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Abstract

In this paper, we introduce a new two-step iterative scheme of mixed type for two
asymptotically nonexpansive self-mappings and two asymptotically nonexpansive
nonself-mappings and prove strong and weak convergence theorems for the new
two-step iterative scheme in uniformly convex Banach spaces.
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1 Introduction

Let K be a nonempty subset of a real normed linear space E. A mapping 7 : K — K
is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with
lim,,_, » k;; = 1 such that

| 77 = T < kallx =y (L)

forallx,y e Kand n>1.

In 1972, Goebel and Kirk [1] introduced the class of asymptotically nonexpansive
self-mappings, which is an important generalization of the class of nonexpansive self-
mappings, and proved that if K is a nonempty closed convex subset of a real uniformly
convex Banach space E and T is an asymptotically nonexpansive self-mapping of K, then
T has a fixed point.

Since then, some authors proved weak and strong convergence theorems for asymptot-
ically nonexpansive self-mappings in Banach spaces (see [2—16]), which extend and im-
prove the result of Goebel and Kirk in several ways.

Recently, Chidume et al. [10] introduced the concept of asymptotically nonexpan-
sive nonself-mappings, which is a generalization of an asymptotically nonexpansive self-
mapping, as follows.

Definition 1.1 [10] Let K be a nonempty subset of a real normed linear space E. Let
P:E — K be anonexpansive retraction of E onto K. A nonself-mapping 7' : K — E is said
to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with k, — 1 as
n — oo such that

|T(PT)" %~ TPT)"y| < kullx -yl (1.2)

forallx,y e K and n > 1.
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Let K be a nonempty closed convex subset of a real uniformly convex Banach space E.
In 2003, also, Chidume et al. [10] studied the following iteration scheme:

X1 ek,

(1.3)
Xn+l = P((l - an)xn +dy TI(PTl)n_lxn)
for each n > 1, where {o,} is a sequence in (0,1) and P is a nonexpansive retraction of E
onto K, and proved some strong and weak convergence theorems for an asymptotically
nonexpansive nonself-mapping.
In 2006, Wang [11] generalized the iteration process (1.3) as follows:

X1 € K,
Xn+l = P((l - an)xn + oy TI(PTl)n_lyn); (14)
Yn=P(A = Bu)xn + Bu TZ(PTZ)nilxn)

for each n > 1, where T1,T, : K — E are two asymptotically nonexpansive nonself-
mappings and {«,}, {8,} are real sequences in [0,1), and proved some strong and weak
convergence theorems for two asymptotically nonexpansive nonself-mappings. Recently,
Guo and Guo [12] proved some new weak convergence theorems for the iteration pro-
cess (1.4).

The purpose of this paper is to construct a new iteration scheme of mixed type for
two asymptotically nonexpansive self-mappings and two asymptotically nonexpansive
nonself-mappings and to prove some strong and weak convergence theorems for the new

iteration scheme in uniformly convex Banach spaces.

2 Preliminaries

Let E be a real Banach space, K be a nonempty closed convex subset of E and P: E — K
be a nonexpansive retraction of E onto K. Let S;,S; : K — K be two asymptotically non-
expansive self-mappings and T, T, : K — E be two asymptotically nonexpansive nonself-
mappings. Then we define the new iteration scheme of mixed type as follows:

X1 € I(,
%na1 = P(1 = 0,) S} %, + 00, Ty (PT1)" ), (2.1)
Y= P((1 = Bu)Ssx, + B To(PT)" ' x,,)

for each n > 1, where {o,}, {B,} are two sequences in [0, 1).

If S; and S, are the identity mappings, then the iterative scheme (2.1) reduces to the
sequence (1.4).

We denote the set of common fixed points of S;, Sy, 71 and T, by F = F(8;1) N F(S2) N
F(Th1) N F(T,) and denote the distance between a point z and a set A in E by d(z,A) =
infyeq [lz—x].

Now, we recall some well-known concepts and results.

Let E be a real Banach space, E* be the dual space of E and J : E — 2F" be the normalized
duality mapping defined by

J@) = {f € E*: (o f) = I IFIL I = Nlell}
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for all x € E, where (-,-) denotes duality pairing between E and E*. A single-valued nor-
malized duality mapping is denoted by j.

A subset K of a real Banach space E is called a retract of E [10] if there exists a continuous
mapping P : E — K such that Px = x for allx € K. Every closed convex subset of a uniformly
convex Banach space is a retract. A mapping P: E — E is called a retraction if P2 = P. It
follows that if a mapping P is a retraction, then Py = y for all y in the range of P.

A Banach space E is said to satisfy Opial’s condition [17] if, for any sequence {x,} of E,

x, — x weakly as n — oo implies that

limsup ||x, — x| < limsup ||x, — y||
n—00 n— 00

for all y € E with y # x.
A Banach space E is said to have a Fréchet differentiable norm (18] if, forallx € U = {x €
E:|lxll =1},

x+ty|| - ||x
i 1+ 1= Il

t—0 t
exists and is attained uniformly iny € U.
A Banach space E is said to have the Kadec-Klee property [19] if for every sequence {x,}
in E, x, — x weakly and ||x,|| — ||x|), it follows that x,, — x strongly.
Let K be a nonempty closed subset of a real Banach space E. A nonself-mapping 7' : K —
E is said to be semi-compact [11] if, for any sequence {x,} in K such that ||x, — Tx,| — O
as n — o0, there exists a subsequence {wn;} of {x,} such that {%4;} converges strongly to

some x* € K.

Lemma 2.1 [15] Let {a,}, {b,} and {c,} be three nonnegative sequences satisfying the fol-

lowing condition:
ans1 < (L +byp)ay +cy

Sfor each n > no, where n is some nonnegative integer, 3 " b, <00 and Y7 ¢, < 00.

Then lim,,_, o a,, exists.

Lemma 2.2 [8] Let E be a real uniformly convex Banach space and 0 <p <t, <q <1 for

each n > 1. Also, suppose that {x,} and {y,} are two sequences of E such that

limsup ||x,|| <r, limsup ||y, <r, lim ||tnxn + (1 - t,)yn H =r
n—00 n—>o0

n—0oQ

hold for some r > 0. Then lim,_, » ||%,, — yu|| = 0.

Lemma 2.3 [10] Let E be a real uniformly convex Banach space, K be a nonempty closed
convex subset of E and T : K — E be an asymptotically nonexpansive mapping with a
sequence {k,} C [1,00) and k, — 1 as n — oco. Then I — T is demiclosed at zero, i.e., if
x, — x weakly and x, — Tx,, — O strongly, then x € F(T), where F(T) is the set of fixed
points of T.
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Lemma 2.4 [16] Let X be a uniformly convex Banach space and C be a convex subset of X.
Then there exists a strictly increasing continuous convex function y : [0,00) — [0, 00) with
v(0) = 0 such that, for each mapping S : C — C with a Lipschitz constant L > 0,

JoeSx+ (1~ e)Sy ~ S[ax + (1 - a)y] || < Ly'1<||x—y|| - %nSx—Syn)

forallx,ye Cand 0 <o <1.

Lemma 2.5 [16] Let X be a uniformly convex Banach space such that its dual space X* has
the Kadec-Klee property. Suppose {x,} is a bounded sequence and f1,f» € W, ({x,}) such that

nllngo”axn +Q-a)fi-f H

exists for all a € [0,1], where W,,({x,,}) denotes the set of all weak subsequential limits

of {x,}. Then fi = fo.

3 Strong convergence theorems
In this section, we prove strong convergence theorems for the iterative scheme given in
(2.1) in uniformly convex Banach spaces.

Lemma 3.1 Let E be a real uniformly convex Banach space and K be a nonempty closed
convex subset of E. Let $1,Sy : K — K be two asymptotically nonexpansive self-mappings
with {ki,l)}, {k,(f)} C [1,00) and Ty, Ty : K — E be two asymptotically nonexpansive nonself-
mappings with {1}, {1} C [1,00) such that Z;ﬁl(kff) —1)<ooand 2321(1(;’ —1) < 0o for
i = 1,2, respectively, and F = F(S;) N F(S;) N F(Ty) N F(T,) # @. Let {x,} be the sequence
defined by (2.1), where {a,,} and {B,} are two real sequences in [0,1). Then

(1) lim,_ o ||x, — q|| exists for any q € F;

(2) lim,,_, o d(x,, F) exists.

Proof (1) Set h,, = max{kﬁ,l),kﬁ,z), 15,1), 15,2)}. For any g € F, it follows from (2.1) that
lyn —gll < ”(1 - ﬂn)(sgxn - q) + lgn(TZ(PTZ)n_lxn - 61) ”

<A -Bhllx, - qll + Buhullo, — qll

= hyllx, — 4| (3.1)
and so

I%ne1 = qll < | (1= ) (Si%n — q) + 0 TL(PTY)" 'y — q) |
< (1= an)hulln — gl + eultullyn — gl
< (L= ) 1%, — gl + a1, — g
= [1+ (B = 1)]llxn — 4l (3.2)

Since Ziil(kff) —1)<ooand Z:il(lﬁ,i) —1) < oo fori=1,2, we have ) o2, (h2 - 1) < co. It
follows from Lemma 2.1 that lim,,_, » ||%,, — ¢q|| exists.


http://www.fixedpointtheoryandapplications.com/content/2012/1/224

Guo et al. Fixed Point Theory and Applications 2012, 2012:224 Page 5 of 15
http://www.fixedpointtheoryandapplications.com/content/2012/1/224

(2) Taking the infimum over all g € F in (3.2), we have
A1, F) < [1+ (Hy = 1) ]d(x, F)

for each n > 1. It follows from Y o (k% — 1) < 00 and Lemma 2.1 that the conclusion (2)

holds. This completes the proof. O

Lemma 3.2 Let E be a real uniformly convex Banach space and K be a nonempty closed
convex subset of E. Let 1, S, : K — K be two asymptotically nonexpansive self-mappings
with {ki,l)}, {/(5,2)} C [1,00) and T1, T, : K — E be two asymptotically nonexpansive nonself-
mappings with {1}, {1} C [1,00) such that Z;ﬁl(kff) —1)<ooand 23‘;1(1,&” —1) < oo for
i =1,2, respectively, and F = F(S;) N F(Sy) N F(T1) N F(T,) # . Let {x,} be the sequence
defined by (2.1) and the following conditions hold:

(@) {a,} and {B,} are two real sequences in [€,1 — €] for some € € (0,1);

(b) llx =Tl < 1Six— Tyl for all x,y € K and i =1,2.
Then lim,_, o [|%, — Sixy || = limy— 00 |16, — Tixu|| = 0 fori =1,2.

Proof Set h, = max{k,(}),kﬁ,z),l,(}),l,(f)}. For any given g € F, lim,_,  ||x, — q| exists by

Lemma 3.1. Now, we assume that lim,,_, ||, —¢|| = c. It follows from (3.2) and Y2 (h2 -
1) < oo that

nhﬁn;o” 1- oz,,)(S{’xn - q) + an(Tl (PT)" 1y, - q) || =c
and
lim sup||Sfxn - q|| <limsupkW||x, — gl = c.
00 n—>00
Taking lim sup on both sides in (3.1), we obtain limsup,,_, ., ||, — ¢l < c and so
limsup | T1(PT1)" 'y, — q| < limsup Wy, —qll <c.
00 n—o00
Using Lemma 2.2, we have
Tlim | S, — T1(PT1)" 'y | = 0. (3.3)
By the condition (b), it follows that
%0 = TiPTY" g || < || S — TL(PT)" y|
and so, from (3.3), we have
lim [, — Ty(PT1)" "y, | = 0. (3.4)
Since

s = qll < %0 = TL@TY)" g || + | THPT) y0 — g

< [#n = Ti@TY" | + L llyn - qll.
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Taking liminf on both sides in the inequality above, we have
liminf [}y, - qll > c
n— 00
by (3.4) and so
lim |y, —qll =c.
n—0o00
Using (3.1), we have
Jim [[ (1~ B,) (S50 — q) + Bu(T2(PT2)" "2~ q) | = c.
In addition, we have
lim supHSg‘x,, - q“ <lim supkf) e, —gll = c
n—00 n—00
and
lim sup|| To(PTy)" x, - q|| <limsup l,(f) %, — gl = c.
n—0oQ0 n—oQ
It follows from Lemma 2.2 that
lim || S, — To(PT>)" "%, = 0. (3.5)
n—00
Now, we prove that
lim [[x, — Thx,ll = lim [, — Tox,ll = 0.
n—0oQ n—0o0

Indeed, since ||x,, — To(PT2)" x|l < ||Shx, — To(PT2)" ', || by the condition (b). It fol-
lows from (3.5) that

lim || %, — To(PT2)" "%, = 0. (3.6)
n—00

Since Six, = P(Sjx,) and P: E — K is a nonexpansive retraction of E onto K, we have
||yn - ngn H < :31'1 H‘ngn - TZ(PTZ)nilxn ”

and so
lim ”yn — Shxy H =0. (3.7)
n—00

Furthermore, we have

19 = %nll < [[yn = Saxn|| + || S5 — To(PT2)" "% || + | Ta(PT2)" o — 2 .

Page 6 of 15
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Thus it follows from (3.5), (3.6) and (3.7) that

Since ||x, — T1(PT1)" x| < ||S¥x, — T1(PT1)" %, by the condition (b) and

lim (%, — .l = 0.
n—>00

||S"xn - Tl(PTl)”_lx,, ”
< ||S{% = To(PTY)" | + | TW(PT)" 'y, — TV(PTY)"

= HSIle - TI(PTI)H_lyn || + ln ”yn _xn”'

Using (3.3) and (3.8), we have

and

lim || S}, — Ty (PT1)" "%, | =
n—00

lim ||x, — Ty(PTY)" ", | =
n—00

It follows from

||xn+1 - S{lxn ” = ||P[(1 - an)Snxn + oy TI(PTl)n_lyn] -

< || S{xn = Ti(PTY)"

and (3.3) that

lim ”x,,+1 — Sy ” =0.
n—0o0

In addition, we have

|

P(Si) |

”xn+l TI(PTI yn H =< ”xn+1 S Xn H + ”Snxn TI(PTI yn H

Using (3.3) and (3.11), we obtain that

nhfgo”xm - Tl(PTl)n_ly" H =0.

Thus, using (3.9), (3.10) and the inequality

we have lim,,_, o || S7%

that

|S7% = %u || < || Sixn — THPTY) 2| + | TL(PT)" %

|S7%n = Toa(PT2)" " %| < ||S26n — 20| + |260 — To(PT)"~

lim || S{x, — To(PT2)" ", | = 0.

n—Xn|

—x,| = 0. It follows from (3.6) and the inequality

i
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||xn+1 - TZ(PTZ)nilyn || = ||xn+1 - S{lxn || + ”S{lxn - T2(PT2)nilxn || + l;(qZ) ”xn _yn”’
from (3.8), (3.11) and (3.13), it follows that
lim ||%,41 = T2(PT2)" "y, | = 0. (3.14)
n—00

Again, since (PT;)(PT;)"2y,_1, x, € K for i = 1,2 and T, T, are two asymptotically non-

expansive nonself-mappings, we have

” Ti(PTi)n_l_)/n—l = Tixy ”
= | TI[(PT)PT)"2yua] - Ti(Pxy) |
< max{", {7} | PTHPT)" 2y 1 - P |

< max{L", IP} | Ti(PT)" 2,1 — x| (3.15)

for i = 1,2. It follows from (3.12), (3.14) and (3.15) that

lim || T,(PT)" ys = Tiu || = 0 (3.16)
for i =1,2. Moreover, we have

11 =Yl < |21 = TUPTY" g | + | TLPT)™ g = 2| + 10 = .
Using (3.4), (3.8) and (3.12), we have

Tim {1 =yl = 0. (317)

In addition, we have

960 = Tieull < %0 = T{PT)" " %]| + | T{(PT)" "% = T{(PT)" " yn |
+ | TiPT)" ynor — T |

< ||x,, - Ti(PT))" ', || + max{sup ZS), sup lf)} 1% = Y |l

n>1 n>1

+ | TiPT)"  ynor — T |
for i =1,2. Thus it follows from (3.6), (3.10), (3.16) and (3.17) that
lim ||x, — T1x,|| = lim |x, — Tox,]| = 0.
n—0oQ n—0o0
Finally, we prove that

lim ||x, — Six,] = lim ||x, — Syx,|| = 0.
n— 00 n—00
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In fact, by the condition (b), we have

”xn - Sixn” = Hxn - Ti(PTi)nilxn ” + “Sixn - Ti(PTi)nilxn H

< o= TPTY 5] + 25— ToPT,)
for i =1,2. Thus it follows from (3.5), (3.6), (3.9) and (3.10) that
Jim [lx, = S1xal = im o, — Spx = 0.
This completes the proof. 0

Now, we find two mappings, S$; =Sy =S and T7 = T, = T, satisfying the condition (b) in

Lemma 3.2 as follows.

Example 3.1 [20] Let R be the real line with the usual norm | - | and let K = [-1,1]. Define
two mappings S, T : K — K by

-2sin%, ifx€([0,1],

T 5 (0,1]

2sin ’2—“, ifx € [-1,0),
and

x, ifxe[0,1],
Sx =
-x, ifxe[-1,0).

Now, we show that T is nonexpansive. In fact, if x, y € [0,1] or x,y € [-1,0), then we have

. X .
51n§—s1nZ <lx—yl.

Tx—Ty| =2
| Tx - Ty| 7

Ifx €[0,1] and y € [-1,0) or x € [-1,0) and y € [0, 1], then we have

|Tx - Ty| = 2

x
sin — + sinz
2 2

+ x-
Y cos T2
4

=4

sin

< |x+yl

<lx-yl

This implies that T is nonexpansive and so T is an asymptotically nonexpansive mapping
with k,, = 1 for each n > 1. Similarly, we can show that S is an asymptotically nonexpansive
mapping with [, =1 for each n > 1.

Next, we show that two mappings S, T satisfy the condition (b) in Lemma 3.2. For this,

we consider the following cases:

Page 9 of 15
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Case 1. Let x,y € [0,1]. Then we have

9c+2sinZ

—_Ty| =
lx — Ty| 5

=|Sx - Ty|.

Case 2. Let x,y € [-1,0). Then we have

lx—Ty| = x—2sin% < —x—ZSin%‘:|Sx—Ty|.

Case 3. Let x € [-1,0) and y € [0,1]. Then we have

lx = Ty| =

=

x+2sin% —x+25in%‘:|5x—Ty|.

Case 4. Letx € [0,1] and y € [-1,0). Then we have

lx— Ty| = x—2sin%‘ = |Sx - Ty|.

Therefore, the condition (b) in Lemma 3.2 is satisfied.
Theorem 3.1 Under the assumptions of Lemma 3.2, ifone of S1, Sz, T1 and T is completely
continuous, then the sequence {x,} defined by (2.1) converges strongly to a common fixed
point of S1, Sa, Th and T,.
Proof Without loss of generality, we can assume that S; is completely continuous. Since
{x,,} is bounded by Lemma 3.1, there exists a subsequence {S12;} of {S;x,,} such that {S1%;}
converges strongly to some g*. Moreover, we know that

hm ”xVI/' - Slx}’l/” = hm ”xn/- - Szxn}'” =0

j—00 j—00
and

tim [, = Ty | = lim [, — Ty | = O

Jj—>00 j—o00
by Lemma 3.2, which imply that

%0 = @* || < 1120 = Si Il + || St — 7| = ©
as j — oo and so Xy — q* € K. Thus, by the continuity of $;, S5, T1 and T3, we have

la* = Sig*| = Tim llxy, = S, Il = 0

J—> 00

and

la° = Tig"| = fm 1 - Tiny =0

for i = 1,2. Thus it follows that g* € F(S1) N F(Sy) N F(T1) N F(T,). Furthermore, since

Page 10 of 15
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lim,, o [|x, — ¢*|| exists by Lemma 3.1, we have lim,_, « ||x, — ¢*| = 0. This completes the
proof. O

Theorem 3.2 Under the assumptions of Lemma 3.2, if one of S1, Sz, Ty and T, is semi-
compact, then the sequence {x,} defined by (2.1) converges strongly to a common fixed point
ofSl, Sz, T1 and T2.

Proof Since lim,_, o [|%, — Sixy|l = limy,— o |, — Tix,|| = 0 for i = 1,2 by Lemma 3.2 and
one of S, Sy, T1 and T, is semi-compact, there exists a subsequence {x,,}.} of {x,,} such that
{x4;} converges strongly to some g* € K. Moreover, by the continuity of Sy, S5, T1 and T»,
we have llg* — Sig*l| = imy o0 1%, = Sit || = 0 and llg* — Tig* || = limyesoc 12, — Ties | = 0
for i =1,2. Thus it follows that g* € F(S;) N F(Sy) N F(Ty) N F(T5). Since lim,,_, o [|x, — *||
exists by Lemma 3.1, we have lim,,_, « [|x, — g*|| = 0. This completes the proof. (]

Theorem 3.3 Under the assumptions of Lemma 3.2, if there exists a nondecreasing func-
tion f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all r € (0, 00) such that

F(dx,F)) < llx = Sixll + llx = Soxll + |l = Taxl| + |2 = Tox|

for all x € K, where F = F(S1) N F(S,) N F(Ty) N F(T), then the sequence {x,} defined by
(2.1) converges strongly to a common fixed point of Sy, So, Ty and T,.

Proof Since lim,_,  ||%, — Sixy|| = limy,— o ||%, — Tixy,|| = 0 for i = 1,2 by Lemma 3.2, we
have lim,,_, o f(d(x,, F)) = 0. Since f : [0, 00) — [0, 00) is a nondecreasing function satisfy-
ing f(0) =0, f(r) > 0 for all r € (0,00) and lim,_, » d(x,, F) exists by Lemma 3.1, we have
lim,,_, oo d(x,, F) = 0.

Now, we show that {x,} is a Cauchy sequence in K. In fact, from (3.2), we have

%001 = qll < [1+ (7 = 1)]ll, — g

for each n > 1, where 4, = max{kﬁ,l),ki,z),lﬁ,l),lﬁ,z)} and g € F. For any m, n, m > n > 1, we

have

ot —gll < [1+ (K, = 1) ] I1%m-1 — gl

B2
< ém1|x, 1 — gl
2 2
< ematehma|x,, , — g

—172
<X By, — g

< Mllx, -4l
where M = erl(hzz‘l). Thus, for any g € F, we have

I¢n =%l < ll%n = qll + |0 — gl

< L+ M)lxn —4ll.
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Taking the infimum over all g € F, we obtain

I, = %l < (1 + M)d(x,, F).
Thus it follows from lim,_,« d(x,, F) = 0 that {x,} is a Cauchy sequence. Since K is a
closed subset of E, the sequence {x,} converges strongly to some g* € K. It is easy to prove
that F(Sy), F(Sy), F(T1) and F(T,) are all closed and so F is a closed subset of K. Since

lim,_, o d(x,, F) = 0, g* € F, the sequence {x,} converges strongly to a common fixed point
of 81, Sz, T1 and T. This completes the proof. O

4 Weak convergence theorems
In this section, we prove weak convergence theorems for the iterative scheme defined by

(2.1) in uniformly convex Banach spaces.

Lemmad4.1 Underthe assumptions of Lemma 3.1, for all q1,q, € F = F(S1) NF(S2)NF(T1)N
F(T,), the limit

nlgglo ||fxn +1-0q1-q ||
exists for all t € [0,1], where {x,} is the sequence defined by (2.1).
Proof Seta,(t) = ||tx,+(1—t)q1 —q2 |- Thenlim,,_, 5 4,,(0) = ||q1 — 42| and, from Lemma 3.1,
lim,,, o0 @,(1) = lim,_, o [|%, — q2|| exists. Thus it remains to prove Lemma 4.1 for any ¢ €
(0,1).
Define the mapping G, : K — K by
Gux = P[(1 - ax)Sx + 0, Ty (PT1)" ' P((1 = B)Shx + B To(PT2)" %) |
for all x € K. It is easy to prove that

Gux — Gyl < H|lx -y (4.1)

for all x,y € K, where h, = max{k,(,l),ki,z), 15,1), 15,2)}. Letting /1, = 1 + vy, it follows from 1 <
ffn h]‘* < e* X5 and > Vn < 00 that lim,_, ]_[/Ofn lfz;L =1. Setting

Sn,m = Guim1Gpam-2 - -+ Gy (42)

for each m > 1, from (4.1) and (4.2), it follows that

n+m-1
1S m% = Syl < ( I hj-*) llx =y
j=n
forallx,y € K and S, ;% = %y4m> Sumq = q for any g € F. Let

B = ||tSumn + A = )Suma1 = S (tx0 + (L= 1) |- (4.3)
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Then, using (4.3) and Lemma 2.4, we have

n+m-1 n+m-1 -1
b < ( I1 h;*)y-l<||xn—ql|| - ( I1 h,f*) ||sn,mxn—sn,mql||>
j=n j=n

00 00 -1
< (Hh;}>y1<”xn_q1” - (Hh;}> ||xn+m_q1||)~
j=n j=n

It follows from Lemma 3.1 and lim,,_, o, ;fn h;‘ =1 that lim,_,  by» = 0 uniformly for
all m. Observe that

ﬂn+m(t) = ”Sn,m (txn + (]- - t)q1) —q>2 || + bn,m

= ”Sn,m (txn + (1 - t)ql) - Sn,mq2 || + bn,m

n+m-1
( I1 hj‘) [t + A= )1 — q2 | + bym

j=n

IA

IA

(]‘[ hf) n(E) + by

j=n

Thus we have limsup,,_, ., a,(t) < liminf,_, a,(£), that is, lim,_, « ||tx, + (1 — )q1 — g2 ||
exists for all £ € (0,1). This completes the proof. O

Lemma 4.2 Under the assumptions of Lemma 3.1, if E has a Fréchet differentiable norm,
then, for all q1,q, € F = F(S1) N F(Sy) N F(T1) N F(T5), the limit

nlij;o(xmf(m - )
exists, where {x,} is the sequence defined by (2.1). Furthermore, if W,,({x,,}) denotes the set
of all weak subsequential limits of {x,}, then (x* — y*,j(q1 — q2)) = 0 for all q1,q2 € F and

x5, 9" € Wi ({x)).

Proof This follows basically as in the proof of Lemma 3.2 of [12] using Lemma 4.1 instead
of Lemma 3.1 of [12]. 0

Theorem 4.1 Under the assumptions of Lemma 3.2, if E has a Fréchet differentiable norm,
then the sequence {x,} defined by (2.1) converges weakly to a common fixed point of $1, Sa,
T1 and T2.

Proof Since E is a uniformly convex Banach space and the sequence {x,} is bounded by

Lemma 3.1, there exists a subsequence {x,, } of {x,} which converges weakly to some g € K.
By Lemma 3.2, we have

lim ||x,, —Six,, || = lim ||x,, — Tix,, || =0
lim ey, = Sieg Il = lim [l = T |

for i =1,2. It follows from Lemma 2.3 that g € F = F(S1) N F(Sy) N F(Ty) N F(T5).
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Now, we prove that the sequence {x,} converges weakly to g. Suppose that there exists
a subsequence {%m;} of {x,} such that {%m;} converges weakly to some ¢; € K. Then, by
the same method given above, we can also prove that g; € F. So, ¢,q1 € F N W,,({x,}). It
follows from Lemma 4.2 that

lg - ql*=(q-q1,j(@a—q) =0.

Therefore, q; = g, which shows that the sequence {x,} converges weakly to 4. This com-
pletes the proof. O

Theorem 4.2 Under the assumptions of Lemma 3.2, if the dual space E* of E has the
Kadec-Klee property, then the sequence {x,} defined by (2.1) converges weakly to a com-
mon fixed point of Sy, So, T1 and T,.

Proof Using the same method given in Theorem 4.1, we can prove that there exists a subse-
quence {x,, } of {x,} which converges weakly to some g € F = F(S;) NF(S2) N F(T1) NF(T).

Now, we prove that the sequence {x,} converges weakly to g. Suppose that there exists a
subsequence {%m,} of {x,} such that {%m;} converges weakly to some g* € K. Then, as for g,
we have g* € F. It follows from Lemma 4.1 that the limit

lim ||tx,, +1-t)g-4* “
n—00

exists for all ¢ € [0,1]. Again, since g,4* € W,,({x,,}), ¢* = g by Lemma 2.5. This shows that
the sequence {x,} converges weakly to g. This completes the proof. O

Theorem 4.3 Under the assumptions of Lemma 3.2, if E satisfies Opial’s condition, then
the sequence {x,} defined by (2.1) converges weakly to a common fixed point of S, Sy, Th
and T,.

Proof Using the same method as given in Theorem 4.1, we can prove that there exists a
subsequence {x,, } of {x,} which converges weakly to some g € F = F(S;) N F(S,) N F(T1) N
F(Ty).

Now, we prove that the sequence {x,} converges weakly to g. Suppose that there exists a
subsequence {%m;} of {x,} such that {%m;} converges weakly to some g € K and g # g. Then,
as for g, we have g € F. Using Lemma 3.1, we have the following two limits exist:

lim |x, — 4| = ¢, lim [lx, - gll = ¢1.
n—00 n— 00
Thus, by Opial’s condition, we have

¢ = limsup ||x,, — ¢l <limsup |lx,, — gl = limsup ||xm,, —q|l <limsup IIxmi —-qll=c¢

k— o0 k—00 j—>oo Jj—00

which is a contradiction and so g = g. This shows that the sequence {x,} converges weakly
to g. This completes the proof. O
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