(x,u,1))t) = Hy(F(x,y), F(u,v), ¢ (d(x, 1, £))t)

> min{M(gx, gu, ), M(gx, F(gx,gy), £)}.  (14)

Hence, A satisfies (2) and all the conditions of Theorem 16. By using Theorem 16 with a
mapping A, it follows that .A has a coupled fixed point (1, v) € g(E) x g(E). Finally, it is left
to prove that F and g have a coupled coincidence point. Since A has a coupled fixed point
(u,v) € g(E) x g(E), we get

ueA(,v), and ve Alv,u). (15)

Since F(X x X) C g(X), so there exist 3, v; € X x X such that gu; = u and gv; = v. Thus, it
follows from (15),

gul € A(gul,ng) = F(ul, Vl);
gv1 € A(gvi,gm1) = F(v1, ).

This implies that (¢, v1) € X x X is a coupled coincidence point of F and g. Hence, C(F, g)
is nonempty. Suppose now that (a) holds. Then, for some (x,y) € C(F, g),

lim g¢"x=u and lim g"y=v,
n—00

n—00

where u,v € X. Since g is continuous at # and v, we have that x and v are fixed points of g.
As F and g are w-compatible, so

(g”x,g”y) € C(F,g) forallm=>1.
That s, forall n > 1,

g'xeF(¢"'x,¢""y) and

gny c F(gn—ly,gn—lx)'
Using (12), we obtain
M (gu, F(u,v),t)
t t
Z M<g14yg"x, 5) * M<gnx’ F(M, V)! 5)

t t
>M (gu,g”x, 5) s Hyy <F (€% g""y), F(u,v), 5)
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t t t
> M(gu,g”x, 5) * min{ <M <g”x,gu, 5)),M(g"x,l—"(g”‘lx,g”‘ly), 5) }
t . t t
M(gu,g”x, —) * mm{ (M(g”x,gu, —)),M(g”x,g”x, —) }
2 2 2
> M| gu,g"x L x M| g"x,gu L
- g yg ) 2 g 7g ) 2 .

On taking limit as n — 0o, we get

IA

t t
M(gu,F(u, v),t) = M(u, u, 5) *M(u, u, 5)

>1x1=1

This implies gu € F(u,v). Similarly, gv € F(v,u). Consequently, 4 = gu € F(u,v) and v =
gv € F(v,u). Hence, (u,v) is a coupled common fixed point of F and g. Suppose now that
(b) holds. If for some (x,7) € C(F,g), g is F-commuting and g*x = gx and g*y = gy, then

gx=g*x € F(gx,gy) and

@ =¢"y € F(gy,g).

Hence, (gx,gy) is a coupled common fixed point of F and g. Suppose now that (c) holds
and assume that for some (x,y) € C(g,F) and for some u,v € X, lim,_, o, g"u = x and
lim,,_, o g"v = y. By the continuity of g at x and y, we get

x=gxeF(x,y) and

y=gy € F(y,x).

Hence, (x,y) is a coupled common fixed point of F and g. O
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