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Abstract

Let £ be a real g-uniformly smooth Banach space, which is also uniformly convex (for
example, L, or £, spaces, 1 < p < 00), and C be a nonempty bounded closed convex
subset of £. Let T: C — C be a k-strictly asymptotically pseudocontractive map with a
nonempty fixed point set. A hybrid algorithm is constructed to approximate fixed
points of such maps. Furthermore, strong convergence of the proposed algorithm is
established.
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1 Introduction
Let E be a real Banach space and E" be the dual of E. We denote the value of x" € E™ at
x € E by (x,4"). The normalized duality mapping J from E to 2£  is defined by

J@) = [ € B (x2") = )% = |« *)

for all x € E. It is known that a Banach space E is smooth if and only if the normalized
duality mapping/ is single valued. Some properties of the duality mapping have been given
in [1, 2].

Let C be a nonempty subset of E. The mapping T : C — C is called nonexpansive if

T - Tyl < llx =l

forall %,y € C. Also, T is called uniformly L-Lipschitz if there exists a constant L > 0 such
that

| 7%= T"y| < Lilx -yl

for all x,y € C and each n > 1. The mapping T : C — C is called k-strictly asymptotically
pseudocontractive if there exist a sequence {k;,} in [1, 00) with lim,,_, « k,, = 1 and a constant
k €[0,1), and for any %,y € C, there exists j(x — y) € J(x — y) such that

1 1
(T =Ty =3)) < S U r k)l =3I = S A=K = T~ (y = ") (L.1)
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for each n > 1. If I denotes the identity operator, then (1.1) can be written in the form

=T (= Pt = SR T (- T
~ 5 (Dl (1.2)

The class of k-strictly asymptotically pseudocontractive mappings was first introduced in
Hilbert spaces by Qihou [3]. In Hilbert spaces, j is the identity and it is shown [4] that (1.1)
(and hence (1.2)) is equivalent to the inequality

| 7%= T"y|* < kallw =311 + k| (1 = T") = (1 = ")y

which is the inequality considered by Qihou [3]. In the same paper, the author proved
strong convergence of the modified Mann iteration processes for k-strictly asymptotically
pseudocontractive mappings in Hilbert spaces. The modified Mann iteration scheme was
introduced by Schu [5, 6] and has been used by several authors (see, for example, [7-12]).
In [13] Osilike extended Qihou’s result from Hilbert spaces to much more general real
g-uniformly smooth Banach spaces, 1 < g < co.

The classes of nonexpansive and asymptotically nonexpansive mappings are important
classes of mappings because they have applications to solutions of differential equations
which have been studied by several authors (see, e.g., [14—16] and references contained
therein). It would be of interest to study the class of k-strictly asymptotically pseudocon-
tractive mappings in view of the fact that it is closely related to the above two classes.

On the other hand, using the metric projection, Matsushita and Takahashi [17] intro-
duced the following iterative algorithm for nonexpansive mappings: xo = x € C and

Ci=co{ze C: |z - Tzl < tullx, — Txull},
D,={zeC:{x,—z,](x—x,)) > 0}, (1.3)

Xne1 = Pc,np,%, n=0,1,2,...,

where coD denotes the convex closure of the set D, J is the normalized duality mapping,
{t.} is a sequence in (0,1) with t, — 0, and P¢,np, is the metric projection from E onto
C,ND,. Then, they proved that {x,} generated by (1.3) converges strongly to a fixed point
of the mapping T.

In this paper, motivated by these facts, we introduce the following iterative algorithm
for finding fixed points of a k-strictly asymptotically pseudocontractive mapping T in a
uniformly convex and g-uniformly smooth Banach space: x; =x € C, Cy = Dy = C and

Ch=cofz€ Cya:llz=T"z| < tullxy — T"x4ull},
D, ={ze Dy : (%, —2z](x—x,)) >0}, (L.4)

Xn+1 :PCnﬁDy,x¢ n= 172’---7

where coD denotes the convex closure of the set D, J is the normalized duality mapping,
{t.} is a sequence in (0,1) with ¢, — 0, and P¢,np, is the metric projection from E onto
C,ND,.
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The purpose of this paper is to establish a strong convergence theorem of the iterative
algorithm (1.4) for k-strictly asymptotically pseudocontractive mappings in a uniformly
convex and g-uniformly smooth Banach space.

2 Preliminaries

The modulus of smoothness of a Banach space E is the function pg : [0,00) — [0,00) de-
fined by

1
pE(t) = sup 5(|Ix+y|| +llx—yll) -1 llxll <1, Iyl <¢§.

E is uniformly smooth if and only if lim;_, o+ pg(£)/t = 0. Let g > 1. The Banach space E
is said to be g-uniformly smooth if there exists a constant ¢ > 0 such that pg(f) < ct?.
Hilbert spaces, L, (or £,) spaces, 1 < p < 0o, and the Sobolev spaces, W, 1 < p < 00, are
g-uniformly smooth.

When {x,} is a sequence in E, we denote strong convergence of {x,} tox € E by x,, > x
and weak convergence by x, — x. The Banach space E is said to have the Kadec-Klee
property if for every sequence {x,} in E, x, — x and ||x,|| — ||x| imply that x,, — x. Every
uniformly convex Banach space has the Kadec-Klee property [1].

Let C be a nonempty closed convex subset of a reflexive, strictly convex, and smooth
Banach space E. Then for any x € E, there exists a unique point x, € C such that

llxo — x|l = min ||y — x||.
yeC

The mapping Pc : E — C defined by Pcx = xy is called the metric projection from E onto C.
Let x € E and u € C. Then it is known that u = Pcx if and only if

(w-yJ(x-u)>0 (2.)

forall y € C ( see [1, 18]).
In the sequel, we need the following results.

Proposition 2.1 (See [19]) Let C be a bounded closed convex subset of a uniformly con-
vex Banach space E. Then there exists a strictly increasing convex continuous function
y :[0,00) — [0, 00) with y(0) = 0 depending only on the diameter of C such that

V4 ( i)»,-Txi - T(i )»,-x,-)
i=1 i=1

holds for any nonexpansive mapping T : C — E, any elements xy,...,x, in C, and any num-
bers A, ..., Ay =0 withd+---+ A, =1.

1<i<j

) < ma)én(llxi —xjll = | Tx; — Tjll)

Corollary 2.2 [20, Corollary 1.2] Under the same suppositions as in Proposition 2.1, there
exists a strictly increasing convex continuous function y : [0,00) — [0, 00) with y(0) =0
depending only on the diameter of C such that

Y ( i )»,'x,' — T(Xn: )»,x,)
i=1 i=1

’) < max (|lx; — Tx:|))
1<i<nmn


http://www.fixedpointtheoryandapplications.com/content/2012/1/208

Dehghan and Shahzad Fixed Point Theory and Applications 2012, 2012:208 Page 4 of 7
http://www.fixedpointtheoryandapplications.com/content/2012/1/208

holds for any nonexpansive mapping T : C — E, any elements x,, ..., x, in C, and any num-
bers Ayy..., hy =0 with A + - - - + A, = 1. (Note that y does not depend on T')

In order to utilize Corollary 2.2 for k-strictly asymptotically pseudocontractive map-

pings, we need the following lemmas.

Lemma 2.3 [4] Let E be a real Banach space, C be a nonempty subset of E, and T :
C — C be a k-strictly asymptotically pseudocontractive mapping. Then T is uniformly L-
Lipschitzian.

Lemma 2.4 [21, Lemma 3.1] Let E be a real g-uniformly smooth Banach space and C
be a nonempty convex subset of E. Let T : C — C be a k-strictly asymptotically pseudo-
contractive map, and let {a,} be a real sequence in [0,1]. Define S, : C — C by S,x :=
(1-op)x+0a,T"x for all x € C. Then for all x,y € C, we have

1S — Sny”q = <1 + gan(kn - 1)> |3 —J’||q

q
)

- an(g(l —k@+L)y"e? - cqoch> || (I - T”)x - (1 - T”)y

where L is the uniformly Lipschitzian constant of T and c; > 0 is the constant which ap-

peared in [21, Theorem 2.1].

Let B = min{1, [£(1-k)(1+L)"%?/c,]"4"V} and choose « € (0, B). Seta, = o forall n > 1
in Lemma 2.4 and observe that ||S,x — S,y||7 < (1 + %’a(k,, —1))||x — y||9. Thus,

1/q
1Sn% = Suyll < (1 + ga(kn - 1)) llx =yl (2:2)

forallx,y € C and each n > 1.

Theorem 2.5 [21, Theorem 3.1] Let E be a real q-uniformly smooth Banach space which
is also uniformly convex. Let C be a nonempty closed convex subset of E and T : C — C
be a k-strictly asymptotically pseudocontractive mapping with a nonempty fixed point set.
Then (I — T) is demiclosed at zero, i.e., if x, — x and x, — Tx,, — 0, then x € F(T), where
F(T) is the set of all fixed points of T .

3 Strong convergence theorem

In this section, we study the iterative algorithm (1.4) for finding fixed points of k-strictly
asymptotically pseudocontractive mappings in a uniformly convex and g-uniformly
smooth Banach space. We first prove that the sequence {x,} generated by (1.4) is well
defined. Then, we prove that {x,} converges strongly to Prr)x, where Pr(r) is the metric

projection from E onto F(T).

Lemma 3.1 Let C be a nonempty closed convex subset of a reflexive, strictly convex, and
smooth Banach space E, and let T : C — C be a mapping. If F(T) # (), then the sequence
{x,} generated by (1.4) is well defined.
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Proof 1t is easy to check that C, N D, is closed and convex and F(T) C C, for each n € N.
Moreover, D; = C and so F(T) C C; N Dy. Suppose F(T) C Cx N Dy for k € N. Then there
exists a unique element x;,; € Cx N Dy such that xx,; = Pc,np, . If u € F(T), then it follows
from (2.1) that

(xk+1 - u,](x - xk+1)> > 0)

which implies u# € Dy,;. Therefore, F(T) C Ciy1 N Dgy1. By the mathematical induction, we
obtain that F(T) C C,, N D,, for all n € N. Therefore, {x,} is well defined. O

In order to prove our main result, the following lemma is needed.

Lemma 3.2 Let C be a nonempty bounded closed convex subset of a real q-uniformly
smooth and uniformly convex Banach space E. Let T : C — C be a k-strictly asymptot-
ically pseudocontractive mapping with {k,} such that F(T) # (. Let {x,} be the sequence
generated by (1.4), then for any j € N,

lim [x, — T" 7, = 0.
n—00

Proof Fix j € N and put m = n —j. Since w,, = Pc, np, %> we havex, € C,.; € --- € C,,.
Since t,,, > 0, there exist y;,...,yy € C and Aq,..., Ay > 0 with A; + - -+ + Ay = 1 such that

< by, (3.1)

N
Xy — Z AiYi
i-1

and ||y; — T"y;|| < twllxm — T"x,, || foralli € {1,...,N}. It follows from Lemma 2.3 that T
is uniformly L-Lipschitzian. Put M = sup,.c ||x|l, # = Pr(p)x and rg = sup,,..; (1 + L) [|x, — u].
Thus,

i = T9: || <t m = T %m || < tin (L + L)% — el < roty (3.2)

forallie(l,...,N}. Define H,,: C — E by

1
H,x=—S8,x
Am
for all x € C, where a,,, = (1 + %a(km —1))Y4 and S,, is as in (2.2). It follows from (2.2) that
H,, is nonexpansive. Using (3.2) and the fact that ||y; — S,,,y:l| = «||y; — T"y:|l, we have

1 1 1
)Ilyill * i = Swyill = (1 - a—>M + Tty (3.3)

1- —
am m

yi = Hmyill < (

foralli e ({1,...,N}. It follows from Corollary 2.2, (3.1), and (3.3) that

N N N
o= D M| + || D Aiyi = Hi (Z M’i)
i=1 i=1 i=1

N
Hm (Z Aiyi) - men
i=1

”xn _men” S +

+
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<2+ y‘l(maﬁz ly: - HmJ’i”)

1<i<

1
<2, + y‘1<<1 - —)M + ozrotm>.
Am

Sincelim,_, o @, = 1and lim,_, ¢, = 0, it follows from the last inequality that lim,,_, » ||x,,—
H,,x,|| = 0. Thus, lim,_, o [|%, — S;u%y |l = 0 and so lim,,_, o ||x, — "%, || = 0. This completes
the proof. d

Theorem 3.3 Let C be a nonempty bounded closed convex subset of a real q-uniformly
smooth and uniformly convex Banach space E. Let T : C — C be a k-strictly asymptotically
pseudocontractive mapping with {k,} such that F(T) # (. Let {x,} be the sequence generated
by (1.4). Then {x,} converges strongly to the element Prp\x of F(T), where Pg(r) is the metric
projection from E onto F(T).

Proof Put u = Pr¢ryx. Since F(T) C C, N D, and %,,41 = Pc,np,*, we have that
lloe — x| < [l — ull (3.4)
for all n € N. By Lemma 3.2, we have

960 = Txull < ||2n = T" || + || T 20 — T |

< ”x,, - Tk, ” +LH T 2%, — x, ” —0 asn— 0.

Since {x,} is bounded, there exists {x,,} C {x,} such that x,, — v. It follows from Theo-
rem 2.5 (demiclosedness of T) that v € F(T). From the weakly lower semicontinuity of

norm and (3.4), we obtain

le =2l < lle=v] < hirgégfllx = % || < limsup [l — 2, || < [l — 2]

1— 00

This together with the uniqueness of Pr(r)x implies # = v, and hence x,,, — u. Therefore,

we obtain x,, — u. Furthermore, we have that
lim [lx — x| = [l — u]|.
n— o0

Since E is uniformly convex, using the Kadec-Klee property, we have that x — x, — x — u.

It follows that x,, — u. This completes the proof. d
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