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1 Introduction and preliminaries

Throughout this article, we always assume that H is a real Hilbert space with the inner

product ( -, -), and the norm ||-|| and that C is a nonempty closed convex subset of H.
Let A : C > H be a mapping. Recall that A is said to be monotone if

(Ax — Ay, x—y) >0, Vx, ye C.

A is said to be inverse strongly-monotone if there exists a constant o >0 such that

(Ax — Ay, x —y) > a| Ax — Ay||”,

Vx, y € C.

For such a case, A is also said to be a-inverse strongly monotone.
Let M : H — 2™ be a set-valued mapping. The set D(M) defined by D(M) = {x € H:

Mx # &} is said to be the domain of M. The set R(M) defined by R(M) = Uer Mx is

said to be the range of M. The set G(M) defined by G(M) = {(x, y) € Hx H:x € D
(M), y € R(M)} is said to be the graph of M.
Recall that M is said to be monotone if

x=y =820 V() (g€ GM).

M is said to be maximal monotone if it is not properly contained in any other mono-
tone operator. Equivalently, M is maximal monotone if R( + rM) = H for all » >0. The
class of monotone mappings is one of the most important classes of mappings. Within
the past several decades, many authors have been devoting to the studies on the
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existence and convergence of zero points for maximal monotone mappings, see [1-15]
and the references therein. For a maximal monotone operator M on H and r >0, we
may define the single-valued resolvent J, = (I + M) : H — D(M). It is known that ],
is firmly nonexpansive and M (0) = F(J,), where F (J,) denotes the fixed point set of J,.

Let S : C —> C be a nonlinear mapping. In this study, we use F (S) to denote the
fixed point set of S. Recall that the mapping S is said to be nonexpansive if

ISx =Sy[| < |x—v|. Vvx yecC.

S is said to be rk-strictly pseudocontractive if there exists a constant k € [0, 1) such
that

[$x = Syl* < Jx = y]* + o] (x = $9) = = S,

Vx, y e C.

The class of strictly pseudocontractive mappings was introduced by Browder and
Petryshyn [16]. If k = 0, the class of strictly pseudocontractive mappings is reduced to
the class of nonexpansive mappings. In case that x = 1, we call S a pseudocontractive
mapping. Marino and Xu [17] proved that fixed point sets of strictly pseudocontractive
mappings are closed and convex. They also proved that I - S is demi-closed at zero.
To be more precise, if {x,} is a sequence in C with x,—~ x and x,, - Sx,, > 0, then x €
F ().

Let A : C — H be an inverse strongly-monotone mapping. Recall that the classical
variational inequality problem is to find x € C such that

(Ax, y—x) >0, VyeC. (1.1)

Denote by V I(C, A) of the solution set of (1.1). It is known that x € C is a solution
to (1.1) if and only if x is a fixed point of the mapping Pc (I - LA), where A >0 is a
constant and I is the identity mapping. In [3], liduka and Takahashi showed that if A
€ [0, 2a], then I - LA is nonexpansive.

Let F be a bifunction from C x C to R, where R denotes the set of real numbers.
Recall the following equilibrium problem.

Find x € C such that F(x, y) > 0, Vy € C. (1.2)

To study the equilibrium problems (1.2), we may assume that F satisfies the follow-
ing conditions:

(A1) F(x,x) =0 forall x € C;
(A2) F is monotone, i.e., F (x,y) + F (y,x) <0 forall x, ye C;
(A3) for each x, y, ze C,

lim sup F(tz + (1 — t)x, y) < F(x, y);

t0

(A4) for each x € C, y » F (%, y) is convex and lower semi-continuous.

Putting F (x, y) = (Ax, y - x) for every x, y € C, we see that the equilibrium problem
(1.2) is reduced to the variational inequality (1.1).
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Recently, many authors considered the convergence of iterative sequences for the
variational inequality (1.1), the equilibrium problem (1.2) and fixed point problems of
nonlinear mappings; see, for example, [2,4-7,11-15,18-26].

In 2003, Takahashi and Toyoda [13] proved the following weak convergence
theorem.

Theorem 1.1. Let C be a closed convex subset of a real Hilbert space H. Let A be an
a-inverse strongly-monotone mapping from C into H and S be a non-expansive map-
ping from C into itself such that F(S) n VI (C, A) = &. Let {x,} be a sequence generated

by

X0 € C, Xps1 = Xy + (1 — 0)SPc(xn — ApAxy), Vn >0,

where A,, € [a, b] for some a, b € (0, 20.) and a,, € [c, d] for some ¢, d € (0, 1). Then,
{x.} converges weakly to z € F(S) n VI (C, A), where z = lim,,_o. Prs)nvi (¢, 4)%n-

In 2007, Tada and Takahashi [11] obtained the following weak convergence theorem.

Theorem 1.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R satisfying (A1)-(A4) and S be a nonexpansive
mapping from C into H such that F (S) N EP (F) = &. Let {x,} and {u,} be sequences
generated by x; = x € H and let

1

un € C such that F(u,, u) + . (U —1uy, u, —x,) >0,VueC,
n

Xne1 = AnXp + (1 — otn)Suy

for each n > 1, where {a.,,} < [a, b] for some a, b € (0, 1) and {r,} < (0, ) satisfies
lim inf, ,.. r,> 0. Then, {x,} converges weakly to w € F(S)NEP(F) where w = lim,,_,.. P
(SHNEP(F)Xn-

A very common problem in diverse areas of mathematics and physical sciences con-
sists of trying to find a point in the intersection of convex sets. This problem is
referred to as the convex feasibility problem; its precise mathematical formulation is as

N
follows. Find an x € m . C,, where N > 1 is an integer and each C,, is a nonempty
m=

closed convex subset of H. There is a considerable investigation on the convex feasibil-
ity problem in the setting of Hilbert spaces which captures applications in various dis-
ciplines such as image restoration, computer tomography, and radiation therapy
treatment planning.

Let K be an integer, S : C — C a strict pseudocontraction, A,, : C - H be an «,,-
inverse strongly-monotone mapping and M,,, : H — 2’ be a maximal monotone opera-
tor such that D(M,,) € C, where D(M,,) is the domain of M,,, where m € {1, 2, ..., K}.
In this article, motivated by Theorems 1.1 and 1.2, we consider the problem of finding

a common element in the following set: F(S) N mK ) (Am + Mm)fl(O) , where F (S) is
=

the fixed point set of S and (4,, + M,,)" (0) is the zero point set of A,, + M,,. Weak
convergence theorems of common elements are established in real Hilbert spaces. The
results presented in this article improve and extend the corresponding results
announced by Tada and Takahashi [11] and Takahshi and Toyoda [13].

In order to prove our main results, we also need the following lemmas.

Lemma 1.3. [16]Let C be a nonempty closed convex subset of a real Hilbert space H
and S : C — C be a r-strict pseudo-contraction with a fixed point. Define S : C - C
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by S,x = ax + (1 - a)Sx for each xl C. Ifa € [k, 1), then S, is nonexpansive with F (S,)
= F(S).

Lemma 1.4. [17]Let C be a nonempty closed convex subset of a real Hilbert space H
and S : C — C be a k-strict pseudocontraction. Then

(a) Sis lli’l‘( -Lipschitz;
(b) I - S is demi-closed, this is, if {x,} is a sequence in C with x,, ~ x and x, - Sx,, >
0, then x € F (S).

Lemma 1.5. [27]Let H be a real Hilbert space and 0 < p < t, < g <1 forall n > 1.
Suppose that {x,} and {y,} are sequences in H such that

lim sup [Ix;]l <r, lim sup ||Yn “ =T
n—00 n—0o0

and

nlgglo | tnxn + (1 = ta)yn| =7

hold for some r > 0. Then lim,,_,.. ||x,-y,|| = 0.

Lemma 1.6. [13]Let C be a nonempty closed convex subset of a real Hilbert space H
and Pc be the metric projection from H onto C. Let {x,} be a sequence in H. Suppose
that, for all ye C

, VYn>1.

[ener =yl < e =y

Then {Pc x,} converges strongly to some z € C.
Lemma 1.7. [28]Let C be a nonempty closed convex subset of a real Hilbert space H,
A : C — H be a mapping and M : H — 2" be a maximal monotone mapping. Then

E(J,(I —1A)) = (A+M)~1(0), Vr>o.

Lemma 1.8. [29]Let H be a Hilbert space and suppose {x,} converges weakly to x.
Then

lim inf|x, — x|l < lim ianxn - y”
n—00 n—00
forall ye H with x = y.

2 Main results

Theorem 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
S : C — C be a k-strict pseudocontraction, A : C — H be an a-inverse strongly mono-
tone mapping and B : C — H be a B-inverse strongly monotone mapping. Let M : H —
2" and W : H — 2" be maximal monotone operators such that D(M) € C and D(W)

c C. Assume that F:=F(S)N(A+M)~'(0)N(B+ W) '(0)+#0. Let {x,} be a
sequence generated in the following manner:
Xo € C,

Yn = Vn]rn (xn - TnAxn) + (1 — )/n)]s,, (xn — Sann)/
Xn+1l = QpXp + (1 - an) (,Bn}/n + (1 - ﬁn)s}/n)r n=>0,
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where ], = (I +1,M)™Y, J;, = (I +s,W)™", {r,} is a sequence in (0, 2at), {s,} is a
sequence in (0, 2) and {0}, {B..}, and {y,} are sequences in (0, 1). Assume that the fol-

lowing restrictions are satisfied

(@0<a<r,<b<2uand0<c<s,<d<2p;
b)0<k<P,<e<l,0<h<sa,<i<land0<j<vy, <k<l,

where a, b, ¢, d, e, h, i, j, k are real numbers. Then the sequence {x,} converges weakly
to x € F, where x = lim,_, oo PFXy,.

Proof. Note that (I - r,A) and (I - 5,B) are nonexpansive for each fixed n > 0.

Indeed, for any %, y, € C, we see from the restriction (a) that

[« —y||2 — 21 (x —y, Ax — Ay) + 1} ||Ax—Ay||2
Jx = y]” = (20 — ) Ax — Ay|®

|| (I=rA)x—(I— rnA)y”2

IA

=[x ="
This shows that (7 - r,A) is nonexpansive for each fixed n > 0, so is ({ - s,B).
Put
Spx = Bux+ (1 — By)Sx, VxeC.
In the restriction (b), we obtain from Lemma 1.3 that S, is nonexpansive for each

fixed n = 0. Fixing p € F and since J;,, J;,, I - r,A, and I - s,B are nonexpansive, we

see that

Js, (%0 — spBxy) — P||

||Yn - P|| =V |]rn(xn - TnAxn) - P” + (1 - )/n) |
< |l -
Since S,, is nonexpansive, we see that
[%nr =l 1 = @ 0 = p]| + (1 = a) [ Srn — 1]
<y |Jxa —p| + (1 —an) [y — 1| 2.1)
< Jxn = ol
Hence, the limit of the sequence {||x, - p||} exists. This shows that the sequence {x,}

is bounded, so is {y,}. Without loss of generality, we may assume that lim,_,.. ||x,-p||
= d > 0. Notice that

lvn =PI < v, (s — 10dn) = p||* + (1 = ) |, (n — 5uBxa) — p*
< vl Gen — 1aAAxa) = p|)* + (1 = y) || (% — uBxa) — p|?
< (5 = o[> = ra(@er = m) [ Ax, = 2p]*)
+ (1= 1) (0 = p[* = 0(28 — s) | Bxa — Bp[*)
< lxn = p|* = rayn(20 — 1) | Ax — Ap|?
—su(1 — 7)(2B — su)| Bxs — Bp| .
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This in turn implies that

”xml —P||2 = Oln“xn - P||2 + (1 - Oln)”Sn}/n —P||2
< o ="+ (1 =) [yu =

) ) (2.2)
< |l = 2" = (1 = an)rayn(2a — 1) | Ax, — Ap|
— (1 — an)sa(1 — 72) (28 — 50)|| Bxu — Bp|*.
It follows from the restrictions (a) and (b) that
(1 — i)aj(2a — b)|| Ax, — Ap||* < %0 — p|* = %001 —p|*-
Since lim,, .. ||x,-p|| = d, we see that
lim [|Ax, — Ap|| = 0. (2.3)
In view of (2.2), we see from the restrictions (a) and (b) that
(1 = i)e(1 — k)(28 — d) |Bxw — Bp||* < |20 = p|* = [x0er —p||*.
Since lim,,_,.. ||x,-p|| = d, we see that
Jlim {|Bx, — Bp| = 0. (2.4)

Notice that J, is firmly nonexpansive. Putting u,=J, (X, —mAx,) and

vy = Js, (% — suBxn), we see that

||un — P”2 = ”]rn (xn - TnAxn) — ]r,, (ﬁ - rnAp) ”2
< (up — p, (X — TaAXR) — (p — T2 AP))

; (””” - P“2 + “ (%0 — 1aAxn) — (p — TAp) ”2
|t = ) = (Cn = 1) = (0 = rup)) )

1
D (=17 + s = 21 = it — 52+ (s — A0} )

IA

2
|* — llttn — 20> = 12 | Ay — Ap|

1
5 (=l + e = |
=274 (Uy — Xn, Axy — Ap))

IA

; (N = oI + e = 21 =t = 5l + 213 1t = 5l A = 2p]])
This in turn implies that

ltn =] =< 50 = pI* = lttn = xal® + 273 it — xall | Ax — AP . (2.5)
In a similar way, we can obtain that

low = p||* < |20 = £ = llvw — %1 + 255 l[vg — x4l | Bxo — Bp]| - (2.6)

Page 6 of 14
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Combining (2.5) with (2.6) yields that

[ner = I* < atnlxn — p[* + (1 = o) | Suyu — p||
< anflxn = p|* + (1 = @)y = p|)°
< anan —p*+ (1 =) aun = p|*+ L=y e —p*)  @27)
< [ln = )7 = (1 = ) valiun — xall® + 273 [l — %ll | Axs — Ap|

— (1= an)(1 = Ya)llvw — Xnll® + 25y lvw — x4l || Bxw — Bp| .
It follows that

(1 = an)ynllun _xn”2 = ”xn - P||2 - ”xn+1 - P||2 + 21y [ty — xnll ”Axn —AP”
+ 28y lvw — xull | Bxa — Bp|| -

In view of (2.3) and (2.4), we see from the restrictions (a) and (b) that
lim |lu, — x,|| = 0. (2.8)
n— 00

It also follows from (2.7) that

(1 —an)(1 = yu)llvn _xn||2 = Hxn —PH2 - Hxn+1 _pH2 + 21y [y — x| ”Axn —AP”
+ 28 [[vn — xull ||Bxn — Bp|| .

In view of (2.3) and (2.4), we see from the restrictions (a) and (b) that

Jim v, — 2l = 0 (2.9)
Notice that

[yn = x| < llun — x0ll + llvm — x4l
It follows from (2.8) and (2.9) that

lim Jly, — x| = 0. (2.10)
On the other hand, we have

lim [ (= p) + (1 = ) (Surn — p)| = d.
Notice that

[Swn = ol < flyw = o] < | =]
This implies that

lim sup || Sn¥n — p|| <d.

In view of Lemma 1.5, we arrive at

Jim Sy —xu | = 0. (2.11)

Page 7 of 14
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Note that

_ Sn)’n — Xn + ﬂn(xn _Yn)
1_,371 1_,3n '

From (2.10), (2.11) and the restriction (b), we get that

SYn — Xn

Jim [ Syn — x| = 0. (2.12)
On the other hand, we see from Lemma 1.4 that

”an - xn”

IA

[ S = Sya + [ Syn =

1
< T o+ -

It follows from (2.10) and (2.12) that
lim [|Sx, — xull = 0. (2.13)
n—oo
Since {x,} is bounded, we see that there exists a subsequence {x,,} of {x,} which con-
verges weakly to x. By virtue of Lemma 1.4, we obtain that x € F(S). Next, we show
that ¥ e (A + M)~ (0). Notice that
Xp — AXy € Uy + TyMuy,.

Let 4 € Mv. Since M is monotone, we have
Xp— U
<" "—Ax,,—u,un—v>20.
Tn

In view of the restriction (a), we see from (2.8) that

(—Ax —u, x—v) >0.

This implies that —AX € M ¥, that is, ¥ € (A + M)~ (0). In a similar way, we can
obtain that X € (B+ W)~!(0). This proves that x € F.
Assume that there exists another subsequence {xu} of {x,} such that {Xn} converges

weakly to x”. By the above proof, we also have ' ¢ F. If x #x’, we get from Lemma
1.8 that
lim [lx, — %[| = lim inf|x,, — %| < lim inf|x,, — /||
n—00 i—00 00
= lim |x, — x| = liminf |x, — /||
n—0oo J—0o0

< lim inf ||x,,}. — 5c|| = lim |jx, — || .
J—> 00 n—oo

This derives a contradiction. Hence, we have x = x/. This implies that x, — x € F.
Let e, = Prx, . In view of (2.1), we obtain from Lemma 1.6 that {e,} converges strongly
to some ¢ € F. On the other hand, we see from x ¢ F that (x, —e,, e, —X) > 0.
Note that {x,} converges weakly to x. It follows that

(x—e e—Xx)>0.

This implies that x = e = lim,,_, .o P£x, . The proof is completed. ©

Page 8 of 14
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From Theorem 2.1, we can obtain the following immediately.

Theorem 2.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let S : C — C be a k-strict pseudocontraction, A, : C = H be an a,,-inverse strongly
monotone mapping and M,, : H — 2" be a maximal monotone operator such that D
(M,,) c C, where m € {1, 2, .., K}. Assume  that

F:=F(S)N ﬂN ) (A + My,)"1(0) # 0. Let {x,} be a sequence generated in the follow-
m=
ing manner:
X € C,
Vn = Zﬁ:l YamJrym(Xn — TnmAm¥n),
Xn+l = QpXp + (1 - an)(ﬂnyn + (1 - lsn)s)’n)/ n>0,

where ], o= (I +TymMp)™" Tum} is a sequence in (0, 20,,), {0}, (B}, and {Y,,m}

are sequences in (0, 1). Assume that the following restrictions are satisfied

(a) 0 <a,, <1y < by, <201, for each m e {1, 2, .., K};

® Y Yum=1i

(©0<k<B,<c<l,0<d<csa,<e<land0<h, < Ym< i, <1, where ay, ay, ...,
axg, by, b, ..., by, ¢, d, e, hy, hsy, ..., Wy, iy, iy, ..., ig are real numbers. Then the
sequence {x,} converges weakly to x € F, where X = lim,_, oo Prxy,-

If S = I, where I denotes the identity, then Theorem 2.2 is reduced to the following.

Corollary 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let A,, : C — H be an o,,-inverse strongly monotone mapping and M,, : H — 2" be a
maximal monotone operator such that D(M,,) < C, where m € {1, 2, ..., K}. Assume

that F = A A+ M) H(0) #@. Let {x,} be a sequence generated in the followin
g Am m 7 q & g

manmner:
K
x0 € C,  Xpy1 = Xy + (1 - Oln) § Vn,m]rn,m(xn - Tn,mAmxn)r n=>0,
m=1

where J. = (I + rn,mMm)il’ {rm} is a sequence in (0, 2a,,) and {a,.}, {B,} and {y,,

my are sequences in (0, 1). Assume that the following restrictions are satisfied

(a) 0 <a,, < 1 < by, < 20, for each me {1, 2, ..., K};

® Y Yum=1;

(000<c<sa,<d<land 0 <h, <Yy, <ip<l,

where ay, as, ..., ag, by, b, ..., by, ¢, d, hy, ho, ..., Wy, i1, Qo ..., ix are real numbers.

Then the sequence {x,} converges weakly to x € F, where X = lim,_, oo Prxy,.

3 Applications
Let H be a Hilbert space and f: H — (-, +] a proper convex lower semicontinuous
function. Then the subdifferential Jf of fis defined as follows:



Zhang Fixed Point Theory and Applications 2012, 2012:21
http://www fixedpointtheoryandapplications.com/content/2012/1/21

f(x)={yeH:f(z) = f(x)+{z—x, y), z€ H}, Vx € H.

From Rockafellar [9,30], we know that df is maximal monotone. It is easy to verify
that 0 € Jflx) if and only if flx) = min, 5 AY).

First, we consider the problem of finding common minimizers of proper convex
lower semicontinuous functions.

Theorem 3.1. Let H be a real Hilbert space. Let f: H — (-c0, +o0] and g : H — (-0,
+oo] be proper convex lower semi-continuous functions. Assume that
F :=(8f)"1(0) N (0g) 1 (0) # 0. Let {x,} be a sequence generated in the following man-

ner:

Xo € H,
- . llz—2xull?
2y = argmingep{g(z) + 25 b
X _ 2
Yn = arg mingcp{f(z) + szf:” 1y
Xna1 = X + (1 — @) (Yapn + (1 — ¥u)za), n > 0,

where {&,,}, {B,}, and {y,} are sequences in (0, 1). Assume that the following restric-
tions are satisfied

(@Q0<a<r,<b<ocand0<c<s,<d< o
b)0<h<o,<i<land0<j< vy, < k<],

where a, b, ¢, d, h, i, j, k are real numbers. Then the sequence {x,} converges weakly to
x e F, where X = lim,_, o Prxy.

Proof. Putting A = B = 0 and S = I, the identity mapping, we can conclude from The-
orem 2.1 the desired conclusion immediately. O

Let I be the indicator function of C, i.e.,

-] 8 res

Since Ic is a proper lower semicontinuous convex function on H, we see that the
subdifferential dlc of I is a maximal monotone operator.

Lemma 3.2. [12]Let C be a nonempty closed convex subset of a real Hilbert space H.
Let Pc be the metric projection from H onto C, dlc be the subdifferential of I, where I
is as defined in (3.1) and J, = (I + rdlc ). Then

y=Jx & y=Pcx, xeH, yeC.

Second, we consider the variation inequality (1.1).

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H
and Pc be the metric projection from H onto C. Let S : C — C be a k-strict pseudocon-
traction, A : C — H be an a-inverse strongly monotone mapping and B : C — H be a
B-inverse strongly monotone mapping. Assume that
F=F(S)NVI(C, A)NVI(C, B) #9. Let {x,} be a sequence generated in the following

manrner:

Page 10 of 14
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X0 € C,
Yn = YuPc(xn — mAxn) + (1 — vu)Pc(xn — suBxy),
Xne1 = O + (1 — an) (Buyn + (1 = Bu)Syn), n =0,

where {r,} is a sequence in (0, 200), {s,,} is a sequence in (0, 2P) and {c,}, {B,} and {y,}
are sequences in (0, 1). Assume that the following restrictions are satisfied

@0<ac<r,<b<20and0<c<s,<d<2b
b)0<sk<Pi<e<l,0<h<sa,<i<land0<j<y, < k<],

where a, b, ¢, d, e, h, i, j, k are real numbers. Then the sequence {x,} converges weakly
to x € F, where X = limy_, o0 PFxy.

Proof. Put M = W = dlc. Next, we show that V I(C, A) = (A + dIc)™(0) and VI(C, B)
= (B + 0l¢)'(0), respectively. Notice that

x€ (A+3lc)1(0) & 0e€Ax+dlcx
& —Ax € dlgx
& (Ax, y—x) >0
& x e VI(C, A)

In the same way, we can obtain that x € (B + dI¢)! & (0) x € V I(C, B). From
Lemma 3.2, we can conclude the desired conclusion immediately. O

Remark 3.1. Let S be a nonexpansive mapping, A = B, M = W and f3,, = 0 in Theo-
rem 3.3. Then Theorem 3.3 is reduced to Theorem 1.1 in Section 1.

Third, we consider the problem of finding common fixed points of three strict
pseudocontractions.

Theorem 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let S: C — C be a k-strict pseudocontraction, T : C — C be an o-strict pseudocontrac-
tion and R : C — C be a B-strict pseudocontraction. Assume that
F =FR)NF(S)NF(T) £ 0. Let {x,} be a sequence generated in the following manner:

Xo € C,
Yn = Yn((1 — 1)%n + 12 Txn) + (1 — ¥n)((1 — $p)xn + SnRxn),
Xns1 = nXn + (1 — o) (Bayn + (1 — Bu)Syn), n >0,

where {r,} is a sequence in (0, 1 - &), {s,.} is a sequence in (0, 1 - B) and {,}, {B,}
and {y,} are sequences in (0, 1). Assume that the following restrictions are satisfied

@0<a<r,<b<l-aand0<c<s,<d<l-J
b)0<sk<B,<e<l,0<h<a,<i<land0<j<vy, < k<],

where a, b, ¢, d, e, h, i, j, k are real numbers. Then the sequence {x,} converges weakly
to x € F, where X = limy,_, oo PFx,.

Proof. Putting A = I - T, we see that A is 1;“ -inverse-strongly monotone. We also
have F (T) = VI(C, A) and Pc (x, - r,Ax,) = (1 - r,)x, + r,Tx,. Putting B = I - R, we

see that B is 1;’3 -inverse-strongly monotone. We also have F(R) = V I(C, B) and P¢
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(x, - s,Bx,) = (1 - 5,,)x,, + $,,Ru,,. In view of Theorem 3.2, we can obtain the desired
result immediately. O

The following lemma can be found in [31,32].

Lemma 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H and
let F be a bifunction from C x C to R which satisfies (A1)-(A4). Then, for any r >0 and
o H, there exists 4 C such that

1
F(z, y) + -z z-x=z0, WweC
Further, define
1
Trh{ZGCIF(zr N+ =z z2-x=20 VyGC} (3.2)
for all r >0 and x € H. Then, the following hold:

(a) T, is single-valued,;

(b) T, is firmly nonexpansive, ie., for any x, y € H.,

| T = Toy||* < (Tox — Ty, x—p)i

(c) F (T}) = EP (F);
(d) EP (F) is closed and convex.

Lemma 3.6. [12]Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R which satisfies (A1)-(A4) and Ar be a multiva-
lued mapping from H into itself defined by

AFx={{zeH:F(x, y) = (y—x z), ¥yeC},xeC, (3.3)

@, xé¢C.

Then Ar is a maximal monotone operator with the domain
Tx= (I +1Ap)"'x, Vx € H, r > 0,and

Tx= (I +7Ap) " 'x, Vx € H, 1 > 0,

where T, is defined as in (3.2).

Finally, we consider the problem of finding common elements in solution set of
equilibrium problems and in the fixed point set of strict pseudocontractions.

Theorem 3.7. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R which satisfies (A1)-(A4), G be a bifunction from
C x C to R which satisfies (A1)-(A4) and S : C — C be a k-strict pseudocontraction.
Assume that F = F(S) N EP(F) N EP(G) # 0. Let {r,} and {s,} be two positive sequences
and {0}, {B,}, and {y,} sequences in (0, 1). Let {x,} be a sequence generated in the fol-
lowing manner:
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X0 € C,
Yn = Yan + (1 — vn)vn,
Xp+1 = Xy + (1 - O‘n) (,BnYn + (1 - ,Bn)SYn)/ n=>0,

where u,, is such that

1
F(up, u)+ (Uu—ty Uy —x,) >0, YueC
n

and v,, is such that
1
Gy, vV)+ (V=1 v, —x,) >0, YveC.
s

n

Assume that the following restrictions are satisfied

(@Q0<a<r,<b<ocowand0<c<s,<d<
b)0<sk<Pi<e<l,0<h<sa,<i<land0<j<vy, <k<l,

where a, b, ¢, d, e, h, i, j, k are real numbers. Then the sequence {x,} converges weakly

to x € F, where x = lim,_, oc PFxy,.

Proof. Putting A = B = 0, we can conclude from Lemma 3.6 the desired conclusion

immediately. O

Remark 3.2. Let S be a nonexpansive mapping, F = G and 3, = 0 in Theorem 3.7.

Then Theorem 3.7 is reduced to Theorem 1.2 in Section 1.
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