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Abstract
Let E be a real q-uniformly smooth Banach space, which is also uniformly convex (for
example, Lp or �p spaces, 1 < p < ∞), and C be a nonempty bounded closed convex
subset of E. Let T : C → C be a k-strictly asymptotically pseudocontractive map with a
nonempty fixed point set. A hybrid algorithm is constructed to approximate fixed
points of such maps. Furthermore, strong convergence of the proposed algorithm is
established.

Keywords: strong convergence; CQ method; k-strictly asymptotically
pseudocontractive mapping

1 Introduction
Let E be a real Banach space and E* be the dual of E. We denote the value of x* ∈ E* at
x ∈ E by 〈x,x*〉. The normalized duality mapping J from E to E* is defined by

J(x) =
{
x* ∈ E* :

〈
x,x*

〉
= ‖x‖ = ∥∥x*∥∥}

for all x ∈ E. It is known that a Banach space E is smooth if and only if the normalized
dualitymapping J is single valued. Some properties of the dualitymapping have been given
in [, ].
Let C be a nonempty subset of E. The mapping T : C → C is called nonexpansive if

‖Tx – Ty‖ ≤ ‖x – y‖

for all x, y ∈ C. Also, T is called uniformly L-Lipschitz if there exists a constant L >  such
that

∥∥Tnx – Tny
∥∥ ≤ L‖x – y‖

for all x, y ∈ C and each n ≥ . The mapping T : C → C is called k-strictly asymptotically
pseudocontractive if there exist a sequence {kn} in [,∞) with limn→∞ kn =  and a constant
k ∈ [, ), and for any x, y ∈ C, there exists j(x – y) ∈ J(x – y) such that

〈
Tnx – Tny, j(x – y)

〉 ≤ 

( + kn)‖x – y‖ – 


( – k)

∥∥x – Tnx –
(
y – Tny

)∥∥ (.)
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for each n≥ . If I denotes the identity operator, then (.) can be written in the form

〈(
I – Tn)x – (

I – Tn)y, j(x – y)
〉 ≥ 


( – k)

∥∥(
I – Tn)x – (

I – Tn)y∥∥

–


(kn – )‖x – y‖. (.)

The class of k-strictly asymptotically pseudocontractive mappings was first introduced in
Hilbert spaces by Qihou []. In Hilbert spaces, j is the identity and it is shown [] that (.)
(and hence (.)) is equivalent to the inequality

∥∥Tnx – Tny
∥∥ ≤ kn‖x – y‖ + k

∥∥(
I – Tn)x – (

I – Tn)y∥∥

which is the inequality considered by Qihou []. In the same paper, the author proved
strong convergence of the modifiedMann iteration processes for k-strictly asymptotically
pseudocontractive mappings in Hilbert spaces. The modifiedMann iteration scheme was
introduced by Schu [, ] and has been used by several authors (see, for example, [–]).
In [] Osilike extended Qihou’s result from Hilbert spaces to much more general real
q-uniformly smooth Banach spaces,  < q <∞.
The classes of nonexpansive and asymptotically nonexpansive mappings are important

classes of mappings because they have applications to solutions of differential equations
which have been studied by several authors (see, e.g., [–] and references contained
therein). It would be of interest to study the class of k-strictly asymptotically pseudocon-
tractive mappings in view of the fact that it is closely related to the above two classes.
On the other hand, using the metric projection, Matsushita and Takahashi [] intro-

duced the following iterative algorithm for nonexpansive mappings: x = x ∈ C and

⎧⎪⎪⎨
⎪⎪⎩
Cn = co{z ∈ C : ‖z – Tz‖ ≤ tn‖xn – Txn‖},
Dn = {z ∈ C : 〈xn – z, J(x – xn)〉 ≥ },
xn+ = PCn∩Dnx, n = , , , . . . ,

(.)

where coD denotes the convex closure of the set D, J is the normalized duality mapping,
{tn} is a sequence in (, ) with tn → , and PCn∩Dn is the metric projection from E onto
Cn ∩Dn. Then, they proved that {xn} generated by (.) converges strongly to a fixed point
of the mapping T .
In this paper, motivated by these facts, we introduce the following iterative algorithm

for finding fixed points of a k-strictly asymptotically pseudocontractive mapping T in a
uniformly convex and q-uniformly smooth Banach space: x = x ∈ C, C =D = C and

⎧⎪⎪⎨
⎪⎪⎩
Cn = co{z ∈ Cn– : ‖z – Tnz‖ ≤ tn‖xn – Tnxn‖},
Dn = {z ∈ Dn– : 〈xn – z, J(x – xn)〉 ≥ },
xn+ = PCn∩Dnx, n = , , . . . ,

(.)

where coD denotes the convex closure of the set D, J is the normalized duality mapping,
{tn} is a sequence in (, ) with tn → , and PCn∩Dn is the metric projection from E onto
Cn ∩Dn.
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The purpose of this paper is to establish a strong convergence theorem of the iterative
algorithm (.) for k-strictly asymptotically pseudocontractive mappings in a uniformly
convex and q-uniformly smooth Banach space.

2 Preliminaries
The modulus of smoothness of a Banach space E is the function ρE : [,∞) → [,∞) de-
fined by

ρE(t) = sup

{


(‖x + y‖ + ‖x – y‖) –  : ‖x‖ ≤ ,‖y‖ ≤ t

}
.

E is uniformly smooth if and only if limt→+ ρE(t)/t = . Let q > . The Banach space E
is said to be q-uniformly smooth if there exists a constant c >  such that ρE(t) ≤ ctq.
Hilbert spaces, Lp (or �p) spaces,  < p < ∞, and the Sobolev spaces, Wp

m,  < p < ∞, are
q-uniformly smooth.
When {xn} is a sequence in E, we denote strong convergence of {xn} to x ∈ E by xn → x

and weak convergence by xn ⇀ x. The Banach space E is said to have the Kadec-Klee
property if for every sequence {xn} in E, xn ⇀ x and ‖xn‖ → ‖x‖ imply that xn → x. Every
uniformly convex Banach space has the Kadec-Klee property [].
Let C be a nonempty closed convex subset of a reflexive, strictly convex, and smooth

Banach space E. Then for any x ∈ E, there exists a unique point x ∈ C such that

‖x – x‖ =min
y∈C ‖y – x‖.

Themapping PC : E → C defined by PCx = x is called themetric projection from E ontoC.
Let x ∈ E and u ∈ C. Then it is known that u = PCx if and only if

〈
u – y, J(x – u)

〉 ≥  (.)

for all y ∈ C ( see [, ]).
In the sequel, we need the following results.

Proposition . (See []) Let C be a bounded closed convex subset of a uniformly con-
vex Banach space E. Then there exists a strictly increasing convex continuous function
γ : [,∞) → [,∞) with γ () =  depending only on the diameter of C such that

γ

(∥∥∥∥∥
n∑
i=

λiTxi – T

( n∑
i=

λixi

)∥∥∥∥∥
)

≤ max
≤i<j≤n

(‖xi – xj‖ – ‖Txi – Txj‖
)

holds for any nonexpansivemapping T : C → E, any elements x, . . . ,xn in C, and any num-
bers λ, . . . ,λn ≥  with λ + · · · + λn = .

Corollary . [, Corollary .] Under the same suppositions as in Proposition ., there
exists a strictly increasing convex continuous function γ : [,∞) → [,∞) with γ () = 
depending only on the diameter of C such that

γ

(∥∥∥∥∥
n∑
i=

λixi – T

( n∑
i=

λixi

)∥∥∥∥∥
)

≤ max
≤i≤n

(‖xi – Txi‖
)
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holds for any nonexpansivemapping T : C → E, any elements x, . . . ,xn in C, and any num-
bers λ, . . . ,λn ≥  with λ + · · · + λn = . (Note that γ does not depend on T .)

In order to utilize Corollary . for k-strictly asymptotically pseudocontractive map-
pings, we need the following lemmas.

Lemma . [] Let E be a real Banach space, C be a nonempty subset of E, and T :
C → C be a k-strictly asymptotically pseudocontractive mapping. Then T is uniformly L-
Lipschitzian.

Lemma . [, Lemma .] Let E be a real q-uniformly smooth Banach space and C
be a nonempty convex subset of E. Let T : C → C be a k-strictly asymptotically pseudo-
contractive map, and let {αn} be a real sequence in [, ]. Define Sn : C → C by Snx :=
( – αn)x + αnTnx for all x ∈ C. Then for all x, y ∈ C, we have

‖Snx – Sny‖q ≤
(
 +

q

αn(kn – )

)
‖x – y‖q

– αn

(
q

( – k)( + L)–(q–) – cqαq–

n

)∥∥(
I – Tn)x – (

I – Tn)y∥∥q,

where L is the uniformly Lipschitzian constant of T and cq >  is the constant which ap-
peared in [, Theorem .].

Let β =min{, [ q (–k)(+L)–(q–)/cq]/(q–)} and choose α ∈ (,β). Set αn = α for all n≥ 
in Lemma . and observe that ‖Snx – Sny‖q ≤ ( + q

α(kn – ))‖x – y‖q. Thus,

‖Snx – Sny‖ ≤
(
 +

q

α(kn – )

)/q

‖x – y‖ (.)

for all x, y ∈ C and each n≥ .

Theorem . [, Theorem .] Let E be a real q-uniformly smooth Banach space which
is also uniformly convex. Let C be a nonempty closed convex subset of E and T : C → C
be a k-strictly asymptotically pseudocontractive mapping with a nonempty fixed point set.
Then (I – T) is demiclosed at zero, i.e., if xn ⇀ x and xn – Txn → , then x ∈ F(T), where
F(T) is the set of all fixed points of T .

3 Strong convergence theorem
In this section, we study the iterative algorithm (.) for finding fixed points of k-strictly
asymptotically pseudocontractive mappings in a uniformly convex and q-uniformly
smooth Banach space. We first prove that the sequence {xn} generated by (.) is well
defined. Then, we prove that {xn} converges strongly to PF(T)x, where PF(T) is the metric
projection from E onto F(T).

Lemma . Let C be a nonempty closed convex subset of a reflexive, strictly convex, and
smooth Banach space E, and let T : C → C be a mapping. If F(T) �= ∅, then the sequence
{xn} generated by (.) is well defined.
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Proof It is easy to check that Cn ∩Dn is closed and convex and F(T)⊂ Cn for each n ∈N.
Moreover, D = C and so F(T) ⊂ C ∩D. Suppose F(T) ⊂ Ck ∩Dk for k ∈ N. Then there
exists a unique element xk+ ∈ Ck ∩Dk such that xk+ = PCk∩Dkx. If u ∈ F(T), then it follows
from (.) that

〈
xk+ – u, J(x – xk+)

〉 ≥ ,

which implies u ∈Dk+. Therefore, F(T)⊂ Ck+ ∩Dk+. By themathematical induction, we
obtain that F(T)⊂ Cn ∩Dn for all n ∈N. Therefore, {xn} is well defined. �

In order to prove our main result, the following lemma is needed.

Lemma . Let C be a nonempty bounded closed convex subset of a real q-uniformly
smooth and uniformly convex Banach space E. Let T : C → C be a k-strictly asymptot-
ically pseudocontractive mapping with {kn} such that F(T) �= ∅. Let {xn} be the sequence
generated by (.), then for any j ∈N,

lim
n→∞

∥∥xn – Tn–jxn
∥∥ = .

Proof Fix j ∈ N and put m = n – j. Since xn = PCn–∩Dn–x, we have xn ∈ Cn– ⊆ · · · ⊆ Cm.
Since tm > , there exist y, . . . , yN ∈ C and λ, . . . ,λN ≥  with λ + · · · + λN =  such that

∥∥∥∥∥xn –
N∑
i=

λiyi

∥∥∥∥∥ < tm, (.)

and ‖yi – Tmyi‖ ≤ tm‖xm – Tmxm‖ for all i ∈ {, . . . ,N}. It follows from Lemma . that T
is uniformly L-Lipschitzian. PutM = supx∈C ‖x‖, u = PF(T)x and r = supn≥( +L)‖xn –u‖.
Thus,

∥∥yi – Tmyi
∥∥ ≤ tm

∥∥xm – Tmxm
∥∥ ≤ tm( + L)‖xm – u‖ ≤ rtm (.)

for all i ∈ {, . . . ,N}. Define Hm : C → E by

Hmx =

am

Smx

for all x ∈ C, where am = ( + q
α(km – ))/q and Sm is as in (.). It follows from (.) that

Hm is nonexpansive. Using (.) and the fact that ‖yi – Smyi‖ = α‖yi – Tmyi‖, we have

‖yi –Hmyi‖ ≤
(
 –


am

)
‖yi‖ + 

am
‖yi – Smyi‖ ≤

(
 –


am

)
M + αrtm (.)

for all i ∈ {, . . . ,N}. It follows from Corollary ., (.), and (.) that

‖xn –Hmxn‖ ≤
∥∥∥∥∥xn –

N∑
i=

λiyi

∥∥∥∥∥ +

∥∥∥∥∥
N∑
i=

λiyi –Hm

( N∑
i=

λiyi

)∥∥∥∥∥
+

∥∥∥∥∥Hm

( N∑
i=

λiyi

)
–Hmxn

∥∥∥∥∥
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≤ tm + γ –
(
max
≤i≤N

‖yi –Hmyi‖
)

≤ tm + γ –
((

 –

am

)
M + αrtm

)
.

Since limn→∞ an =  and limn→∞ tn = , it follows from the last inequality that limn→∞ ‖xn–
Hmxn‖ = . Thus, limn→∞ ‖xn–Smxn‖ =  and so limn→∞ ‖xn–Tmxn‖ = . This completes
the proof. �

Theorem . Let C be a nonempty bounded closed convex subset of a real q-uniformly
smooth and uniformly convex Banach space E. Let T : C → C be a k-strictly asymptotically
pseudocontractivemapping with {kn} such that F(T) �= ∅. Let {xn} be the sequence generated
by (.).Then {xn} converges strongly to the element PF(T)x of F(T),where PF(T) is the metric
projection from E onto F(T).

Proof Put u = PF(T)x. Since F(T) ⊂ Cn ∩Dn and xn+ = PCn∩Dnx, we have that

‖x – xn+‖ ≤ ‖x – u‖ (.)

for all n ∈N. By Lemma ., we have

‖xn – Txn‖ ≤ ∥∥xn – Tn–xn
∥∥ +

∥∥Tn–xn – Txn
∥∥

≤ ∥∥xn – Tn–xn
∥∥ + L

∥∥Tn–xn – xn
∥∥ →  as n→ ∞.

Since {xn} is bounded, there exists {xni} ⊂ {xn} such that xni ⇀ v. It follows from Theo-
rem . (demiclosedness of T ) that v ∈ F(T). From the weakly lower semicontinuity of
norm and (.), we obtain

‖x – u‖ ≤ ‖x – v‖ ≤ lim inf
i→∞ ‖x – xni‖ ≤ lim sup

i→∞
‖x – xni‖ ≤ ‖x – u‖.

This together with the uniqueness of PF(T)x implies u = v, and hence xni ⇀ u. Therefore,
we obtain xn ⇀ u. Furthermore, we have that

lim
n→∞‖x – xn‖ = ‖x – u‖.

Since E is uniformly convex, using the Kadec-Klee property, we have that x – xn → x – u.
It follows that xn → u. This completes the proof. �
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