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Abstract

In this work, we consider a general algorithm for a countable family of nonexpansive
mappings in Banach spaces. We proved that the proposed algorithm converges
strongly to a common fixed point of a countable family of nonexpansive mappings
which solves uniquely the corresponding variational inequality. It is worth pointing
out that our proofs contain some new techniques. Our results improve and extend
the corresponding ones announced by many others.
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1 Introduction
Let X be a real Banach space and let C be a nonempty closed convex subset of X. Recall
that a mapping 7 : C — C is said to be nonexpansive if | Tx — Ty| < ||x - y||, Vx,y € C. We
denote by Fix(T) the set of fixed points of 7.

In 2009, Yao et al. [1] considered the following algorithm in a Hilbert space. For an
arbitrary point xy € C,

Yn = PC[(l - an)an
Kn+l = (1 - ﬁn)xn + ﬁnTym n>0.

(1.1)

They proved if {«,} and {8,} satisfy appropriate conditions, the {x,} defined by (1.1) con-
verges strongly to a fixed point of T
Recently, motivated and inspired by the above results, Wang and Hu [2] introduced the

following algorithm in a Hilbert space. For an arbitrary point x; € C,

Yn = PC[(I_ anF)xn]:
Xn+l = (1 - ﬁn)xn + ﬁnTnym n= 1,

(12)

where Pc : X — C is a metric projection, F: C — X is a #-Lipschitzian and 7n-strongly
monotone operators. They proved that the proposed algorithm converges strongly to x” €
M2, Fix(T,), which solves the variational inequality (Fx',x" —u) <0, u € (oe, Fix(7},).
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On the other hand, Aoyama et al. [3] considered the following algorithm in a uniformly

convex and 2-uniformly smooth Banach space. For x; =x € C,
Xpsl = OpXy + (1 - an)QC(xn - )\nAxn)r (13)

where Q¢ : X — C is a sunny nonexpansive retraction, and A is a -Lipschitzian and
n-inverse strongly accretive operator. They proved that {x,} generated by (1.3) converges
weakly to a unique element z of S(C, A), where S(C,A) = {u € C: (Au, j(v—u)) > 0,Vv € C}.

The results of Yao et al. [1] and Wang and Hu [2] both are obtained when the underlying
space is a Hilbert space. Meanwhile, Aoyama et al. [3] just obtained a weak convergence
theorem for strongly accretive and Lipschitzian operators. So, the above results bring us

the following natural question.

Question 1.1 How to extend the results of Yao et al. [1] and Wang and Hu [2] to the more

general uniformly convex and 2-uniformly smooth Banach space?

In this work, motivated and inspired by the above results, we introduce a general al-
gorithm (3.1) (defined below) for a countable family of nonexpansive mappings in a uni-
formly convex and 2-uniformly smooth Banach space. We prove that the sequence {x,}
defined by (3.1) converges strongly to ™ € ()2, Fix(T},), which solves uniquely the varia-
tional inequality (Fx',j(x" — u)) < 0, u € (-, Fix(T},). Furthermore, we provide an affir-
mative answer to Question 1.1. It is worth pointing out that our proofs contain some new

techniques.

2 Preliminaries
Let X be a real Banach space with the norm || - || and let X" be its dual space. The value of
f € X and x € X will be denoted by (x,f). For the sequence {x,} in X, we write x, — x to
indicate that the sequence {x,} converges weakly to x. x, — x means that {x,} converges
strongly to x.

Let n > 0. A mapping F from C into X is said to be n-strongly accretive if there exists
jlx —y) € J(x — y) such that

(Fx — Ey,jx — ) = nllx -y
for all x,y € C. A mapping F from C into X is said to be 8-Lipschitzian if, for 8 > 0,

1Ex — Eyll < Bllx - yll
for all x,y € C. It is well known that the 7-strongly accretive operators are the extension
of the n-strongly monotone operators from Hilbert spaces to Banach spaces.

Let U = {x € X : ||x|| =1}. A Banach space X is said to be uniformly convex if, for each
€ € (0,2], there exists § > 0 such that, for any x,y € U,

<1-6.

X+
lx—yl =€ implies H Ty
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It is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach
space X is said to be smooth if the limit

. X+ tyl| — [|x
e

2.1
t—0 t ( )

exists for all x,y € U. It is said to be uniformly smooth if the limit (2.1) is attained uni-
formly for x,y € U. Also, we define a function p : [0,00) — [0, 00) called the modulus of
smoothness of X as follows:

1
p(t) = Sup{§(||x+y|| +lx=yl) ~1:xy € X, llxl = 1|yl = T}~

It is known that X is uniformly smooth if and only if lim;_,¢ p(r)/t = 0. Let g be a fixed
real number with 1 < g < 2. Then a Banach space X is said to be g-uniformly smooth if
there exists a constant ¢ > 0 such that p(t) < ct? for all T > 0. One should note that no
Banach space is g-uniformly smooth for g > 2; see [4] for more details. So, in this paper,
we focus on a 2-uniformly smooth Banach space. It is well known that Hilbert spaces and
Lebesgue L? (p > 2) spaces are uniformly convex and 2-uniformly smooth.

In order to prove our main results, we need the following lemmas.

Lemma 2.1 ([5]) Let q be a given real number with 1 < q <2 and let X be a q-uniformly
smooth Banach space. Then

e+ y17 < 12017 + g{y, Jg(0)) + 211 Ky |17

Sor all x,y € X, where K is the q-uniformly smooth constant of X and J; is the generalized
duality mapping from X into 2% defined by

Jo@) = {f € X f) = %1% IF 1 = %177
forallx € X.

Let D be a subset of C and let Q be a mapping of C into D. Then Q is said to be sunny if

Q[Q) +t(x - QW))] = Q)

whenever Q(x) + t(x — Q(x)) € C for x € C and ¢ > 0. A mapping Q of C into itself is called
aretraction if Q? = Q. If a mapping Q of C into itself is a retraction, then Q(z) = z for every
z € R(Q), where R(Q) is the range of Q. A subset D of C is called a sunny nonexpansive
retract of C if there exists a sunny nonexpansive retraction from C onto D. The following
lemma concerns the sunny nonexpansive retraction.

Lemma 2.2 ([6]) Let C be a closed convex subset of a smooth Banach space X, let D be a
nonempty subset of C and Q be a retraction from C onto D. Then Q is sunny and nonex-
pansive if and only if

(- QM),j(y - Q) <0

forallue CandyeD.
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Remark 2.3 It is well known that if X is a Hilbert space, then a sunny nonexpansive re-
traction Q¢ : X — C is coincident with the metric projection P¢ from X onto C.

Lemma 2.4 ([7]) Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space X and let T be a nonexpansive mapping of C into itself. If {x,,} is a sequence
of C such that x,, — x and x, — Tx,, — 0, then x is a fixed point of T

Lemma 2.5 ([8, 9]) Let {s,} be a sequence of non-negative real numbers satisfying
Sl < (L= Ap)spy + Apby + Vu, n2=0,

where {A,}, (8.} and {y,} satisfy the following conditions: (i) {1,} C [0,1] and > o dn =
00, (ii) limsup,_, . 8, < 0 or Y o2 Audy < 00, (iil) ¥, = 0 (1 > 0), Y o2 vu < 00. Then

limy,— 00 $, = 0.

Lemma 2.6 ([10, Lemma 3.2]) Let C be a nonempty closed convex subset of a Banach
space E. Suppose that

> " sup{|| Tunz - Tuzl 1z € C} < 00.

n=1

Then, for each y € C, {T,y} converges strongly to some point of C. Moreover, let T be a
mapping of C into itself defined by Ty =lim,_, o T,y for all y € C. Then lim,,_, », sup{|| Tz —
T,z||:ze C}=0.

Furthermore, we need the following extension of Lemma 2.5 in Wang and Hu [2] in a
2-uniformly smooth Banach space.

Lemma2.7 Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach
space X. Let F : C — X be a B-Lipschitzian and n-strongly accretive operator with 0 < n <
V2BK and 0 < t < n/2B*K?. Then S = (I — tF) : C — X is a contraction with a contraction

coefficient t; = \/1 - 2t(n — tB2K?).

Proof Using Lemma 2.1, we have

ISx = Syl? = || (x - y) - t(Fx — By)||*
< llx = ylI* = 2t(Fx — Fy, j(x — y)) + 2£°K?|| Fx - Fy|)?
< |l =yl = 2tnllx -y + 262 B2K?||x - y||>

= [1-2¢(n ~tp°K?) ]l ~ yII?
for all x,y € C. From 0 < < /28K and 0 < £ < /282K?, we have
[Sx = Syll < wllx = yll,

where 7; = /1 - 2t(n — tB2K?) € (0,1). Hence, S is a contraction with a contraction coeffi-
cient ;. O
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3 Main results
We now state and prove the main results of this paper.

Theorem 3.1 Let C be a nonempty closed convex subset and sunny nonexpansive re-
tract of a uniformly convex and 2-uniformly smooth Banach space X. Let F: C — X be a
B-Lipschitzian and n-strongly accretive operator with 0 < n < </2BK. Let {T,} be a se-
quence of nonexpansive mappings from C into itself such that ", sup{|| Tys1z — Tzl : 2 €
B} < 00 for each bounded subset B of C. Suppose, in addition, that Fix(T) = (-, Fix(T,) #
@, where T : C — C is the nonexpansive mapping defined by Tz = lim,_,», T,z. Let Qc be a
sunny nonexpansive retraction from X onto C. Let {a,} and {B,} be two real sequences in
(0,1) and satisfy the following conditions:

(A1) limyooay=0andy o) a, =00;

(A2) 0<liminf, o B, <limsup,_, . B, <1.

For given x, € C arbitrarily, let the sequence {x,} be generated by

Yn = Qc( — 0, F)xy,
Xpe1 = (1 - ﬁn)xn + Bu Tnym n>1

(3.1)

Then the sequence {x,} strongly converges to a pointx* € (e, Fix(T,,) which solves uniquely
the variational inequality

(B ~w) <0, we [Fix(T,)

n=1

Proof We proceed with the following steps.

Step 1. We claim that {x,} is bounded. From lim,,_, o &, = 0, we may assume, without loss
of generality, that 0 < o, < 1/2B2K? — € for all n, where € is an arbitrarily small positive
number. In fact, let u € (-, Fix(7},), from (3.1) and using Lemma 2.7, we have

lyn —ull = ”QC(I_anF)xn - QCu”
< || (I -oa,F)x, — (I —a,Fu —anFu”

< Tay, 1% — ull + oty || Fuel, (3.2)

where 7, = \/1 —2a,(n — a,,82K?) € (0,1). Then from (3.1) and (3.2), we obtain

[90s1 — 2l = || (1= Bu)(%n — 1) + Bu(Tuyn — 1) |
<@ =B)lxn = ull + Bullyn — ull
< (U= Bl — ull + Bu (T, 1% — ]| + v || Fua]])
< [1=Bul = T, )11 — 2]l + Buctu || Fut]

oy || Ful| }

Op

< max{”xn —ul,

Observe that

. an . t 1
lim = lim =—.
n>o00l—-1, t=0"1-7; 7
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Thus, we have a,/(1 — 1,,) is continuous, Va,, € [0,7/28%K? — €]. Therefore, we obtain

M = sup{ 1_"‘{’; 0<a, < ZW% — €} < +00. By induction, we have

llo6, — ]| < max{|lx — wll, My || Full}.

Therefore, {x,} is bounded. We also obtain that {y,}, {T,,y,} and {Fx,} are bounded. With-
out loss of generality, we may assume that {x,}, {y.}, {T,.y.} and {Fx,} C B, where B is a
bounded set of C.

Step 2. We claim that lim,,_,  ||y» — Ty¥x| = 0. Using the same method as in Step 2 of
the proof in [2, Theorem 3.5], we have lim,,_,  |[%,:1 — %, || = 0. Observe that

”yn - Tnyn” =< ”yn =Xl + %0 = X || + %1 — Tnyn”
= an”Fxn” + ||xn _xn+1” + (1 - ﬂn)”xn - Tnyn”
< aullFxull + 1%, — % ll + A - ,Bn)(“xn = Inll + lyn — Tnyn”)

=< 2an||Fxn” + ”xn _xn+1|| + (1 - ,Bn)”yn - Tnyn”r
that is,

1
lyn = Tuynll < ﬂ_(zan”Fxn” + [ %41 _xn”) -0 (n— 00).
n

Step 3. We claim that lim,_, « ||, — T¥x|| = 0. Observe that

”yn - Tyn” =< ”yn - Tnyn” + ”Tnyn - Tyn”
< lyn = Tyl +sup{|| Tz - Tz| : z € B}.

Hence, from Step 2 and using Lemma 2.6, we have
lim |y, — Ty, = 0.
n—00

Step 4. We claim that limsup,_, . (Fx",j(x" — y,)) < 0, where x~ = lim;_ ¢+ x, and x; is
defined by x; = Qc(I — tF) Tx;.

From ¢t — 0*, we may assume, without loss of generality, that ¢ € (0, 7/282K? —€]. Using
Lemma 2.7, it is easy to see that Q¢(/ — ¢F)T is a contraction. Thus, x; is well defined. Next,
we show that x” is well defined. Let u € Fix(T), using Lemma 2.7, we have

llx: — ull = | Qe — tF) Tx, — Qc Tu|
< | = tF)Tx, — (I - tF) Tu — tFTu|
< | = tF)Tx, — (I - tF)Tu| + || Ful

< Tellwe — ull + €] Full,
that is,

t
% — ull = ——IFull < Mil|Ful|.
1—7,}
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Thus, we have {x;} is bounded and so is {FTx;}. On the other hand, we have

lle = Tell = || Qe — tF) Ty — Qc T |

< | -tF)Tx, - Tx,| =t FTx,l > 0 (¢ — 07). (3.3)

Assume that {¢,,} € (0,7/282K? — €] such that t, — 0* as # — oco. Put &, := x;,. It follows
from (3.3) that ||, — T%,|| — 0 (n — o00). Since {x;} is bounded, without loss of generality,
we may assume that &, — x*. We can use Lemma 2.4 to get x € Fix(T). Therefore, using
Lemma 2.2 and Lemma 2.7, we have

=" = (w0 = =)
<xt I- tF)Txt,](xt )) + ((1— tF) Tx; —x*,j(xt —x))
<(1 tF)Tx; — ,](xt x))
<(T-tF)Tx, — I~ tF)Tx ,j (. — %)) + t{Ex', j(x” — x¢))
<7|w - H +t{Fx,j(x = x0)),
that is,

o= | = TP =) < ME (6 =)
In particular,

|~ | < M(E (- 3).
Consequently, the weak convergence of {#,} to x” actually implies that x,, — x". Therefore,
% = limy o+ %, is well defined.

Since y, is bounded, there exists a subsequence {y,, } of {y,} which converges weakly
to w. From Step 3 and using Lemma 2.4, we have w € Fix(T). Observe that

limsup(Fx',j(x" — y,)) = kliﬁn()l()(inj(x“ — ) = (Fxj(x" - ). (3.4)
On the other hand, we have
= QC(I - tF)Tx[ - (1— tF)Txt - (1— tF)x,g + (1— tF)Txt + Xt — tFxt

1
= Fx; = Z [QcI — tF)Tx, — (I - tF)Tx, — (I - tF)x, + (I — tF) Ty .
Therefore, for w € Fix(T), we can use Lemma 2.2 to get
) 1 .
(Fxe, jlo, — w)) = E<QC(1 — tF)Tx, — (I — tF) Txy, j(x, — o))
1
- Z<(1 — L‘F)xt — ([ - tF)Txt,](xt - (U)>

1
< —E(xt — Txt,j(xt — a))> + (Fxt —FTxt,j(xt — C())>

Page 7 of 9
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1
= == T = (I = Do, — ) + Bl = Tl - o]
< BM o, — Txell, (3.5)

where M, = sup{||x; — ||, £ € (0,7/282K? - €]}. Now replacing ¢ in (3.5) with ¢, and letting

n — 00, we have
(Fx,j(x —w)) <0. (3.6)

From (3.4) and (3.6), we obtain limsup,_, . (Fx’,j(x" —y,)) <0
Step 5. We claim that {x,} converges strongly to x € (-, F(T,). From (3.1) and using
Lemma 2.2, we have

(Qcll — F)xty = (I = 0t F)ts j(yu — ) < 0.

Observe that

lyn = |* = (Qcll = cuF)x =5 j (3 — )
= (Qcll = @uF)xy = (I = @y F), j (0 = %)) + (I = uF)xy = %', (7 — %))
< (I = anF)xn =%, j(yu — %))
< (I = anF)xy — (I = auF)x ,j(yn — %)) + au(Fxj(x =)

” (I — apyF)x, — (I — ayF)x” H ||y,, -x || + a,,(Fx*,j(x* —y,,))

< Ta [0 = | |9 = || + 0tu(Fx 7 (%" = )
rfn a2 1 2 PPN
< oy [0 S vl ),
that is,
||y,, -x ||2 < Ty, ||x,, -x ||2 + 2an(Fx*,j(xa —yn)>. (3.7)

By (3.1) and (3.7), we have

[ =2 |7 < (L= B)[ =2 + B Ty 5|
< =B |on ="+ Ballyu - |
< @ B)Jn = |* + Bl |00 = 2|+ 200{Fx (2" = 3))]
= (1= A= | 20080, B 30
= (1= ) [n =2 + A
where A, = (1 - To,), 8, = 2My(Fx',j(x" - y,)). It is easy to see that }_ .2, 4, = 00 and

limsup,,_, . 8, < 0. Hence, by Lemma 2.5, the sequence {x,} converges strongly to x €

Moy E(T5).
Step 6. We claim that x” is a unique solution of the variational inequality (Fx', j(x" —u)) <
0, u € (oy F(Ty).
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From Step 4, we have shown that x” is a solution of the variational inequality (Fx’, j(x —
u)) <0, u € (2, F(T,). Without loss of generality, we assume that x € Fix(T) is also a
solution of the variational inequality. Therefore, we have

(Fx',j(x -%)) <0, (3.8)
and

(Fx,j(x-x)) <0. (3.9)
Adding up (3.8) and (3.9), we get

(Fx* — ch,j(x* —56)) <0.
The strong accretivity of F implies that ™ = ¥ and the uniqueness is proved. O

Remark 3.2 Obviously, Theorem 3.1 extends the results of Yao et al. [1] and Wang and
Hu [2] to the more general uniformly convex and 2-uniformly smooth Banach space.
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