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1 Introduction
Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let C be a nonempty
closed convex subset of H. Let T : C — C be a nonexpansive mapping, namely || Tx— Ty|| <
|z — ||, for all x, ¥ € C. The set of fixed points of T is denoted by F(T).

Let ¢ be a bifunction of C x C into R, where R is the set of real numbers. Consider the
equilibrium problem (EP) which is to find z € C such that

#(z,y) >0, VyeC. (L.1)

We denoted the set of solutions of EP by EP(¢). Given a mapping F : C — H, let ¢(x,) =
(Fx,y —x) for allx,y € C, then z € EP(¢) if and only if (Fz,y —z) > 0 for all y € C, that is, z
is a solution of the variational inequality. Numerous problems in physics, optimizations,
and economics reduce to find a solution of (1.1). Some methods have been proposed to
solve the equilibrium problem; see, for instance, [1-3] and the references therein.

Composite iterative algorithms were proposed by many authors for finding a common
solution of an equilibrium problem and a fixed point problem (see [4—18]).

On the other hand, consider the constrained convex minimization problem as follows:

minimize{g(x) : x € C}, (1.2)
where g: C — R is a real-valued convex function. It is well known that the gradient-

projection algorithm (GPA) plays an important role in solving constrained convex mini-
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mization problems. If g is (Fréchet) differentiable, then the GPA generates a sequence {x,,}
using the following recursive formula:

Xn+l = PC(xn - )\Vg(xn)); Vn >0, (13)
or more generally,
Xn+l = PC(xn - )\an(xn))) Vn >0, (14)

where in both (1.3) and (1.4) the initial guess x is taken from C arbitrarily, and the param-
eters, A or A,, are positive real numbers satisfying certain conditions. The convergence of
the algorithms (1.3) and (1.4) depends on the behavior of the gradient Vg. As a matter
of fact, it is known that if Vg is «-strongly monotone and L-Lipschitzian with constants
a,L > 0, then the operator

W := Pc(I - AVg) (1.5)

is a contraction; hence the sequence {x,} defined by the algorithm (1.3) converges in norm
to the unique minimizer of (1.2). However, if the gradient Vg fails to be strongly monotone,
the operator W defined by (1.5) would fail to be contractive; consequently, the sequence
{x,.} generated by the algorithm (1.3) may fail to converge strongly (see [19]). If Vg is Lips-
chitzian, then the algorithms (1.3) and (1.4) can still converge in the weak topology under
certain conditions.

Recently, Xu [19] proposed an explicit operator-oriented approach to the algorithm
(1.4); that is, an averaged mapping approach. He gave his averaged mapping approach
to the GPA (1.4) and the relaxed gradient-projection algorithm. Moreover, he constructed
a counterexample which shows that the algorithm (1.3) does not converge in norm in an
infinite-dimensional space and also presented two modifications of GPA which are shown
to have strong convergence [20, 21].

In 2011, Ceng et al. [22] proposed the following explicit iterative scheme:

Xpi1 = Pc[spy Vit + U = suuF)Tpxn], n>0,

where s,, = # and Pc(I - 1,Vg) =s,0 + 1 —s,)T, for each n > 0. He proved that the
sequences {x,} converge strongly to a minimizer of the constrained convex minimization
problem, which also solves a certain variational inequality.

In 2000, Moudafi [2] introduced the viscosity approximation method for nonexpansive
mappings, extended in [23]. Let f be a contraction on H, starting with an arbitrary initial
%o € H, define a sequence {x,,} recursively by

Xns1 = f (%) + (L= 0t)) Tx, 120, (L6)

where {«,} is a sequence in (0,1). Xu [24] proved that if {«,,} satisfies certain conditions,
the sequence {x,} generated by (1.6) converges strongly to the unique solution x € F(T)
of the variational inequality

(T-f)x',x-x)=0, VxeF(T).
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The purpose of the paper is to study the iterative method for finding the common so-
lution of an equilibrium problem and a constrained convex minimization problem. Based
on the viscosity approximation method, we combine the GPA and averaged mapping ap-
proach to propose implicit and explicit composite iterative method for finding the com-
mon element of the set of solutions of an equilibrium problem and the solution set of a
constrained convex minimization problem. We also prove some strong convergence the-

orems.

2 Preliminaries
Throughout this paper, we always assume that C is a nonempty closed convex subset of a
Hilbert space H. We use ‘—’ for weak convergence and ‘— for strong convergence.

It is widely known that H satisfies Opial’s condition [25]; that is, for any sequence {x,}
with x,, — x, the inequality

liminf ||x, — x| < liminf ||x, — y||
n— 00 n— 00

holds for every y € H with y # x.

In order to solve the equilibrium problem for a bifunction ¢ : C x C — R, let us assume
that ¢ satisfies the following conditions:

(A1) ¢(x,x) =0, forallx € C;

(A2) ¢ is monotone, that is, ¢(x,y) + ¢(y,x) <0 forall x,y € C;

(A3) forallx,y,z € C, limyo d(tz + (1 - t)x,y) < P(x,9);

(A4) for each fixed x € C, the function y > ¢(x,y) is convex and lower semicontinuous.

Let us recall the following lemmas which will be useful for our paper.

Lemma 2.1 [26] Let ¢ be a bifunction from C x C into R satisfying (Al), (A2), (A3), and
(A4), then for any r > 0 and x € H, there exists z € C such that

1
#(z,y) + ~-zz-%20, VyeC.

Further, if

1
Qrx = {ze C:pzy)+-(y-22z-x>0,Vye C},
r

then the following hold:
(1) Qy is single-valued,;
(2) Qy isfirmly nonexpansive; that is,

1Qrx — er||2 <{(Qx-Qyx-y), Vx,yeH;

(3) F(Q,) =EP(¢);
(4) EP(9¢) is closed and convex.

Definition2.1 A mapping T : H — H issaid to be firmly nonexpansive ifand only if 27 -1
is nonexpansive, or equivalently,

(x—y, Tx—Ty) > | Tx - Ty|?, «x,y€H.
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Alternatively, T is firmly nonexpansive if and only if T can be expressed as
1
T==-(I+S9),
S+9)

where S: H — H is nonexpansive. Obviously, projections are firmly nonexpansive.

Definition 2.2 A mapping 7 : H — H is said to be an averaged mapping if it can be writ-
ten as the average of the identity I and a nonexpansive mapping; that is,

T=>01-a)+as, (2.1)

where o € (0,1) and S: H — H is nonexpansive. More precisely, when (2.1) holds, we say
that T is a-averaged.

Clearly, a firmly nonexpansive mapping is a %—averaged map.

Proposition 2.1 [27] For given operators S,T,V : H — H:

D IT=0-a)S+aV for some a €(0,1) and if U is averaged and V is nonexpansive,
then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement I-T is firmly nonexpansive.

(i) If T =(1-a)S+aV for some o € (0,1), U is firmly nonexpansive and V is nonexpan-
sive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of
the mappings {T;}Y, is averaged, then so is the composite Ty --- Ty. In particular, if Ty
is ay-averaged, and T, is ay-averaged, where oy, € (0,1), then the composite T T, is

a-averaged, where o = o + 0ty — 10tp.

Recall that the metric projection from H onto C is the mapping P¢ : H — C which
assigns, to each point x € H, the unique point Pcx € C satisfying the property

ll = Pexl| = inf ||lx — y|| =: d(x, C).
yeC

Lemma 2.2 For a given x € H:
(@) z=Pcxifandonly if (x—z,y—2z) <0,Vy e C.
(b) z=Pcx ifand only if ||x — z||® < |lx = y|I® - |ly — 2|13, Vy € C.
(¢) (Pcx—Pcy,x—7y) > ||Pcx —Pcy||?, Vx,y € H.
Consequently, Pc is nonexpansive and monotone.

Lemma 2.3 The following inequality holds in an inner product space X:
e+ 901> < llx1? + 2(p,2+3),  VxyeX.
The so-called demiclosedness principle for nonexpansive mappings will be used.
Lemma 2.4 (Demiclosedness principle [28]) Let T : C — C be a nonexpansive mapping

with Fix(T) # 0. If {x,} is a sequence in C that converges weakly to x and if {(I — T)x,}
converges strongly to y, then (I — T)x = y. In particular, if y = 0, then x € Fix(T).
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Next, we introduce monotonicity of a nonlinear operator.

Definition 2.3 A nonlinear operator G whose domain D(G) € H and range R(G) C H is
said to be:

(a) monotone if
(x—y,Gx—Gy) >0, Vx,yeD(G),

(b) B-strongly monotone if there exists 8 > 0 such that
(x—y,Gx—Gy) = Bllx—yl*>, Vx,y€D(G),

(c) v-inverse strongly monotone (for short, v-ism) if there exists v > 0 such that
(x—,Gx - Gy) > v||Gx - Gy|>, Vx,ye€D(G).

It can be easily seen that if G is nonexpansive, then / — G is monotone; and the projection
map Pc is a 1-ism.

The inverse strongly monotone (also referred to as co-coercive) operators have been
widely used to solve practical problems in various fields, for instance, in traffic assignment
problems; see, for example, [29, 30] and reference therein.

The following proposition summarizes some results on the relationship between aver-

aged mappings and inverse strongly monotone operators.

Proposition 2.2 [27] Let T : H — H be an operator from H to itself.
(@) T is nonexpansive if and only if the complement I — T is %—ism.
(b) If Tis v-ism, then for y >0, y T is %—ism.
(c) T is averaged if and only if the complement I — T is v-ism for some v > % Indeed, for
a €(0,1), Tis a-averaged if and only if [ - T is i—ism.

Lemma 2.5 [24] Let {a,} be a sequence of nonnegative numbers satisfying the condition
ani1 < (1= Yu)an + Yudy, ¥n 20,

where {y,}, {8,} are sequences of real numbers such that:
(@) {ya} C (0,1) and Znoio VYn =00,
(i) limsup,_, 8 <0 0r Y o2 Vuldul < 00.

Then lim,_, o a, = 0.

3 Main results

In this paper, we always assume that g : C — R is a real-valued convex function and Vg
is an L-Lipschitzian mapping with L > 0. Since the Lipschitz continuity of Vg implies
that it is indeed inverse strongly monotone, its complement can be an averaged mapping.
Consequently, the GPA can be rewritten as the composite of a projection and an averaged
mapping, which is again an averaged mapping. This shows that an averaged mapping plays
an important role in the gradient-projection algorithm.

Page 5 of 17
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Note that Vg is L-Lipschitzian. This implies that Vg is (1/L)-ism, which then implies
that AVg is (1/AL)-ism. So, by Proposition 2.2, I — AVg is (AL/2)-averaged. Now since the
projection P¢ is (1/2)-averaged, we see from Proposition 2.1 that the composite Pc(f —
AVg)is ((2 + AL)/4)-averaged for O < A < 2/L. Hence, we have that for each n, Pc(I — A, Vg)

is ((2 + A,.L)/4)-averaged. Therefore, we can write
2—A,L 2+ A,L

Pc(I-A,Vg) = ) I+ ) T,=58,1+1—-s,)Ty,

2-a,L
==

Let f: C — C be a contraction with the constant p € (0,1). Suppose that the minimiza-

where T}, is nonexpansive and s, =
tion problem (1.2) is consistent, and let U/ denote its solution set. Let {Qg, } be a sequence
of mappings defined as in Lemma 2.1. Consider the following mapping G, on C defined
by

Gur=ayf(x) + (1 -a)T,Qp,x, xcCmeN,
where «,, € (0,1). By Lemma 2.1, we have

1Gux - Guyll < (l_an(l_p))”x_y”~

Since 0 <1 - a,(1 — p) < 1, it follows that G, is a contraction. Therefore, by the Banach
contraction principle, G,, has a unique fixed point x/;, € C such that

xf; = ay‘f(xf:,) +(1- an)T,,Qﬂnxfn.

For simplicity, we will write x,, for x/,; provided no confusion occurs. Next, we prove the
convergence of {x,}, while we claim the existence of the g € U N EP(¢), which solves the

variational inequality
(U-flgp—q)=0, VpelUNEP($). 31)

Equivalently, g = Puneps)f (q)-

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H and ¢
be a bifunction from C x C into R satisfying (Al), (A2), (A3), and (A4).Letg:C — Rbea
real-valued convex function, and assume that Vg is an L-Lipschitzian mapping with L > 0
and f : C — Cis a contraction with the constant p € (0,1). Assume that U NEP(¢) # 0. Let

{x,} be a sequence generated by

G y) + 5y =ty thy —2,) 20, VyeC,
Xy =opf (xy) + L —ay)Tyuy, VneN,

where u, = Qp, %y, Pc(I =7,V g) = 8,0 + (1—5,) T}, 5, = # and {A,} C (0, %). Let {B,} and
{a,} satisfy the following conditions:
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(i) {Bn} C(0,00), liminf, .o By > 0;

(i) {a,} C(0,1), lim,_ o, = 0.
Then {x,} converges strongly, as s, — 0 (& A, — %), to a point g € U NEP(¢p) which solves
the variational inequality (3.1).

Proof First, we claim that {x,} is bounded. Indeed, pick any p € U N EP(¢), since u, =
Qg,*» and p = Qg, p, then we know that for any n e N,

llun = pll = 1Qp,%n — Qp,PIl < %, — plI. (3.2)
Thus, we derive that (noting T,,p = p and T,, is nonexpansive)

% = pll = | tnf () + (1 = o) Tt — p|
< |lotnf n) = f ®)|| + [ nf ) = anp || + (A = )| Tysn = Tupl

< [1-a,@-p)]llxn - pll + | -F)p]-

Then we have

’

1
lew =pll < T -Hp
-p
and hence {x,} is bounded. From (3.2), we also derive that {u,} is bounded.

Next, we claim that ||x, — u,|| — 0. Indeed, for any p € U N EP(¢), by Lemma 2.1, we

have

et = pII* = 1Qp, %1 = Qg2

= <xn — P Uy _P>

= 5 (F =PI + = pI? =ty ,1?)
This implies that
lltn = pII* < %0 =PI = |t — 0]l (3.3)
Then from (3.3), we derive that

lw = pII* = Jouaf @) + (1 = @) Ty, —
= ”anf(xn) —Qup + (1 - an)Tnun - (1 - an)TanZ
< (1— )|l —P||2 + 20‘n<f(xn) —Pr¥n _p>

< % = I =tk = 2ul1* + 20t [ o115 = pll + | (L = H)p| ]I — pII.
Since «,, — 0, it follows that

lim ||x, — u,| = 0.
n— 00
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Then we show that ||x,, — T,x,,|| = 0. Indeed,

1 = T |l = Nl — Tyt + Tytny, — Tl
= ”xn - Tnun” + ”Tnun - Tnxn”

=ay “f(xn) = Tty ” + [ty — x|
Since «,, — 0 and ||x,, — u, || — 0, we obtain that

”xn - Tnxn” — 0.

Thus,
ety — Tutanll = |ty — X0 + X — Ty + Tty — Tty ||
< Mun =%l + 10 = Tuxn |l + | Tty — Tyt
< Motn = x|l + 10 = Tunll + 12 — w0l
and

96 = Tt || < %0 = thull + ttn — Trtdn |,
we have
luy — Tyuyll - 0 and |lx, — T,u,ll — O.
Observe that

”PC(I_ AV Quy, — uy ” = ”Snun + (1 =s,)Ttty — uy ”
= (1= s )| Tuth — |
< N1 Tnttn = unll,

2-hul
4

where s, =

€ (0, %). Hence, we have

2
PC(I— ng)u,, —uy

<

+ ||PC(I - A VQuy, — uy ||

2
Pc (1 - ZVg) Uy = Pl = 1, V)i,

+ ||PC(I - A V)u, —uy, ||

2
: H (1_ ZVg)”” (=2, Vg)un
2
= <z ‘*n) | Vgt + 1Tt = .

From the boundedness of {u,}, s, — 0 (& A, — %) and ||u, — T,u,|| — 0, we conclude
that

lim
n— o0

=0.

2
u, —PC<I— ZVg)un
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Since Vg is L-Lipschitzian, Vg is }-ism. Consequently, Pc(I — %Vg) is a nonexpansive

self-mapping on C. As a matter of fact, we have for each x,y € C

2

2 2
PC(I— ZVg)x—PC(I— ZVg)y

(N,

2

2

x-y- %(Vg(x) - Vg®)

= =yl = 72 Vge) - VaW) + 75 [ Vet - Ve0)

< llx =31 - 2 V2 - Va0 + 75 | Vet - Vo)’

= [l - yII.

Consider a subsequence {u,,} of {u,}. Since {u,,} is bounded, there exists a subsequence
{u,,l.i} of {u,,} which converges weakly to g. Next, we show that g € U/ N EP(¢). Without
loss of generality, we can assume that u,, — ¢. Then, by Lemma 2.4, we obtain

2
q=Pc(1— ZVg)q‘

This shows that g € U.
Next, we show that g € EP(¢). Since u,, = Qg,,, for any y € C, we obtain

d’(un’y) + IBLO} — Uy, Uy _xn) Z 0

n
From (A2), we have

1
ﬂ_<_y— Uy, Uy _xn> Z ¢(J’: Ll,,).

Replacing n by n;, we have

Up; — Xp,

<y — Uy;» > > ¢(% uni)'

nj

Since % — 0 and u,, — ¢, it follows from (A4) that 0 > ¢(y,q) for all y € C. Let

nj

zz=ty+(1-t)q, Vte(0,1],yeC,
then we have z; € C and hence ¢(z;,q) < 0. Thus, from (A1) and (A4), we have

0= ¢(Zt»Zt)
<td(zs,y) + (1 -)p(zs,q)

E t¢(zt1y))

Page9of 17


http://www.fixedpointtheoryandapplications.com/content/2012/1/201

Tian and Liu Fixed Point Theory and Applications 2012, 2012:201 Page 10 of 17
http://www.fixedpointtheoryandapplications.com/content/2012/1/201

and hence 0 < ¢(z;,y). From (A3), we have 0 < ¢(g,) for all y € C and hence g € EP(¢).
Therefore, g € EP(¢) N U.
On the other hand, we note that

Xp—(q= anf(xn) + (]- _an)Tnun -q

= a,f (%) — a,f (q) + 0, f (@) — g + (1 — (Tt — q).

Hence, we obtain

lln = qlI* = enl(f ~ 1)g, %, — q)
+ (an (f(xn) _f(q)) + (L= ap)(Tuthn — Tnq), %0 — q)

= an((f -Dq,x, - q) + (1 —ay(l- ,0)) ll,, — q||2'
It follows that
9 1
len = qll* = 7——((f = D, - q).
-p

In particular,

1
[, — qll* < m((f—l)q,xni -q). (3.4)

Since x,,;, — g, it follows from (3.4) that x,, — g as i — o0.

Next, we show that g solves the variational inequality (3.1). Observe that
Xn = ar(f(xn) + (1 - an)Tnun = argf(xn) + (1 - an)TnQﬂnxn‘
Hence, we conclude that
1
v _f)xn = _O(_(I_ TnQﬂ,,)xn - TnQann + Xp.
n

Since T, is nonexpansive, we have that I — 7,Qg, is monotone. Note that for any given
z € UNEP(¢),

(I = f)ns 200 — 2)

1
== <(I - TnQﬁn)xn - (1 - TnQﬂy,)Z:xn - Z> - (Tnun — Xy Xn — Z)
ay

= || Tnun - xn” ”xn - Z”
Now, replacing # with #; in the above inequality, and letting i — 0o, we have
(I =g q = 2) = lim (1 = s, 20, — 2) < 0.

From the arbitrariness of z € U N EP(¢), it follows that g € U N EP(¢) is a solution of
the variational inequality (3.1). Further, by the uniqueness of solution of the variational
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inequality (3.1), we conclude that x, — g as n — oo. The variational inequality (3.1) can

be written as

(fl9) -q.9-2) >0, VzeUNEP(¢).

So, in terms of Lemma 2.2, it is equivalent to the following equality:

Purer)f (q) = q.
This completes the proof. O

Theorem 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H and ¢
be a bifunction from C x C into R satisfying (Al), (A2), (A3), and (A4).Letg:C — R bea
real-valued convex function, and assume that Vg is an L-Lipschitzian mapping with L > 0
andf : C — C is a contraction with the constant p € (0,1). Assume that U NEP(¢) # (. Let
{x,} be a sequence generated by x, € C and

P, 9) + 5V =ty Uy —%,) 20, VyeC,
Xntl = argf(xn) + (1 - an)Tnunr VneN,

where u, = Qg, %y, Pc(I — A, Vg) = 8,0 + (1 — 5,) T}, 55 = 2_Z"L and {A\,} C (0, %). Let {a,},

{Bn} and {s,} satisfy the following conditions:
(i) {Bn} C (0,00), liminf B, >0, 372, |Bus1 = Bul < 00;
(ii) {en} C(0,1), lim, o0ty =0, Z;il oy = 00, Z,O,ozl |0tys1 — 0ty | < 005
(iii) {s,} C (0,3), limymso0 85 = 0 (& limymsoo Ay = 2), Yy [Sus1 — Sul < 00.
Then {x,} converges strongly to a point q € U NEP(¢) which solves the variational inequal-
ity (3.1).

Proof First, we show that {x, } is bounded. Indeed, pickany p € NEP(¢), since u,, = Qg, %,
and p = Qpg, p, then we know that for any z € N,

llun = pll = 11Qp,%n — Qp,2Il < llxn —plI. 3.5)

Thus, we derive that (noting T,,p = p and T, is nonexpansive)

%41 = Il = || etf () + (1 = 0t) Tt — p|
< o pllxy — pll + (L= o)1y — pll + e ||f(p) - P

< (1-au@-p)lxn —pll +au|f(p) - p|.

By induction, we have

|

and hence {x,} is bounded. From (3.5), we also derive that {u,} is bounded.

1
e = pll = max{nxl 2l @ -pl
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Next, we show that |x,,; —x,| — 0. Indeed, since Vg is %-ism, Pc(I - A,Vg) is nonex-
pansive. It follows that for any given p € S,
| Pl = %,V Qups | < | Pell = 2,V Quns = p + Pl
< [Pcl = 1,V @)un1 = P = 1,V g)p| + Il
< Ntw1—pll + lipl
< ltpall + 2l

This together with the boundedness of {u,} implies that {Pc(I — 1, Vg)u,_1} is bounded.
Also, observe that

” Tnun—l - Tn—l”n—l”

4Pl =2 VQ) = 2= 2ul)] AP =Dy V) = (2= Dy D)
= Uy—1— Uy—
2+ AL ”1 2+ AL o
4Pc(I - A, VgQ) 4Pc(I — Ay1Vg) 2 —ApaL 2— AL
= Up-1— Up-1 Up-1— Up-1
2+ A,L 2+ Ayl 2+ A,1L 2+ A,L
_ 42 + Ay L)Pc(I - )ang)un—l —4(2 + 1, L)Pc(I - )Ln—lvg)un—l
2+ A, L)2 + Ay1L)

4L|)"n - )\‘}’l—l|
+
2+ A1 L)(2 + AuL)
4L(Ay-1 — Ap)Pc( - )ang)un—l
2+ A L)(2+ Ay1L)
42+ 1 D(Pell = 1,V8) ~ Pl ~ 31 V)it
(2 + A L)(2 + AyaL)
4L|)\n - )Ln71|
+
2+ AaL)(2 + A2,
e I1Pc(I = 2n V)t
- 2+ A, L)(2+ Ay1L)
4'(2 + )\nL)”PC(I - )\nvg)un—l - PC(I - )\n—lvg)un—ln
(24 A L)(2 + AyqL)
4L|)"n - )\‘}’l—l|
+
2+ A1 L)(2 + AuL)

< Ao = Al [L”PC(I_ AnV )ty ” + 4‘” vg(un—l)” +L||un—1||]

llstn

N[t
)

+

llstn

< MilAp1 = Ayl
for some appropriate constant M; > 0 such that
My = L|Pc =3y V@uya || + 4| Vgund)| + Llluyall, Vnz1.
Thus, we get

%41 = %l

= ||anf(xn) + (1 - an)TnMn - (an—]f(xn—l) + (1 - an—l)Tn—lun—l) ”

Page 12 of 17
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= || etnf (o) = otf (1) + tf (1) = ot f (o) + (L= 0ty) Trith
~ (=) Tyt + (1= 0n) Tyt — (1= ) Ty 1t
+ (1= o) Tyttt — (1= 1) Ty thne |
< @1 = Fna | + |t = @ [ f o) | + (1= @)l — |
+ (=) Tutty1 = Typatha || + |ty — eyt || Tmr 41 |
= dpplln = xpall + Q= o)ty — wpa | + A = ) | Tty = Troatha |
+ lotn = @t | (|| @nt) || + | Tcatta Il
< aup g — Xl + (1= )ty — |l + Milhy = Apa

+ |an - an—1|(|Lf(xn—l)H + ||Tn—lun—1”)

M
= anp”xn — Xn-1 “ + (1 - an)”un — Up-1 ” + |Sn _Sn—1|T

+ lay — an71|(“f(xnfl)” + ”Tnflun—l”)

< @ppllxn = xnoall + (1= ap)luy — || + M2(|05n —dya| + I8y = Sn—1|) (3.6)

for some appropriate constant M, > 0 such that
4M,
MZ = max{ Hf(xn—l) || + ” Tn—l”n—l“: T }: Vn > 1L

From u,,1 = Qg,,; %441 and u,, = Qg,x,, we note that

¢(un+1’y) + O’ — Un4l Upsl — xn+1) = O; Vy € C’ (37)

1
IBn+1
and

1
d(uny) + ﬁ—<y — Uy Uy — %) >0, VyeC. (3.8)

Putting y = u,, in (3.7) and y = 1,41 in (3.8), we have

1

+ —<un — Up+1 U+l _xn+l) >0, Vy eC,
ﬂn+l

¢(”n+1; un)
and
1
¢(um un+1) + = (un+1 — Uy, Uy _xn> >0, Vy eC.
n

So, from (A2), we have

Up —Xn Upsl — Xn+l
<Mn+l — Up, - >0,

ﬁrz /371+1

and hence

:3n+1

n
<un+1 —Upy Uy — Ups1 + Uyl — Xy — (a1 — xn+1)> > 0.
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Since lim,_,» B, > 0, without loss of generality, let us assume that there exists a real
number a such that 8, > a > 0 for all # € N. Thus, we have

2 ,Bn
”Mn+1 - un” = <Mn+l —Un;Xnsl — Xy + (1 - >(Mn+l - xn+l)>

n+l

Bn
:3n+1

1-

< ttne1 — | { o641 — % || + l2£p41 — % |l }:

thus,

1
”un+1 - un” = ||xn+1 _xn” + ; |,Bn+1 - ﬂn|M3’ (39)

where M3 = sup{||u, —x,| : n € N}.
From (3.6) and (3.9), we obtain

%241 = %,
M;
= (1 —a,(1- p))”xn = %p1l +M2(|an = Q| + [Su _Sn—ll) +1Bn - ,Bn—1|7

= (1 - an(l - p))”xn _xn—IH +M(|an - an—l| + |Sn - Sn—ll + |IBVI - ,Bn—l|))

where M = max[M,, %]. Hence, by Lemma 2.5, we have
lim ||x,41 — %, = 0. (3.10)
n— o

Then, from (3.9) and (3.10), and |B,.;,1 — Bx| — 0, we have
lim ||z,41 — uyl = 0.
n— 00

For any p € U NEP(¢), as in the proof of Theorem 3.1, we have

2 — pI* < %0 = PII* = |1t — %1 (3.11)

Then from (3.11), we derive that

1 =PI = [otuf (o) = tp + (1= ) Tty — (1~ ) Top|*
< &2 ||f(en) = p| + 2001 — ) |f () = | N1t — ]
+ (1= an)?|lun - plI®
< au([f ) = | +2[f ) = 2| 1t = p) + 12 — pII?
< 12 =PI = s = 250l + et (£ o) =

+2[[f (a) = p 12w = ).
Since «,, — 0 and ||x, — x,,1]| = 0, we have

lim ||x, — u,| = 0.
n— 00
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Next, we have

%y = Tnn |l = ”ar(f(xn) + (L= ay) Tpthy — Ty ”
=ay “f(xn) = Tty ” + (L= o)l — 2]

Then, ||x, — T,x,|| — 0, it follows that ||u, — T,,u,| — 0.
Now, we show that

limsup(x, —q,—(I - f)q) <0,

n—o0

where g = Pyrep)f (q) is a unique solution of the variational inequality (3.1). Indeed, take
a subsequence {x,, } of {x,} such that

lim sup(x,, -q,—(I —f)q) = k]irgo(xnk —-q,—(I —f)q).

n—0o0

Since {x,} is bounded, without loss of generality, we may assume that x,, — X. By the same
argument as in the proof of Theorem 3.1, we have ¥ € U N EP(¢).
Since g = Pynep)f (), it follows that

limsup(( - f)q,q — %u) = (I - f)q,q — %) < 0. (3.12)

n—00

From

Xne1 —q = of X)) + A — ) Tyt — g

= opf (xn) — o f (q) + uf (@) — g + (1 — 00) Tty — (1 — ) Truq,

we have

I

%1 — q||2 = ||an(f(xn) —f(Q)) + Oln(f(Q) - Q) + (1 = o ) (T, — Tuq)
E (1 - an)zllTnun - Tn61||2 + 2an<f(xn) _f(q) - (1 _f)qrxn+l - q)

This implies that

%1 = gl® < (1= ) 1% = q11* + 200 1% = q | %11 = 4
+ 2“;1(_(] _f)q’xrul - 6])
< (=) Il = qll* + 2up (1% = 1> + %011 — q11%)

+ 2an<_(1 )@ %ns1 = q>'

Then, we have

2

1-20, +a,p a; |

2 2
llocn — g™ + |, — 4l

1-aup 1-aup

(—(1 _f)q’xwrl - q)

2
”xn+1 - 61|| =

20,
+

1-ayp
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2

an
< (1-2( - p)an)ll%s — gl + T—wo %2 — g1
—Qup
20,
-\~ I - A+l —
+ 1—a,,p< U =g, %n1 Q)

o .
< (1-20 - p)ay)llx, — qlI* +2(1 - p)an<—M
( ) 2(1-p)1 - aup)

+ ;FU — ) %ni1 — q)
1 -p)A~anp)
= (1-2(1 - p)an) s — qll* + 21 = p)etSy,
where M = sup{llx, —ql|* : n € N}, and 8, = st M + qyizarmy ¢~ =) %ni1 = q).

It is easy to see that lim,_.o0 2(1 - p)a, = 0, Y ooy 2(1 - p)at, = 00, and limsup,,_, 8, <0
by (3.12). Hence, by Lemma 2.5, the sequence {x,} converges strongly to g. This completes
the proof. O

4 Conclusions

Methods for solving the equilibrium problem and the constrained convex minimization
problem have extensively been studied respectively in a Hilbert space. But to the best of
our knowledge, it would probably be the first time in the literature that we introduce im-
plicit and explicit algorithms for finding the common element of the set of solutions of
an equilibrium problem and the set of solutions of a constrained convex minimization

problem, which also solves a certain variational inequality.
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