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1 Introduction
Let E be a real Banach space with the dual E'. We denote by J the normalized duality
mapping from E to 2E defined by

Je={f €E: (. f) = I=I” = If1I°},

where (-, -) denotes the generalized duality pairing. The duality mapping J has the follow-
ing properties: (1) if E is smooth, then J is single-valued; (2) if E is strictly convex, then J is
one-to-one; (3) if E is reflexive, then J is surjective; (4) if E is uniformly smooth, then J is
uniformly norm-to-norm continuous on each bounded subset of E; (5) if E is uniformly
convex, then J is uniformly continuous on bounded subsets of E and ] is singe-valued and
also one-to-one (see [1-4]).

Let E be a smooth Banach space with the dual E". The functional ¢ : E x E — R is defined
by

o6, y) = Ixl® = 2(x,J) + Iy11%,

forallx,y € E.
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Let C be a closed convex subset of E, and let T be a mapping from C into itself. We
denote by F(T) the set of fixed points of T. A point p in C is said to be an asymptotic
fixed point of T [5] if C contains a sequence {x,} which converges weakly to p such that
the strong lim,,_, o (x, — Tx,) = 0. The set of asymptotic fixed points of T" will be denoted
by f(T). A mapping T from C into itself is called nonexpansive if | Tx — Ty| < ||x — y|| for
all x,y € C and relatively nonexpansive if F(T) = f—"\(T) and ¢(p, Tx) < ¢(p,x) for allx € C
and p € F(T). The asymptotic behavior of a relatively nonexpansive mapping was studied
in [1, 6-9].

Three classical iteration processes are often used to approximate a fixed point of a non-
expansive mapping. The first one was introduced in 1953 by Mann [10] and is well known
as Mann’s iteration process defined as follows:

xo chosen arbitrarily, 1.1)

KXpe1 = Ay + (1 —0y)Tx,, n>0,

where the sequence {«,} is chosen in [0,1]. Fourteen years later, Halpern [11] proposed
the new innovation iteration process which resembled Mann’s iteration (1.1). It is defined
by

xo chosen arbitrarily, 1.2)

Xp1 =+ (1 —a,)Tx,, n>0,

where the element u € C is fixed. Seven years later, Ishikawa [2] enlarged and improved
Mann’s iteration (1.1) to the new iteration method, which is often cited as Ishikawa’s iter-

ation process and defined recursively by

xo chosen arbitrarily,
Yn = Bun + (1- ﬂ}’l)Txnr (1.3)

X1 = Uy + (L—ay)Ty,, n>0,

where {o,} and {8, } are sequences in the interval [0,1].

In both Hilbert space [11-13] and uniformly smooth Banach space [14—16] the iteration
process (1.2) has been proved to be strongly convergent if the sequence {«,} satisfies the
following conditions:

(i) a, — 0;
(ii) Do02o oty = 00;

(i) Y02y lotns — oty | < 00 or limy,_, o % =1.

By the restriction of condition (ii), it is widely believed that Halpern’s iteration process (1.2)
has slow convergence though the rate of convergence has not been determined. Halpern
[11] proved that conditions (i) and (ii) are necessary in the strong convergence of (1.2) for
a nonexpansive mapping 7 on a closed convex subset C of a Hilbert space H. Moreover,
Wittmann [13] showed that (1.2) converges strongly to Pr(ryu when {«,} satisfies (i), (ii)
and (iii), where Pr(7)(-) is the metric projection onto F(T').

Both iteration processes (1.1) and (1.3) have only weak convergence in a general Banach
space (see [17] for more details). As a matter of fact, the process (1.1) may fail to converge,
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while the process (1.3) can still converge for a Lipschitz pseudo-contractive mapping in a
Hilbert space [18]. For example, Reich [19] proved that if E is a uniformly convex Banach
space with the Fréchet differentiable norm and if {«,,} is chosen such that Y > o, (1-«,,) =
00, then the sequence {x,} defined by (1.1) converges weakly to a fixed point of 7. However,
we note that Mann’s iteration process (1.1) has only weak convergence even in a Hilbert
space [17].

Some attempts to modify the Mann iteration method so that strong convergence is guar-
anteed have recently been made. Nakajo and Takahashi [20] proposed the following mod-
ification of the Mann iteration method for a single nonexpansive mapping T in a Hilbert

space H:

x9 € C chosen arbitrarily,
Vn = QuXy + (1 - an)Txm
Ci={zeCtlyn—2z| < llxn -2z}, (1.4)

Qu={zeC: (%, —z,x0 —x,) = 0},

%Xne1 = Pc,nq, (%0),

where C is a closed convex subset of H, Px denotes the metric projection from H onto
a closed convex subset K of H. They proved that if the sequence {«,} is bounded above
from one, then the sequence {x,} generated by (1.4) converges strongly to Pr(r)(xo), where
F(T) denotes the fixed point set of T'.

The ideas to generalize the process (1.4) from a Hilbert space to a Banach space have
recently been made. By using available properties on a uniformly convex and uniformly
smooth Banach space, Matsushita and Takahashi [9] presented their ideas as the following

method for a single relatively nonexpansive mapping T in a Banach space E:

%9 € C chosen arbitrarily,

Y =T Nawfxo + (1 - @) Tx,),

Cr={z€ C:d(z,yx) < ¢(z,x4)}, (1.5)
Qn={z€ C: (x4 —2z,Jx0 — Jxu) = 0},

Kn+l = 1-[C,mQ,, (x0).
They proved the following convergence theorem.

Theorem MT Let E be a uniformly convex and uniformly smooth Banach space, let C be a
nonempty closed convex subset of E, let T be a relatively nonexpansive mapping from C into
itself, and let {o,} be a sequence of real numbers such that 0 < o, < 1andlimsup,,_, o, <1.
Suppose that {x,)} is given by (1.6), where ] is the duality mapping on E. If F(T) is nonempty,
then {x,} converges strongly to Iriryxo, where Ipr)(-) is the generalized projection from C
onto F(T).

In 2007, Plubtieng and Ungchittrakool [21] proposed the following hybrid algorithms
for two relatively nonexpansive mappings in a Banach space and proved the following

convergence theorems.
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Theorem SK1 Let E be a uniformly convex and uniformly smooth real Banach space, let C
be a nonempty closed convex subset of E, let T, S be two relatively nonexpansive mappings

from C into itself with F := F(T) N F(S) is nonempty. Let a sequence {x,} be defined by

xo € C chosen arbitrarily,

Y =T ey + (1= 0))z,),

2n =T B o + BT T + B TS,),
Hy ={z€ C:¢(z,y1) = ¢(z,%4)},

Wy ={z€C:(x,—2Jxo — Jxn) = 0},

(1.6)

Xntl = HH,,,DW,, (xO)

with the following restrictions:
(i) 0 <o, <1, limsup,_, o on<1;
(i) 0< B, B, B <1, lim, o0 B = 0, liminf, .o B B > 0.

Then {x,} converges strongly to I1rx, where I is the generalized projection from C onto F.

Theorem SK2 Let E be a uniformly convex and uniformly smooth Banach space, let C be
a nonempty closed convex subset of E, let T, S be two relatively nonexpansive mappings

from C into itself with F := F(T) N F(S) is nonempty. Let a sequence {x,} be defined by

x0 € C chosen arbitrarily,

Y =T N awfxo + (1 — @n))zy),

20 = B T + BT T + B IS),

H, ={z € C:¢(z,,) < ¢(z,%4) + @u(ll%0]1* + 2(2, Jxn — Ji0))},
Wi ={z€ C: (%, —z,Jxo — Jx,) > 0},

Xntl = HHy,ﬁ Wy (xO)

with the following restrictions:
(i) 0<a, <1, limsup,_ o, <1;
(i) 0< BB, B < 1 lim, o B = 0, liminf, o0 BB > 0,

Then {x,} converges strongly to T1pxy, where I is the generalized projection from C onto F.

In 2010, Su, Xu and Zhang [22] proposed the following hybrid algorithms for two count-
able families of weak relatively nonexpansive mappings in a Banach space and proved the

following convergence theorems.

Theorem SKZ Let E be a uniformly convex and uniformly smooth real Banach space,
let C be a nonempty closed convex subset of E, let {T,}, {S,} be two countable families of
weak relatively nonexpansive mappings from C into itself such that F := ()., F(T,)) N
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(M20 E(Sw) # 9. Define a sequence {x,} in C by the following algorithm:

xo0 € C  chosen arbitrarily,

20 = T B T + BT Tt + B TS i),

Y =T Nty + (1= ,)]z,),

Cr=1{z € Cuu1 N Qu1: P(2,34) < Pz, %4)},

Co ={z € C:¢(z,50) = ¢(z,%0)},

Qn=1{z€ Cr1 N Qu1: {xy — 2z Jo — Jxy) > 0},
Qo =C,

%1 = Ic,ng, (*o)

(1.8)

with the conditions
(i) liminf,_ BB > 0;
(i) liminf,_ 0 BV > 0;
(ili) 0 <o, <a <1 forsomea €(0,1).

Then {x,} converges strongly to I1rx,, where Il is the generalized projection from C onto F.

Unfortunately, in recent years, many hybrid algorithms have been very complex, so these
complex algorithms are not applicable or are very difficult in applications. Naturally, we
hope to obtain some simple and practical algorithms. The purpose of this article is to
present a simple projection algorithm for a countable family of weak relatively nonexpan-
sive mappings and to prove strong convergence theorems in Banach spaces.

In addition, we shall give an example which is a countable family of weak relatively non-

expansive mappings, but not a countable family of relatively nonexpansive mappings.

2 Preliminaries
Let E be a smooth Banach space with the dual E". The functional ¢ : E x E — R is defined
by

$,y) = Ixl® = 2(x,J) + Iy11%, (21)

forallx,y € E. Observe that in a Hilbert space H, (2.1) reduces to ¢(x, y) = [lx—y||, %,y € H.

Recall that if C is a nonempty, closed and convex subset of a Hilbert space H and P¢ :
H — C is the metric projection of H onto C, then P¢ is nonexpansive. This is true only
when H is a real Hilbert space. In this connection, Alber [23] has recently introduced a
generalized projection operator I1¢ in a Banach space E which is an analogue of the metric
projection in Hilbert spaces. The generalized projection I1¢ : E — C is a map that assigns
to an arbitrary point x € E the minimum point of the functional ¢(y,x), that is, [1cx = %,

where x is the solution to the minimization problem
¢ (%, x) = min ¢ (y, x). (2.2)
yeC

The existence and uniqueness of the operator Il¢ follow from the properties of the func-
tional ¢(y,x) and strict monotonicity of the mapping /. In a Hilbert space, I1¢ = Pc. It is
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obvious from the definition of the functional ¢ that

(el = 191)* < ¢ G, 2) < (7112 + lx11%) (2.3)

and

d(x,y) = o(x,2) + 9(2,9) - 2(x — 2,Jz - Jy) (2.4)

for all x,y € E. See [24] for more details.
This section collects some definitions and lemmas which will be used in the proofs for
the main results in the next section. Some of them are known; others are not hard to derive.

Remark 2.1 If E is a reflexive strictly convex and smooth Banach space, then for x,y € E,
¢(x,9) = 0 if and only if x = y. It is sufficient to show that if ¢(x,y) = 0 then x = y. From
(2.3), we have ||x|| = ||ly||l. This implies (x,Jy) = [|x||> = ||Jy||>. From the definition of ], we
have Jx = Jy. Since ] is one-to-one, then we have x = y; see [13, 16, 25] for more details.

In this paper, we give the definitions of a countable family of relatively nonexpansive
mappings and a countable family of weak relatively nonexpansive mappings which are
generalizations of a relatively nonexpansive mapping and a weak relatively nonexpansive
mapping respectively. We also give an example which is a countable family of weak rela-
tively nonexpansive mappings, but not a countable family of relatively nonexpansive map-
pings.

Let C be a closed convex subset of E, and let {T,}°, be a countable family of mappings
from C into itself. We denote by F the set of common fixed points of {T}}°,. That is
F = (2 F(T,,), where F(T),) denotes the set of fixed points of T, for all 7 > 0. A point p
in C is said to be an asymptotic fixed point of {T,}3, if C contains a sequence {x,} which
converges weakly to p such that lim,_, « || T, —x,|| = 0. The set of asymptotic fixed points
of {T,,}52, will be denoted by F({T 1520)- A point p in C is said to be a strong asymptotic
fixed point of {T,}3°, if C contains a sequence {x,} which converges strongly to p such
that lim,,—, o | T)¢x — %, || = 0. The set of strong asymptotic fixed points of {T},}5, will be
denoted by F({ Tu}Ro)-

Definition 2.2 The countable family of mappings {T},}5, is said to be a countable family
of relatively nonexpansive mappings if the following conditions are satisfied:

(1) F({T,}32,) is nonempty;

(2) q)(u, T, x) <¢(u,x),Vu e F(T,,), xeC,n>0;

(3) F({Tu}p20) = Mazo F(T,

Definition 2.3 The countable family of mappings {T,}5 is said to be a countable family
of weak relatively nonexpansive mappings if the following conditions are satisfied:

(1) F({T,}32,) is nonempty;

(2) o(u, Tyx) < p(u,x), Vu € F(T,),x € C,n> 0;

(3) FUT.320) = N0 F(T,).

Definition 2.4 [21] The mapping T is said to be a relatively nonexpansive mapping if the
following conditions are satisfied:
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(1) F(T) is nonempty;
(2) o(u, Tx) < ¢(u,x),Yu € F(T), x € C;
3) E(T) = E(T).

Definition 2.5 The mapping T is said to be a weak relatively nonexpansive mapping if
the following conditions are satisfied:

(1) F(T) is nonempty;

(2) d(u, Tx) < ¢p(u,x),Vu € F(T), x € C;

(3) F(1)=F(T).

Definition 2.4 (Definition 2.5) is a special form of Definition 2.2 (Definition 2.3) as T, =
T foralln > 0.

The hybrid algorithms for a fixed point of relatively nonexpansive mappings and appli-
cations have been studied by many authors; see, for example, [1, 6, 7, 18, 26, 27]. In recent
years, the definition of a weak relatively nonexpansive mapping has been presented and
studied by many authors [7, 18, 25, 27], but they have not given an example of a mapping
which is weak relatively nonexpansive, but not relatively nonexpansive.

In the next section, we shall give an example which is a countable family of weak rela-
tively nonexpansive mappings, but not a countable family of relatively nonexpansive map-
pings.

We need the following lemmas for the proof of our main results.

Lemma 2.6 [24] Let E be a uniformly convex and smooth real Banach space and let {x,},
{yu} be two sequences of E. If ¢(x,,,y,) — O and either {x,} or {y,} is bounded, then |x, —
Iull = 0.

Lemma 2.7 [23, 24, 26] Let C be a nonempty closed convex subset of a smooth real Banach
space E and x € E. Then, xo = lIcx if and only if

(o —y,Jx=Jxo) >0 forallyeC.

Lemma 2.8 [23, 24, 26] Let E be a reflexive, strictly convex and smooth real Banach space,

let C be a nonempty closed convex subset of E and let x € E. Then

o, Ix) + p(Iex, x) < p(y,x) forallye C.
Lemma 2.9 [27] Let E be a uniformly convex Banach space and B,(0) = {x € E : || x|| <r}
be a closed ball of E. Then there exists a continuous strictly increasing convex function
g:[0,00) — [0, 00) with g(0) = 0 such that

12 + ey + y2l1> < Ml + wllyll® + v l1211> = hpeg (Il - 1) (2.5)

forallx,y,z € B,(0) and A, u,y € [0,1]] with A+ p +y =1.

It is easy to prove the following result.
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Lemma 2.10 Let E be a strictly convex and smooth real Banach space, let C be a closed
convex subset of E, and let T be a weak relatively nonexpansive mapping from C into itself.
Then F(T) is closed and convex.

3 Main results

Firstly, we give an example which is a countable family of weak relatively nonexpansive
mappings, but not a countable family of relatively nonexpansive mappings in the Banach
space 2.

Example 1 Let E = /2, where

12 = [%_ :(%-1152,53,“"%-11:'“):Z|xn|2 <00,

n=1

HE (Zw) , VEel,
n=1

(5»77> = anﬂm VE = (51,52’53"“:&1»-”)’77 = (7711772: 773»“-’77;'1“') € 12.

n=1

It is well known that 2 is a Hilbert space, so (/2)" = [2. Let {x,,} C E be a sequence defined
by

X0 = (1,0,0,0,...),

X1 = (1; 11 07 O’ . ')1

Xy = (1) 01 1: 0; 0; .. ')y

x3 =(1,0,0,1,0,0,...),

Xn = (gn,b 12080302 8nks - D

where
1 ifk=1Ln+1,
sn,k:
0 ifk#lLk#n+1,
forallm>1.

Define a countable family of mappings 7, : E — E as follows:

Lx, ifx=x
Tn(x) — n+l n . n»
-x if x # x,,

forall » > 0.
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Conclusion 3.1 {x,} converges weakly to xy.

Proof Forany f = (£1,82,835.. 58k, -..) € 12 = (I2)", we have

f(xn —X0) = (frxn —Xo) = Z;ks;'z,k = — 0,
k=2

as n — oo. That is, {x,} converges weakly to xo. O

Conclusion 3.2 {x,} is not a Cauchy sequence, so, it does not converge strongly to any
element of I2.

Proof In fact, we have |x, — x| = V2 for any n # m. Then {x,} is not a Cauchy sequence.

O
Conclusion 3.3 T, has a unique fixed point 0, that is, F(T,) = {0} for all n > 0.
Proof The conclusion is obvious. d
Conclusion 3.4 x, is an asymptotic fixed point of {T,,}52,.
Proof Since {x,} converges weakly to xo and
1T ] = H =) = —llall > 0
n+1l +1
as 1 — 09, 50, X is an asymptotic fixed point of {7,}5%,. O

Conclusion 3.5 {T,}2, has a unique strong asymptotic fixed point 0, so, (- F(T,) =
F({Tu}320)-

Proof In fact, for any strong convergent sequence {z,} C E such that z, — 2y and ||z, —
T,zu|| = 0asn — oo, from Conclusion 3.2, there exists a sufficiently large natural number

N such that z, # x,, for any n,m > N. Then 1z, = -z, for n > N, it follows from |z, —
T,z,|| = 0 that 2z, — 0 and hence z, — z5 = 0. O

Conclusion 3.6 {7}, is a countable family of weak relatively nonexpansive mappings.

Proof Since E = L? is a Hilbert space, for any # > 0, we have

¢(0, T,x) = 1|0 - Tl = | T

<|xl* = lx-0]* = ¢(0,x), VxeFE.

From Conclusion 3.5, we have (- F(T,) = ?({Tn},‘j‘fo), then {7,}3°, is a countable family

of weak relatively nonexpansive mappings. g

Conclusion 3.7 {T,}:°, is not a countable family of relatively nonexpansive mappings.
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Proof From Conclusions 3.3 and 3.4, we have (2, F(T,,) #f({Tn}f:O), 50, {T,,}32, is not
a countable family of relatively nonexpansive mappings. O

Secondly, we give another example which is a weak relatively nonexpansive mapping,

but not a relatively nonexpansive mapping in the Banach space /2.

Example 2 Let E = [?, where

12 = [%_ :(%-1’&21&3,“"&1:“'):Z|xn|2 <0,

n=1

HE (Zw) , VEel,
n=1

(5»77> = anﬂm VE = (51152’53’“0%—;’1»-”)’” = (771’772’ 773»“-’7771'“) € 12'

n=1
It is well known that /2 is a Hilbert space, so (/2)" = [?. Let {x,,} C E be a sequence defined
by

%0 = (1,0,0,0,...),

x =(1,1,0,0,...),

% =(1,0,1,0,0,...),

x3 =(1,0,0,1,0,0,...),

Xn = (En,l; 128131+ 8nksr - D

1 ifk=Ln+1,
0 ifk#Lk#n+1,

Sn,k =

for all n > 1. Define the mapping T : E — E as follows

T() = saxy  ifx=x, Gn>1),
—x ifx #x, (Vn>1).

Conclusion 3.8 {x,} converges weakly to x.

Proof Forany f = (81,82, 835+, Ckr .- .) € 12 = (12)", we have

f(xn —Xg) = (f:xn —X0) = Zé‘k%—n,k =8 — 0,

k=2

as 1 — oo. That is, {x,} converges weakly to xo. O

Page 10 of 17
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Conclusion 3.9 {x,} is not a Cauchy sequence, so, it does not converge strongly to any

element of I2.

Proof In fact, we have ||x, — x| = V2 for any n # m. Then {x,} is not a Cauchy sequence.

O
Conclusion 3.10 T has a unique fixed point 0, that is, F(T) = {0}.
Proof The conclusion is obvious. 0
Conclusion 3.11 x is an asymptotic fixed point of T .
Proof Since {x,} converges weakly to x¢ and
15,5l = | =) = bl = 0
n+1l +1
as n — 00, then x is an asymptotic fixed point of T O

Conclusion 3.12 T has a unique strong asymptotic fixed point 0, so, F(T) = E(T).

Proof In fact, for any strong convergent sequence {z,} C E such that z, — zy and ||z, —
Tz,|| — 0 as n — oo, from Conclusion 3.9, there exists a sufficiently large natural number
N such that z, # x,,, for any n,m > N. Then 1z, = -z, for n > N, it follows from |z, —
Tz,|| — 0 that 2z, — 0 and hence z,, — zy = 0. O

Conclusion 3.13 T is a weak relatively nonexpansive mapping.

Proof Since E = L? is a Hilbert space, we have

¢(0, Tx) = 1|0 — Tx||* = || Tx||?

<Ilxl* = - Ol|* = ¢(0,%), Vx€E.

From Conclusion 3.12, we have F(T) = E(T), then T is a weak relatively nonexpansive

mapping. g
Conclusion 3.14 T is not a relatively nonexpansive mapping.

Proof From Conclusions 3.10 and 3.11, we have F(T) # E(T), so, T is not a relatively non-

expansive mapping. g
Next, we prove our convergence theorems as follows.
Theorem 3.15 Let E be a uniformly convex and uniformly smooth Banach space, let C

be a nonempty closed convex subset of E, let {T,,} : C — C be a countable family of weak
relatively nonexpansive mappings such that F = (-, F(T,) # (). For any given gauss x, € C,
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define a sequence {x,} in C by the following algorithm:

Co=C,
Cin=1{z€ Cy:9(z, Tyx,) < ¢(z,%4)}, n=0,1,2,3,..., (3.1

Xn+l = HC,H.le'
Then {x,} converges strongly to q = T1gx,.
Proof Firstly, C, is closed and convex. Since T is a closed hemi-relatively nonexpansive
mapping, then F(T) € C,, n=0,1,2,3,....
Since %, = ¢, %o and C,, C C,_;, then we get

¢ (X, %0) < P(Kni1,%0), forallm> 0. (3.2)

Therefore, {¢(x,,%0)} is nondecreasing. On the other hand, by Lemma 2.8 we have

& (xu,x0) = @(Ic,x0,%0)

=< ¢(prx0) - ¢(p7xn) = ¢(P:x0),

for all p € F(T) C C, and for all n > 0. Therefore, ¢(x,,x0) is also bounded. This together
with (3.2) implies that the limit of {¢(x,, %)} exists. Put

lim ¢(x,,x0) = d. (3.3)
n—0o0
From Lemma 2.8, we have, for any positive integer 1, that

¢(xn+m¢xn) = ¢(xn+m: 1_[CnxO)
< ¢(xn+m’x0) - (;b(HCnxO: xO)

= O (Xnms %0) — P(Xni1,%0),

for all n > 0. This together with (3.3) implies that

lim ¢(xn+m:xn) =0
holds, uniformly for all m. By using Lemma 2.6, we get that

lim %4 — %l = 0
holds, uniformly for all m. Then {x,} is a Cauchy sequence. Therefore, there exists a point
p € C such that x, — p.

Since %41 = I¢,,, %0 C Cys1 C Cy, then

¢(xn+1: Tnxn) < ¢(xn+1;xn); n=0,1,2,3,....

By using Lemma 2.6, we have ||x, — T,x,|| — 0; therefore, p € F(T).

Page 12 of 17
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Finally, we prove that p = ITrxy. From Lemma 2.8, we have

&, Trxo) + ¢TI X0, %0) < P(p,x0).

On the other hand, since x,,,; = Il¢,,,%0 and F C C, for all #, also from Lemma 2.8, we
have

ST x0, %pe1) + @K1, %0) < G(TTpxo,%0). (3.4)

By the definition of ¢(x,), we know that

nlirglo¢(xn+1,xo) = ¢(p,x0). (3.5)

Combining (3.4) and (3.5), we know that ¢(p, x¢) = ¢(I1gxg,x0). Therefore, it follows from
the uniqueness of I1gx( that p = ITpxy. This completes the proof. O

Theorem 3.16 Let E be a uniformly convex and uniformly smooth Banach space, let C
be a nonempty closed convex subset of E, let {T,} : C — C be a countable family of weak
relatively nonexpansive mappings such that F = (-, F(T,) # (). For any given gauss x, € C,
define a sequence {x,} in C by the following algorithm:

Co=C,
Cpi1={z€Cy:¢(z, Tox,) = d(z,%,)), n=0,1,2,3,..., (3.6)

xns1 = g, 1 %o0.

Then {x,} converges strongly to q = T1gx,.
Proof Let {x,} be defined by (3.1). We claim that

xni1 € {2€ Cri (2, Tuxn) = pz,x0)}, 1=0,1,2,3,....
Therefore,

®ns1 = IizeCrg(e, Tnn)=(zam)) %0
If not, there exists x,,,; such that

i1, Tudn) < P (K1, %)
We define

zZ(t) =1 -t +tx0 € C, te][0,1].

Observe that z(0) = x,,,;. Since ¢(-, T,x,), ¢(-,x,) are continuous, then there exists ¢y €
(0,1) such that

¢(Z(t0)v Tnxn) < ¢(z(t0),xn),
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that is, z(fy) € C,,1. On the other hand, we have

P (2(t0), %0) = ¢ ((1 = to)Xns1 + toXo, %0)
= ||(@ = o) + toxo ||2
= 2((1 = to)xus1 + toxo, Jxo) + [lxolI>
< (1= to)llxna|I” + tollxo |I?
= 2(1 = to) (K41, Jx0) — 20 (%0, J0) + [l%0]I”
= (1= to) [%us1 ]I + tollxo )
—2(1 = to) (41, J%0) — 20 10 lI” + llxo 1>
= (1= to) lxua II* + (1= 2o) %o I
—2(1 — £0) (%1, Jx0)

= (1 - t0)¢(xn+1:x0) < ¢(xn+1rx0)'
This is a contradiction to x,,,; = Il¢,, %o and z(ty) € C,1. This completes the proof. O

4 Applications
Now, we apply Theorem 3.15 to prove a strong convergence theorem concerning maximal
monotone operators in a Banach space E.

Let A be a multi-valued operator from E to E” with the domain D(A) = {z € E : Az # 7}
and range R(A) = {z € E:z € D(A)}. An operator A is said to be monotone if

(X1 —%2,91=92) > 0

for each x1, 57 € D(A) and y; € Axy, ¥, € Ax;. A monotone operator A is said to be maximal
if its graph G(A) = {(x,y) : y € Ax} is not properly contained in the graph of any other
monotone operator. We know that if A is a maximal monotone operator, then A710 is

closed and convex. The following result is also well known.

Theorem 4.1 (Rockafellar [28]) Let E be a reflexive, strictly convex and smooth Banach
space, and let A be a monotone operator from E to E . Then A is maximal if and only if
R(J +rA)=E forallr>0.

Let E be a reflexive, strictly convex and smooth Banach space, and let A be a maximal
monotone operator from E to E'. Using Theorem 4.1 and strict convexity of E, we obtain
that for every r > 0 and x € E, there exists a unique x, such that

Jx € Jx, + rAx,.

Then we can define a single valued mapping J, : E — D(A) by ], = (J + rA)™}J and such a J,
is called the resolvent of A. We know that A~ = F(J,) for all r > 0, see [4, 15] for more de-
tails. Using Theorem 3.15, we can consider the problem of strong convergence concerning
maximal monotone operators in a Banach space. Such a problem has been also studied in
[4, 5,15, 20, 22, 24, 29-36].
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Theorem 4.2 Let E be a uniformly convex and uniformly smooth real Banach space, let
A be a maximal monotone operators from E to E such that A0 # 0, let ], be the resol-
vent of A, where r > 0. For any given gauss xy € Cy = C, define a sequence {x,} in C by the
following algorithm:

Co=C,
Cin=1{zeCy: ¢(Zr]rnxn) =¢(z,x,)}, n=0,1,2,3,...,

Xn+l = HlexO;
with the condition, r, > 0, liminf,_, 1, > 0. Then {x,} converges strongly to q = 1 4-15%o.

Proof We only need to prove that {J,,}°,, is a countable family of weak relatively nonex-
pansive mappings.
Firstly, we have (2 F(J,,) = A™'0 # . Secondly, from the monotonicity of A, we have

¢®.Jr,w) = Ip1* =240, 11, w) + s, wiI*
=PI +2(p.Jw =T, w = Jw) + Iy, wl?
= lpl® + 20 Jw = Tl w) = 2(p,JW) + 1, w2
= 1p1* =205, w = p =Ty, wsJw = Ty, w = Jw)
-2(p,Jw) + W, wl?
= IpI* =2, w = p.Jw = Iy, w = Jw)
+ 2(J, W, Jw = I, w) = 2(p,Jw) + ], w|?
< 1P + 245, w,Jw = Ty, w) = 2(p.Jw) + [, wil?
= lIpll* = 2(p,Jw) + Iwl* = ], wI?
+ 2(, w, Jw) = |w]?
= ¢(p,w) = ¢y, w, w)
<¢w)
for all n > 0. Thirdly, we prove the set of strong asymptotic fixed points ?({],n o) =
Moo FU,) = A70.
We first show that IA-;({],” 1%%) CA7'0. Letp € IF({],n o), then there exists {z,} C E such

that z, — p and lim,,_, o ||z, — J;,,2x|| = 0. Since J is uniformly norm-to-norm continuous

on bounded sets, we obtain
1
_(]Zn _]]rnzn) - 0
Ty

It follows from

1
_(]Zn _]]rnzn) € A]rnzn
T'n
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and the monotonicity of A that

<W—]rnzn,w* - ri(fzn _]]rnzn)> >0

n

for all w € D(A) and w" € Aw. Letting n — oo, we have (w —p,w’) > 0 for all w € D(A) and
w" € Aw. Therefore, from the maximality of A, we obtain p € A710. On the other hand,
we know that F(J,,) = A0, F(J,,) C f(],n) for all n > 0; therefore, A0 = ()2 F(J,,,) =
Ja (M2 /). From above three conclusions, we have proved {J;,,}5%, is a countable family
of weak relatively nonexpansive mappings. By using Theorem 3.16, we can conclude that
{x,} converges strongly to IT,-19x0. This completes the proof. O
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