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1 Introduction and preliminaries

In 1992, Dhage introduced a new class of generalized metric spaces called D-metric spaces
(see [1]). In a subsequent series of papers, Dhage attempted to develop topological struc-
tures in such spaces (see [2—4]). He claimed that D-metrics provide a generalization of
ordinary metric functions and went on to present several fixed point results. In [5], in col-
laboration with Sims we demonstrate that most of the claims concerning the fundamental
topological structure of D-metric space are incorrect, we also introduce a valid general-
ized metric space structure, which we call G-metric spaces. Some other papers dealing
with G-metric spaces are those in [6—17]. Recently, there has been growing interest in es-
tablishing fixed point theorems in partially ordered complete G-metric spaces with the
contractive condition which holds for all points that are related by partial ordering ([18,
19] and [20]).

In [21], coupled fixed point results in partially ordered metric spaces were established.
After the publication of this work, several coupled fixed point and coincidence point re-
sults have appeared in recent literatures (see, for instance, [19, 22-37] and [38]).

Recently, Vasile Berinde and Marin Borcut [39] extended and generalized the results
of [21] to the case of a contractive operator F : X X X x X — X, where X is a complete
ordered metric space. They introduced the concept of a tripled fixed point and the mixed
monotone property of a mapping F: X x X x X — X. For more details on tripled fixed
point results, we refer the reader to [39] and [40].

Very recently, the notion of a fixed point of order N > 3 was introduced in [30], and later
in [41] Erdal Karapinar and Nguyen Van Luong introduced the concept of a quadruple
fixed point and the mixed monotone property of a mapping F: X x X x X x X — X and
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they presented some new fixed point results. Then, a quadruple fixed point is developed
and related fixed points are obtained (see [41-47]).

In this paper, we prove some quadruple coincidence and quadruple common fixed point
theorems for F: X* — X and g : X — X satisfying (¢ — ) contractions in partially ordered
G-metric spaces. We illustrate our results based on an example of the main theorems.
Also, we deduce quadruple coincidence points for mappings satisfying the contraction

condition of integral type, we shall recall some mathematical preliminaries.

Definition 1.1 [48] Let X be a nonempty set, and let G: X x X x X — R" be a function
satisfying the following properties:

(Gl) G(x,y,2)=0ifx=y=z;

(G2) 0<G(x,x,y) forall x,y € X with x # y;

(G3) G(x,x,9) <G(x,9,2) for all x,y,z € X with z #y;

(G4) G(x,9,2) = G(x,2,9) = G(y,z,x) = - - - (symmetry in all three variables); and

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X (rectangle inequality).
Then the function G is called a generalized metric or, more specifically, a G-metric on X,

and the pair (X, G) is called a G-metric space.

Example 1.1 [48] Let (X, d) be a usual metric space, and define G; and G,,, on X x X x X
to R* by

Gs(x,9,2) =d(x,y) +d(y,z) + d(x,z), and
Gulx,y,2) = max{d(x,y),d(y, z),d(x, z)}

for all x,7,z € X. Then (X, G;) and (X, G,,,) are G-metric spaces.

Definition 1.2 [48] Let (X, G) be a G-metric space, and let (x,) be a sequence of points
of X. A point x € X is said to be the limit of the sequence (x,,) if lim,, ;. 00 G(%, %, %,,) = 0,
and one says that the sequence (x,,) is G-convergent to x.

Thus, if x, —> 0 in a G-metric space (X, G), then for any € > 0, there exists N € N such

that G(x, x,,, x,,) < € for all n,m > N (we mean by N the natural numbers).

Proposition 1.1 [48] Let (X, G) be a G-metric space. Then the following are equivalent.
(1) (x4) is G-convergent to x.
(3) G(xy,x4,%) > 0, as n — 0.
(4) G(xy,x,x) — 0,as n— oo.

(5) G(xp, %, x) — 0, as m,n — 00.

Definition 1.3 [48] Let (X, G) be a G-metric space. A sequence (x,) is called G-Cauchy
if, given € > 0, there is N € N such that G(x,,x,,%;) < € for all n,m,l > N. That is,
G (%, %, %1) — 0 as n,m, | — 0.

Proposition 1.2 [48] In a G-metric space, (X, G), the following are equivalent.
(1) The sequence (x,) is G-Cauchy.
(2) Forevery € >0, there exists N € N such that G(x,, Xy, %m) < € for all n,m > N.
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Proposition 1.3 [48] Let (X, G) and (X', G') be two G-metric spaces. Then a function f :
X — X' is G-continuous at a point x € X if and only if it is G-sequentially continuous at
x; that is, whenever (x,) is G-convergent to x, we have (f (x,)) is G-convergent to f(x).

Definition 1.4 [48] A G-metric space (X,G) is called a symmetric G-metric space if
G(x,9,9) = G(y,%,%) for all x,y € X.

It is clear that any G-metric space where G derives from an underlying metric via G, or

G,, in Example 1.1 is symmetric.

Proposition 1.4 [48] Let (X, G) be a G-metric space, then the function G(x,y,z) is jointly
continuous in all three of its variables.

Proposition 1.5 [48] Every G-metric space (X, G) induces a metric space (X,dg) defined
by

dgx,y) = Glx,y,9) + Gy, x,%x), Vx,y€X.
Note that if (X, G) is symmetric, then
dg(x,y) =2G(x,3,y), Vx,yeX. (L1)

However, if (X, G) is not symmetric, then it holds by the G-metric properties that

3
EG(x,y,y) <dgx,y) <3G(x,5,y), VxyeX. (1.2)

Definition 1.5 [48] A G-metric space (X, G) is said to be G-complete (or complete G-
metric) if every G-Cauchy sequence in (X, G) is G-convergent in (X, G).

Definition 1.6 Let (X, G) be a G-metric space. A mapping F: X x X x X x X — X is said
to be continuous if for any G-convergent sequences {x,}, {y.}, {z.}, and {w,} converging

to x, ¥, z, and w respectively, {F(x,, Y4, 2, Wy)} is G-convergent to F(x,y,z, w).

Proposition 1.6 [48] A G-metric space (X,G) is G-complete if and only if (X,dg) is a

complete metric space.
Following Erdal [41], we introduce the following definitions.

Definition 1.7 [41] Let X be a nonempty set and F: X x X x X x X — X be a given
mapping. An element (x,y,z,w) € X x X x X x X is called a quadruple fixed point of F if

F(x,y,z,w) = x, Fiy,z,w,x) =y,

F(z,w,x,y) =2z, and F(w,x,y,z) =w.

Definition 1.8 [41] Let (X, <) be a partially ordered set and F: X x X x X x X — X be
a mapping. We say that F has the mixed monotone property if F(x,y,z, w) is monotone
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non-decreasing in x and z and is monotone non-increasing in y and w; that is, for any
x%,9.2,weX,

x,% €X,  x =x implies Flxy,y,z,w) < F(x2,5,2,w),

yy2€X, =<y, implies F(x,y,2w) < F(xy,2w),

z1,22 € X, z1 <z, implies F(x,y,2z1,w) < F(x,y,22, W),
and
wy, Wy € X, wy <w, implies F(x,y,z,w;) < F(x,y,2, wy).

Definition 1.9 [41] Let X be a non-empty set. Then we say that the mappings F : X* — X
and g: X — X are commutative if for all x,y,z,w € X,

g(F(x,y,2,w)) = F(gx, gy, g2 gw).

Definition 1.10 [47] Let (X, <) be a partially ordered set. Let F: X* — X and g: X — X.
The mapping F is said to have the mixed g-monotone property if for any x,y,z, w € X,

x1,% € X, g <gxy = F(x,y,z,w) <F(xy,y,2,w),
yy€X,  en=<gr = Fyzw)=Fy,zw),

21,27 € X, g21<gza = Fxyz,w)<Fxy2,w), and
wy, Wy € X, aw <gw, = F(x,5,z,w) > F(x,y,2,Wy).

Definition 1.11 [47] Let F: X* — X and g: X — X. An element (x,y,z,w) is called a
quadruple coincidence point of F and g if

F(x,y,z,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz, and F(w,x,y,z)=gw.

(gx, gy, gz,gw) is said to be a quadruple point of coincidence of F and g.

Definition 1.12 [47] Let F: X* — X and g : X — X. An element (x,y,z,w) is called a
quadruple common fixed point of F and g if

Fx,y,z,w)=gx=x, F(y,z,w,x) =gy =9,

F(z,w,x,y)=gz=2z, and F(w,x,y,z)=gw=w.

Let ® be the set of all functions ¢ : [0, +00) — [0, +00) which satisfy
(1) ¢ is continuous and non-decreasing;
2) ¢(t) = 0iff £ = 0;
(3) ¢t +5) < d(t) + ¢(s), Ve, 5 € [0,00).

And let ¥ denote all functions v : [0, +00) — [0, +00) which satisfy
(1) lim,_,¥(£) >0 forall » > 0, and
(2) im0 ¥ () = 0.

Page 4 of 22


http://www.fixedpointtheoryandapplications.com/content/2012/1/199

Mustafa Fixed Point Theory and Applications 2012, 2012:199 Page 5 of 22
http://www.fixedpointtheoryandapplications.com/content/2012/1/199

For example [26], the functions ¢ (¢) = kt, k > 0, ¢»(t) = = are in ® and vy () = kt, k > 0,

T 1+t
Yo(t) = —l"(zé”l) are in W.

Remark1l & C V.
Remark 2 For all £ € [0, +00), we have 1¢(t) < ¢(%).

2 Main results

Theorem 2.1 Let (X, <) be a partially ordered set and (X, G) be a G-metric space. Let
F: XXX XxXxX— Xandg:X— X besuch that F has the mixed g-monotone property.
Assume that there exist ¢ € ® and v € V such that

¢ (G(F(x,y,2,w),F(u,v,5,t), F(a, b, ¢, d)))
< —¢(Glgx, gu, gs) + G(gy,gv, gb) + G(gz, gs, gc) + Glgw, gt, gd))

_y ( G(gx, gu, gs) + G(gy, gv, gb) + G(gz, gs, gc), G(gw,gt,gd))
4

N

(2.1)

for all x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb, gz > gs > gc, and
gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with F. If there ex-
ist %0,0,20, Wo € X such that

X0 SF(xo»J/o»Zo, W())r 20 = F(yO!ZO’WOer):

gz0 < F(zo,wo,%0,90), and gwy > F(wo,%0,%0,20),

suppose either
() (X, G) is a complete G-metric space and F is continuous or
(b) (g(X),G) is complete and (X, G, <) has the following property:
(i) if a non-decreasing sequence x, — a, then x, < x for all n,
(ii) if a non-increasing sequence y, — vy, then'y <y, for all n,
then there exist x,y,z,w € X such that

F(x,y,z,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz, and F(w,x,,2)=gw,
that is, F and g have a quadruple coincidence point.

Proof Let x9,0,20, Wy € X be such that

gxo EF(x();yO)ZO: WO)! o > F(y(hz()vWO)xO)v

gzo < F(zo,wo,%0,%0), and gwy > F(wo,Xo,%0,%20)-
Since F(X*) C g(X), then we can choose x1,y1, 21, w; € X such that

gx1 = F(x0,%0,20, Wo), 21 = F(¥0,20, Wo,%0),

gz = Flzo, wo,%0,%0), and  gw; = F(wo,Xo,Y0,20)-


http://www.fixedpointtheoryandapplications.com/content/2012/1/199

Mustafa Fixed Point Theory and Applications 2012, 2012:199
http://www.fixedpointtheoryandapplications.com/content/2012/1/199

Taking into account F(X*) C g(X), by continuing this process, we can construct sequences
{xn}, {yu}, {zn}, and {w,,} in X such that

gxn+1 = F(xntymzm Wn): gyn+1 = F(ymzm men);

(2.3)
8Zn+1 = F(Zm memyn)¢ and EWni1 = F(mem_ymzn)'
We shall show that
gxn < &Xn+1, &YVn+1 < gyn,
(2.4)

gz, <gzyy1, and gw,,; <gw, forn=0,12,....

For this purpose, we use the mathematical induction. Since gxy < F(xo, y0, 20, Wo), £€¥0 >
F(y0, 20, Wo,%0), 820 < F(20, Wo,%0,%0), and gwg > F(wo,xo,%0,20), then by (2.2), we get

gxo < gx1, 21 = 2o, g20 <gz1;, and gw; <gwy,

that is, (2.4) holds for n = 0.
We presume that (2.4) holds for some # > 0. As F has the mixed g-monotone property

and gx, < gX%u+15 &+l < &Vn> 82n < gZn+1, and gw,,,1 < gw,,, we obtain

X+l = F(xmymzm Wn) =< F(anrl:yanmWn)
=< F(xn+lryn: Zp+1s Wn) < F(xn+1:yn+l: Zn+1s Wn)
=< F(xn+lryn+b Znsl) Wie1) =Xn+25
Vn+2 = F()’n+1, Zn+1s Wn+1’xn+l) =< F(yn+17 Zpy Xn+ls w}’H—l)
=< F(ynr ZnyXn+1s Wn+1) =< F(ym ZnsXns WVI+1)
= F()/mmem Wn) =8Vn+1»
8Zp41 = F(anymxm Wn) =< F(Zn+17yn)xm Wn)
S F(Znﬂ:ynﬂ»xm Wn) 5 F(Zn+lryn+1,xn+1, Wn)

< F(Zn+17yn+1’ Xn+ls Wn+l) =8Zu+2

and

an+2 = F(Wn+1rxn+1)yn+1’zn+l) =< F(Wn+1;xmyn+1: Zn+1)
S F(memyn+1rzn+1) E F(Wm xnryn: Zn+1)

< F(Wn:xn;ym Zy) =gWy41.
Thus, (2.4) holds for any n € N. Assume for some n € N,
8Xn = ZXns1s Vn = En+ls 82y = gZns1,  and  gw, =gw,,

then bY (23)7 we have 8Xn = F(xmymzn: Wn)r &n = F()/mzm Wn;xn); 8z, = F(Zm Wn:xmyn)r
and gw,, = F(Wy, X, Y Zu) = (X Y Zu> Wa) is @ quadruple coincidence point of F and g.

Page 6 of 22
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From now on, assume for any # € N that at least

&n # X1 O gV Z&ns1 OF g2y #8Zni1 O gWy 7 gWpi1. (2.5)

Since gx, < g%y115 EVni1 < n> 82n < gZu+1, and gw,,1 < gw,, then from (2.1) and (2.3),

we have

¢ (G (g%, &1, 8%n))
= G(G(F s Yus s Wi)s F sy Y Zts W) F (K1, Y15 Zn1 Win1)) )
< £¢(G(gxmgxmgxn_1) + G(&Yn &Yy En1)
+ G821 &2n» §2n-1) + G(gWn» W, EWn-1))
— Y ((G(gn> nr 1) + G (&Y Qs Y1)
+ G821, 82 §2n1) + G(@W, gWis gWn 1)) /4, (2.6)
D(G(&Vn &Yns1,8Vns1))
= O (G(FOm1, 201 Wity %01)s EOs Zts Wity %), E s Zuty Wi 1)) )
< iqﬁ(G(gyn_l,gymgyn) + G(g2n-1,82n, 82n)
+ G(gWn-1,8Wn» §Wn) + G 1, Z¥n> Z%n))
~ V¥ ((G@yn-1,8Vn &9n) + G821, 82 82n)
+ G(gwy,_1,gWy, gw,) + G@xn_l,gxn,gxn))/éL), (2.7)
D (G(2ni1,82ni1,82n))
= ¢ (G(F(@s Wa» %115 Y1) EZots Wit %10 Y ) F (21, W15 Xon1, Y1) ) )
< %cb(G(gzn,gzmgzn_l) + G(gWn, §Wn) §Wn-1)
+ G, 8% §%n1) + GV & &Vn1))
— ¥ ((G(g2n: &2nr g2n1) + G(gWr W gWn1)
+ G(g%> s @n-1) + G(Vs Q> QY1) 14), (2.8)

and

& (G(gWis EWni1,8Wn11))
i= O (G(F(Wn-1, %1, Y1, Zn1)s FWois Xy Vs Z)s F Wiy X0y Vs Z)))
< %d’(G(an—l:ngan) + G(gXn1, ZXn> §n)
+ G(gYn-1,8Yn8Vn) + G(an-l;an,gzn))
— U ((GEWn-1,8Wn gWn) + G(gX-1, 8%, 8Xn)
+ G(QYn-1,&Vn &n) + G(8Zn-1,82n: g2n))14). (2.9)
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From (2.6), (2.7), (2.8), and (2.9) it follows that

¢ (G(@%ns1ZHne1,8%n)) + B (G(@Vn &Vns1s ne1))
+ ¢ (G(g2ns1,82n11,82n)) + D(G(@Wnr @Wini1,8Wns1))
< H(G(@Wn-1,8Wn, EWn) + G(&Xn-1, &% &%) + G(LVn-1, 8V &) + G(82n-1, 8% 82n))
- 49 ((G(gWn-1,8Wn &Wn) + G(gXn-1, 8%n> &)
+ G(QYn-1,8Vnr &Yn) + G(82n-1, 82 g2n))/4), (2.10)

but from the property (3) of ¢, we get ¢(A + B+ C + D) < ¢p(A) + ¢(B) + ¢(C) + ¢(D);
therefore,

D (G(@%n11,8%n41,8%n) + G(QY> QY1 ns1)
+ G(g2n11, 82n1:Z2n) + G(EWnr @Wni1,§Wns1))
< O (GgWn-1,8Wn> gWn) + G(@Xn_1, 8% Z%n) + G(Vn-1,LYn@Vn) + G(€2n-1,8%nZ2n))
— 49 ((G(gWn-1,8Wn» §Wn) + G(@Xn—1, 8% &%n)
+ G(Yn-1,8Vn &n) + G(€2n-1,82n: 2n)) 14), (2.11)

which implies that

D (G (@41, &Xns1,85n) + GV st @ns1)
+ G(@2ns1,&2ns1,Z2n) + G(@Wn @Wni1,&Wni1))
< ¢ (G(gWn1,gWn> gWn) + G(gX0_1,8%n g%n)
+ G(Yn-1,QVnmr Q¥n) + G(&2n-1, 82 §2n))- (2.12)

Using the fact that ¢ is non-decreasing, we get

G(gxnﬂ;gxnﬂ:gxn) + G(gymgynﬂ;gynﬂ) + G(gznﬂygznﬂ»gzn) + G(gwmgwnﬂxgwnﬂ)
< G(gWn-1,8Wn>§Wn) + G(gXy_1, 8%, §¥n)
+ G(gVn-1,8Vn &Yn) + G(82Zu-1,82n, &2n)- (2.13)
Let 8, = G(g%n+1,8%ns1:8%n) + G(@VngVns1:8Vns1) + G(82141582n41,820n) + G(@Wn, GWpi1,
anJrl)'
Then the sequence (§,) is decreasing; therefore, there is some § > 0 such that
nllH)lo 814 = lim(G(gan’gan:gxn) + G(gymgyrﬁhgynﬂ)
+ G(€2041,82ns1,82n) + G(GWn @Wns1,Wni1)) = 8. (2.14)

We will show that § = 0. Suppose to the contrary that § > 0, taking the limit as n — oo
of both sides of (1.3) and using the fact that ¢ is continuous and lim;,_,, ¥ (£) > 0 for > 0,

Page 8 of 22
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we have

$(6) = lim 6(6,) < lim [qs(an_l) —4w(8”1)] _ $(8) - 4 lim w(%) <6(6),

4 n—00

a contradiction. Thus, § = 0, that is,

nlinolo Oy = hm(G(gxnﬂ,gxnﬂ:gxn) + G(gyn»g)’mhgyml)
+ G(gZus1, 82115 82n) + G(@Wp, @Wns1,§Wni1)) = 0. (2.15)
We will show that the sequences (gx,), (gyx), (g21), and (gw,,) are G-Cauchy sequences
in (X, G).

Suppose to the contrary that at least one of (gx,), (gy,), (gz,), and (gw,) is not a G-
Cauchy sequence, so there exists € > 0 for which we can find sequences (gx,,)); (g%mx)) of

(@%n)s (@Vn0); @) of (€Vn)s (€2Zn(r)); (@Zm)) Of (g24), and (gW,k)); (EWimw)) of (gw,) with
n(k) > m(k) > k such that
(G(@%nr)) &Xn(t0) &Xm(t)) + G(&Yn(k) &Ynthr EYmit))
+ G(g2Zn(k)> &2 &2m() + GEWn(k)» EWn(k)» EWm(n))) = €. (2.16)
Further, corresponding to m(k), we may choose n(k) such that it is the smallest integer

satisfying (2.16) and n(k) > m(k) > k.
Thus,

(G(@Xn(t)-1, 85n()-1> &Em(i)) + G(@Yn(k)-1> (k-1 &Ym(k))

+ G(g2n()-1-82n(k)-1, &2m(k)) + G@Wn(t)-1,&Wn(i)-1, §Wm())) < €. (2.17)
Using the rectangle inequality and having in mind (2.16) and (2.17), we get

€ < I
= G(gXn(k)> &¥n(10>&¥m(k)) + G (&Yt &V n(ier Vm(k)) + G(&2n(k)> &Zn(k)» &2m()
+ G(@Wn(), EWn(k)» EWm(K)
< G(Xn(k)> 8En(k)» §¥n(k)-1) + G(@Xn(k)-1, &Xn(k)-1: &Xm(k)) + G(&Vn(k)> &Vn(k)» EYn(k-1)
+ G (V)1 &Y n(k)-1, &Ym(k)) + G(@Zn(102 &2n()» &2nk)-1) + G(&Zn(h)-1, §Zn(h)-1 &Zm())
+ G(gWn(0> 8Wn(k)» EWn(t-1) + G(@Wn(k)-1 &Wn(k)-1, EWim(i))
< G(g%n(k)» 8En(k)» &En(t-1) + G(QVn(k)» LYn(k)s Yn(i-1) + G(&Zn(k) &Zn(0> &Zn(h)-1)

+G(gw,,(k),gwn(k),gw,,(k)_l) +€ =€+ Sy(i)-1- (2.18)

Letting k — oo in (2.18) and using (§ = 0), we get

lim # = im(G(gxux) §%n (k> §%m(t)) + G(QYnk)s EYn(k)> EYm(k))

+ G(8Zn(k) E2n(k) £2mk)) + G(an(k),an(k),ng(k))) =€. (2.19)
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Again by the rectangle inequality and using the fact that G(x,y,y) < 2G(y,«,x), we have

€ < I

= G(Xn(k), §%n (k) 8%m(k) + G(QYn(k)» 8Yn(k)» &Ym(k)) + G(&2n(k)> &2n(k)» &Zm(k))
+ G@Wn(k) EWn(k) Win(k)

< G(gXn(k)) 8Xn(k) &Xn(k)+1) + G(GXn(k) 11 §Xn(k)+1> &Xmik)+1) + G(&Xm(k)+1) 8Xm(k) +1, §¥m(k))
+ G(Vn(k) (k) & nk) 1) + GV 1, (k) 11, L m(k)+1)
+ G (&Y m(k)+1> 8Ym(k) 11, &Ym(k)) + G(&Zn(k)> §2n(k)» §n(k)+1)
+ G(gZn(k)+1) &2n(k) 11 &Zm(k)+1) + G(8Zm(k)+1) &Zm(k)+1> &Zm(k))
+ G(EWn(k)) §Wn(k)» §Wn(k)+1) + G(EWn(k)+1> EWn(k) +1, §Wm(k)+1)
+ G@Win(k)+1 §Wm(k) +1, EWmk)

< 28uk) + Smk) + G(&Xn(k)+1) &Xn(k)+1) §Xm(k)+1)
+ G(@Vn(k)+1> EVn(k)+1 &V m(k)+1) + G(€Zn(k)+1) &Zn(k)+1) 8Zm(k)+1)

+ G(an(k)+1;an(k)+1,ng(k)+1)- (220)

Using the property of ¢, we have

D(tr) = Pl G(&Xnk)» 8Xn(t EXm(t) + G(&Yntk) (k) EYm(1) + G(@Zn(k)» &2n(k)» &2m(k)
+ G(@Wn(t)) EWnk) W) ]
< P28 + Sm)) + A (G(@En(h)41, onk) 11, GXm() 1))
+ O (G 11> V)11, Qm(i)+1)) + B(G(€2n(t+1 &2 115 82mi+1))
+ O (G@Wn(t)+1 Wn(k) 41, EWim() 1)) (2.21)
Since n(k) > m(k), then gx,k) > gXm(k)» EVnk) < §Xm(k)> §2n(k) = §2m(k)» ANA EW(k) < EWin(k)-
Then from (2.1), we have
D (G(@Xn(r)+1, §5n(i) 41, GEm(k)41))
= A (G(FFni» Yn)» Zn(10» Wn))» F i) Yty Zn()» W) E G Yy Zim(icys Winii))))
< iq)(G(gxmk);gxn(k),gxm(k)) + G(QVni)» &Y (k) &Ymik))
+ G(82n(1)» §2n(k)> ZZm(t)) + G(Wn(k)» EWn(k)) EWm(k)))
= ¥ ((G(@%n)> 851> 85m(ty) + G (&Yrth)> & n(k» &Ymik)

+ G(2uk)> &2n(k)» &2m(t)) + G@Wn(x)) EWntk)) EWm(k)) 14) (2.22)

and similarly,

D (G(@n(+1, Ln(i+1, Lm)+1))

= S (G(E 1> 2tk W) %)) E Wt 2> Wit %) E Gty 2t Wn(t) X)) )
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< %qﬁ(G(gyn(k»gym(k)»gyn(k)) + G(8Zn(k)» 82n(k)» &2m(k))
+ G(@Wa(k)> 8Wn(k)) EWm(k)) + G(&Xn(k)» §Xn(k)r GXm(k)))
=V ((G @Yk &Vt mik) + G(€2n(h)> 82n(10 &2m(t))
+ G(@Wn(h)> 8Wn(k) EWm(k)) + G(&Xn(k)» &Xn(i0» §Xm(x))) /%), (2.23)
D (G(@Zn(k)+1 &2n(k) 41, E2m(k)+1))
= O (G(F(2n)» Wn(k)» nk)» Yn(k))» F Znii)» Wnik)» > Ynk))» F (Zm(k)s Wiy Xy Ym(i))))
= %4’(G(gzn(k»gzn(k)rgzm(k)) + G(@Wn(k), EWn(k)» EWm(K)

+ G (k) (k) GXm(h))s G(&Yrn(k)> Entk)» EYm(1)))
— UV ((G(@znw)» 82n(k) &em(k)) + G@Wn(k)» @Wn(i)» EWm(K))

+ G(g%n(k)> §%n(k)» §%m(k)) + G(Yn(k)» (k) &m(k))) /%) (2.24)

and
D (G(@Wn(t+1, EWn(i)+1, EWim()+1))
= O (G(F(Wn)» n(iy Y 20> E Wi Xy Va0 20 )» E Wik (i) Yy Zmi))))
1
< Zd) (G(@Wn(t) @Wn(t) &@Wm(k)) + G (k) &ty Eom(i))

+ G(Yn(k)) EYn(k) Ym(t)) + G(&Zn(k) 2n(k)» &2m(k)))
— U ((G(@Wn(t) &Wn(t) &Wm(k)) + G(@Xn(k)> & Eom(k))

+ G(QYn(k)> 8Ynk) LYm(k)) + G(€2n (1> §n(k)> §2m(x))) /%) (2.25)

Combining (2.22), (2.23), (2.24), and (2.25) in (2.21), we get

¢(t/<) = ¢(28n(k) + Sm(k)) + ¢(tk) _ 4¢(%>'

Letting, kK — oo and using (2.15) and (2.19), we get

Bl€) = 9(0) + $(0) + Ble) ~ 4 lim w(%) (2.26)
- 4(e)- 4 lim w(%) <), (227)

a contradiction. This implies that (gx,), (gy,), (gz,), and (gw,) are G-Cauchy sequences in
X, G).

Now suppose that the assumption (a) holds.

Since X is a G-complete metric space, there exist x,y,z, w € X such that

lim g(x,) =x, lim g(y,) =y,
n—00 n—oo

(2.28)
lim g(z,) =z, lim g(w,) = w.
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From (2.28) and the continuity of g, we have

Jim (o) =gv Jim g(e0n) =g

lim g(¢(z) =gz and  lim g(g(w,)) = gw-

n—00

From the commutativity of F and g, we have

2(g%n1) = &(F (s Yur Zws Wn)) = F(@%n &Y > 82> §Wn)» (2.29)

2(@yns1) = E(F s 2is Wi 1)) = F (@Y 821> Win» £ (2.30)

g(gznﬂ) :g(F(Zm menryn)) = F(gzmgwmgxmgyn): (231)
and

g(an+1) :g(F(men:ymzn)) = F(gwnxgxmgynrgzn)' (232)

We shall show that gx = F(x,y,z,w), gy = F(y,z,w,%), gz = F(z,w,x,7), and gw = F(w,

x,9,2).
By letting n — o0 in (2.29) — (2.32) and using the continuity of F, we obtain

gx = lim g(gw,.1) = lim F (g%, gVns &2, EWn)
=F ( lim gx,, lim gy,, lim gz,, lim gwn> =F(x,y,z,w).
Similarly, gy = F(y,z,w, %), gz = F(z,w,%,), and gw = F(w, x, ¥, 2).
Hence, (x,y,z,w) is a coincidence point of F and g.
Now suppose that the assumption (b) holds.

Since {gx,}, {gy.}, {gz,}, and {gw,} are G-Cauchy sequences in the complete G-metric
space (g(X), G), then there exist x,y,z, w € X such that

o, —> gx, 9 —> &V, gz, —> gz, and gw, — gw. (2.33)

Since {gx,}, {gz,} are non-decreasing and {gy,}, {gw,} are non-increasing and since
(X, G, <) satisfies conditions (i) and (ii), we have

%y < g%, n = &) gz, < gz, gw, >gw forall n.

If g, = gx, gy, = gy, g2, = gz, and gw,, = gw for some n > 0, then gx = gx, < gx,, <gx =
G &Y < Qni1 < Qn = &V 82 = 82n < Z2nn1 < g2 = g2y, and gw < gw,,,1 < gw, = gw, which
implies that

Xy =gXpns1 = F(xn:ynr Zn» Wn): &Vn =8Vn+1 = F(yn: Zn» Wn:xn);

and

8Zn =8Zn+1 = F(zy,, menryn)’ EWn =EgWny1 = F(wy, Wn;ymzn)y
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that is, (x,, ¥, 24, Wy) is @ quadruple coincidence point of F and g. Then, we suppose that
(@%0> 8Yn> 820> Wn) # (g%, gy, g2, gw) for all m > 0. By (2.1), consider now
G(gx, F(x,y,2,w), F(x,,2,w))
< G(gx, g%ns1,8%n41) + G(g¥n1, F (%, y,2, W), F(%, 9,2, W)
= G(g, @ns1,&%ns1) + G(FXs Vs 2w W), F (3,9, 2, W), F (%, ,2, W)
< G(gx, g%n+1,8%n+1)

1
+ E(;S({G(gxn,gx,gx) + Gy gy, gy) + G(g2n, g2, 82) + G(gWn, gw, gw)})

_ 1’0({G(gxmgx,gx) + G(gyn gy, &) +4G(gzn,gz,g2) + G(gwmgw,gW)})’ (2.34)

Taking the limit as » — oo in (2.34) and using the property of ¢, hence we get that
G(gx, F(x,y,z,w), F(x,y,2z,w)) = 0. Thus, gx = F(x,,z, w). Analogously, one finds

F(y,z,w,x) = gy, F(z,w,x,y) =gz, and F(w,x,y,z) =gw.

Thus, we proved that F and g have a quadruple coincidence point. This completes the
proof of Theorem 2.1. O

Corollary 2.1 Let (X, <) be a partially ordered set and (X, G) be a G-metric space. Let
F: XXX XxXxXxX— Xandg:X— X be such that F has the mixed g-monotone property.
Assume that there exists W € V such that

G(F(x,y, z,w), F(u,v,s,t),F(a,b,c, d))

1
< E(G(gx,gu,gs) + G(gy,gv,gb) + G(gz, gs, gc) + G(gw,gt,gd))

" ( G(gx, gu, gs) + G(gy, gv,gb) + G(gz, gs, gc) + G(gw, gt, gd))

2.35
) (2.35)
for all x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb, gz > gs > gc, and
gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with F. If there ex-
it %0, Y0, 20, Wo € X such that

ng SF(xO)yO:ZO’ WO)r gyO ZF(yO,ZO,WOIxO),
gz0 < F(zo,Wo,%0,90), and gwy > F(wo,%0,%0,20),
suppose either
(@) (X, G) is a complete G-metric space and F is continuous or
(b) (g(X),G) is complete and (X, G, <) has the following property:
(i) if a non-decreasing sequence x, — a, then x,, < x for all n,

(ii) if a non-increasing sequence y, — y, then y <y, for all n,
then there exist x,y,z,w € X such that

F(x,y,z,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz, and F(w,x,y,z)=_gw,

that is, F and g have a quadruple coincidence point.
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Proof In Theorem 2.1 taking ¢ () = ¢, we get Corollary 2.1. O

Corollary 2.2 Let (X, <) be a partially ordered set and (X,G) be a G-metric space. Let
F:XxXxXxX— Xandg:X — X be such that F has the mixed g-monotone property
such that

G(F(x,y, z,w), F(u,v,s,t),F(a,b,c, d))
k
< Z(G(gx,gu,gs) +G(gy, gv,gb) + G(gz, gs, gc) + G(gw,gt,gd))

for all x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb, gz > gs > gc, and
gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with F. If there ex-
ISt %0, 0,20, Wo € X such that

gx() < F(x();yO:ZO: WO)! gyO > F()’o,zo, WOer)y

820 < F(zo,wo,%0,¥0), and gwo > F(wy,%0,¥0,20),

suppose either
() (X, G) is a complete G-metric space and F is continuous or
(b) (X, G, <) has the following property:
(i) if a non-decreasing sequence x, — a, then x, < x for all n,
(ii) if a non-increasing sequence y, — vy, then'y <y, for all n,

then there exist x,y,z,w € X such that
F(x,y,z,w) = gx, F(y,z,w,x) = gy, F(z,w,x,y) =gz, and F(w,x,y,z)=gw,
that is, F and g have a quadruple coincidence point.

Proof In Corollary 2.1 taking ¥(¢) = %t, we get Corollary 2.2. d

Now, we shall prove the existence and uniqueness of a quadruple common fixed point.
For a product X* of a partially ordered set (X, <), we define a partial ordering in the fol-
lowing way. For all (x,y,z,w), (u,v,r,h) € X4,

wy,z,w) <(u,v,r,h) & x<uy, y=v, z<r, and w>1/[ (2.36)

We say that (x,y,z,w) and (u, v, r,[) are comparable if
@y, z,w) < (w,v,r,1) or (u,v,1,0) < (%,9,2,w).
Also, we say that (x,y,z,w) is equal to (,v,r,[) ifand onlyifx =u, y=v,z=r,w=1

Theorem 2.2 In addition to the hypothesis of Theorem 2.1, suppose that for all (x,y,z,w),
(u,v,1,1) € X%, there exists (a,b,¢,d) € X x X x X x X such that (F(a,b,c,d),F(b,c,d,a),
F(c¢,d,a,b),F(d,a,b,c)) is comparable to (F(x,y,z,w),F(y,z,w,x), F(z, w,%,y), F(w, x,y,2))
and (F(u,v,r,0), F(v,r,L,u), F(r,l,u,v),F(l,u,v,r)). Then F and g have a unique quadru-
ple common fixed point (x,y,z,w) such that x = gx = F(x,y,2,w), y = gy = F(y,z,w,%),
z=gz=F(z,w,x,9), and w = gw = F(w,x,7,2).
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Proof The set of quadruple coincidence points of F and g is not empty due to Theorem 2.1.
Assume now (x,y,z, w) and (&, v, r,[) are two quadruple coincidence points of F and g, that
is,

F(x,y,z,w) = g, F(u,v,r,1) =gu,

F(y,z,w,x) = gy, F(v,r,l,u) =gv,

F(z,w,x,y) = gz, F(r,l,u,v)=gr,

F(w,x,y,2z) = gw, F(l,u,v,r)=gl.

We shall show that (gx, gy, gz, gw) and (gu, gv,gr,gl) are equal. By assumption, there ex-
ists (a,b,c,d) € X x X x X x X such that (F(a,b,c,d),F(b,c,d,a),F(c,d,a,b),F(d,a,b,c))
is comparable to (F(x,y,z,w),F(y,z,w,x), F(z,w,x,y), F(w,x,9,2)) (F(u,v,r,1),F(v,1,L,u),
F(r,l,u,v),F(l,u,v,r)).

Define the sequences {ga,}, {gh,}, {gc,}, and {gd,,} such that

ag = a, by = b, Co =6 do=d andforanyn>1,

ga, = F(an—ly bn—lr Cn-1, dn—l),

gbn = F(bn—lr Cn-1, dn—l: ﬂn—l); (237)

g = F(Cn—lr dn—h Ap-1, bn—l);

gdn = F(dn—lr an-1,bn-1, Cn—l)
for all n. Further, set xg = x, yo =¥, z0 =2, wo = wand ug = u, vo = v, ro = 1, lp = [ and in the
same way define the sequences {gx,}, {gy.}, {gz.}, {gw,} and {gu,}, {gv.}, {grn}, {gl,}. Then
it is easy to see that

g =F(x,y,2,w),  gu,=F(u,v,r,l),

g)’n ZF()’»Z, Wrx)r gVYl :F(V! r;l, M),

(2.38)

8zZn ZF(Z,W,x,y), 8rn :F(r,l,u,v),

gwn=F(w,x,9,2),  gly=F(,u,v,r)
for all # > 1. Since (F(x,y,z,w), F(y,z, w,x), F(z,w,x,9), F(w,x,y,2)) = (gx1,8y1,821,8W1) =

(gx,gy,g2,gw) is comparable to (F(a,b,c,d),F(b,c,d,a),F(c,d,a,b),F(d,a,b,c)) = (ga1,gb1,
gc1,gd,), then it is easy to show (gx, gy, gz, gw) > (gai, gb1, g1, gd1). Recursively, we get that

(gx, gy, 92,8wW) > (ga,, by, gcuny gd,)  for all n. (2.39)
By (2.39) and (2.1), we have

¢(Glgx, gx, gans1))

= ¢(G(F(x;y; z, W)» F(x,y, z, W)y F(am bn, Cns dn)))

1
< Z¢({G(gx,gx,gan) + G(gy, 89, 8bn) + G(gz,82, gcn) + G(gw, gw, gd,)})
~ 1/,(G(gx,gx,gan) + G(g7,8y:8bn) + G(gz,82,8¢n) + G@wygw,gdn))

2 (2.40)
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¢(G(gbn+11gy’gy))
= ¢(G(E(bu, cu» dn» an), F(y,2, W, %), F(y,2, W, %))

1
< Zdb(G(gbn,gy,gy) + Glgcy, g2,87) + G(gd,i, gw, gw) + G(ga,, gx, gx))

_ w(G(gbmgy,gy) + G(gen gz, g2) + G(gdy, gw, gw) + G(gan,gx,gx)>

Z (2.41)

(b(G(gz,gz,ngl))
= ¢(G(F(z, w, %,9), F(2,w,%,9), F(Cus s s b))
1
< E¢(G(gcmgz,gZ) + G(gd, gw, gw) + G(ga,, gx, gx) + G(gby, £9,8Y))

v ( G(gc,, gz, 82) + G(gd,,, gw,gw) + G(ga,, gx, gx) + G(gbn,gy,gy)>
4 b

(2.42)

and
(b(G(gdnmgW,gW))
= ¢(G(F(dm Ay, bm Cn),F(W, %Y, Z)rF(Wr %Y, Z)))

1
< Z(J)(G(gd,,,gw,gw) + G(ga,, gx, gx) + G(gb,., gy, gy) + G(gc,,,gz,gz))

_ w(G(gdmgw,gw) + Glga,, gx,gx) + G(gb,, gy, gy) + G(gc,,,gz,gz))

. (2.43)

It follows from (2.40)-(2.43) and the property of ¢ that

¢ (G(gx, g%, gans1) + G(gbni1,2,2y) + G(gz, 82, gn11) + G(gdi1,gW, gW))
< ¢(Glgx g%, gan:1)) + ¢ (G(gbni1,29,29))
+¢(Glez,g2,8¢n11)) + B(G(gdi1, gw,gw))
< ¢(G(gan gx,gx) + G(ghu, g9, gy) + G(gen, g2,82) + G(gdn, gw, gw))
.4 Iﬁ(G(gamgx,gx) + G(gbn 8, 8y) + G(gen 82,82 + G(gdn,gw,gW))

I (2.44)

Thus,

¢ (Glgx, g%, gan) + G(gbni1,£9,8Y) + G(g2,82 gCni1) + G(gdns1, W, gW))
< ¢(G(gan gx,gx) + G(ghu, g9, gy) + G(gen, g2, 82) + G(gdy, gw, gw)) (2.45)

and therefore,

G(gx, g%, gan) + G(gbyi1,8Y,8Y) + G(g2, 82, g¢ui1) + G(gd i1, W, gW)
< G(ga,,gx,gx) + G(gb,, gv,gy) + G(gc,, gz, gz) + G(gd,., gw, gw). (2.46)

Hence, the sequence {G(ga,, gx, gx) + G(gb,, gy, gy) + G(gcy, g2, g2) + G(gd,, gw,gw)} is a de-
creasing sequence; therefore, there exists o > 0 such that

lim (G(ga,,,gx,gx) + G(gb,, gy,2y) + G(gc,, gz, g2) + G(gd,,,gw,gw)) =a.
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We shall show that o = 0. Suppose to the contrary o > 0. Taking the limit as n — oo in
(2.44), then we have

$(o) < p(er) = 4 lim 1 ((Glgan, gx,gx) + G(ghn, £9,Y)

+ G(gcn, g2, 82) + G(gd,,,gw,gw))/4) <o),

a contradiction. Thus, « = 0, that is,
lim (G(ga,, gx, gx) + G(gbu, 29, 2y) + G(gen, g2, g2) + G(gdn, gw,gw)) = 0.
This yields that

lim G(ga,,gx, gx) =0, lim G(gb,,gy,gy) =0,
lim G(gc,,g2z,gz) =0 and lim G(gd,,gw,gw) = 0. (2.47)
n—00 n—-oo

Analogously, we show that

lim G(ga,,gu,gu) =0, lim G(gb,,gv,gv) =0,
n—00 n—0o0
lim G(gc,,gr,gr)=0 and lim G(gd,,gl,gl) = 0. (2.48)
n—00 n—00
Combining (2.47) and (2.48) yields that (gx, gy, gz, gw) and (gu, gv, gr, gl) are equal.

Since gx = F(x,y,2,w), gy = F(y,2,w,%), gz = F(z,w,x,), and gz = F(z, w, %, y), by commu-
tativity of F and g, we have

gx = g(gx) = g(F(x,y,2,w)) = F(gx, gy, gz, gw),
o/ =g@) =2(F(y,z,w,x)) = F(gy, g2, gw, gx),

&7 =8(g2) = g(F(z,w,,y)) = F(gz, gw,gx.8y),

and

v =g(gw) = g(F(w,x,y,2)) = F(gw, gx, 29, 22),

where gx = %', gy =y, gz =7, and gw = w'. Thus, («',y',2Z/,w') is a quadruple coincidence
point of F and g. Consequently, (gx',gy’,gz’,g7z') and (gx, gy, gz, gw) are equal. We deduce

g =gx=x, gy =gy=y and g7 =gz=7, v =gw=w.

Therefore, (x',y',2z',w') is a quadruple common fixed point of F and g. Its uniqueness fol-
lows easily from (2.1). O

Example 2.1 Let X = R with a usual ordering. Define G: X x X x X — X by G(x,y,2) =
max{|x—y|,|y —z|,|x —z|}. Let g: X — X and F: X x X x X x X — X be defined by

x X—y+z—-w
== Fx,y,2,w) = ———
¢) w2

5’ forallx,y,z,w € X.

Page 17 of 22
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Take ¢ : [0, +00) — [0, +00) be given by ¢(t) = %t for all ¢ € [0, +00) and ¥ : [0, +00) —

[0, +00) by ¥ (£) = 2t for all £ € [0, +00). Then
a. (X, G, <) is a complete ordered G-metric space.
b. Forx,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb, gz > gh > gc, and
gw < gt < gd, we have the condition (2.1) of Theorem 2.1 satisfied.

c. F and g have the mixed g-monotone property.

Proof To prove (b), given x,y,z, w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb,
gz >gs>gc,and gw < gt < gd. Then

|F(x,y,z,w)—F(u,v,s,t)| ;4((?6 u)+(v-y)+@E-s)+-w)

but
1 1
ﬁ(x u) < 2rnax{x u,x —a,u —a} = G(gx, gu, ga),
1
ﬁ(v—y) < Emax{v—y,b— v,b—y} = G(gy, gv,gb),
1 1
—(z s) < — 7 max{z—s,z-¢,s—c} = G(gz,gs,gc), and
1
—8(1 -w) < 3 max{t - w,d — t,d — w} = G(gw, gt,gd); therefore,
¢(|F(x,y,2,w) = F(u,v,5,1)|)
( > x—u)+(v-y)+(z—s)+(-w))
1
= —8((x u+@v-y+z-s)+(- w))
1
g{G(gx,gu ga) + G(gy,gv,gb) + G(gz, gs, gc) + G(gw, gt, gd) }
1
(Z)( ) G(gx, gu, ga) + G(gy,gv, gb) + G(gz, gs, gc) + G(gw, gt, gd))
G(gx, gu, ga) + G(gy,gv, gb) + G(gz, gs, gc) + G(gw, gt, gd)
3 4
= —¢(Glgx, gu, ga) + G(gy,gv, gb) + G(gz, gs, gc) + Ggw, gt, gd))
- ( G(gx, gu, ga) + G(gy,gv,gb);r G(gz, gs, gc) + G(gw,gt,gd))' (2.49)
Similarly,

¢(|F(x,y,z, w) — F(a, b, c,d)|)

—p(G(gx, gu, ga) + G(gy, gv. gb) + G(gz, gs, gc) + G(gw, gt, gd))

¥ ( Glgx gu,ga) + G(gy,gv, gb) + G(gz, g5, 8¢) + G(gw,gt,gd)) (2.50)
4 ’ '
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and

o(|F(,v,s,8) - F(a,b,c,d)|)
<

¢ (G(gx, gu, ga) + G(gy, gv. gb) + G(gz, gs, gc) + Glgw, gt, gd))

v ( Gl(gx, gu, ga) + G(gy,gv,gb) + G(gz, gs, gc) + G(gw,gt,gd))
) .

N

(2.51)

Therefore,

|F(x,y,2,w) — F(u,v,s,t)|
¢ | max 3 |F(x,y,z,w) — F(a, b,c,d)|
|F(u,v,s,t) — F(a,b,c,d)|

¢(|F(x:y:z»w) —F(M,V,S,t)|)
=max | ¢(|F(x,y,z,w) — F(a,b,c,d)|)
d(|F(u,v,8,t) — F(a, b, c,d)|)

=

¢)(G(gx,gu,ga) + G(gy,gv,gb) + G(gz, gs, gc) + G(gw,gt,gd))

v ( G(gx, gu, ga) + G(gy,gv, gb) + G(gz, gs, gc) + G(gw,gt,gd))
2 .

N

(2.52)
Hence,

¢(G(F(x,y,2,w),F(u,v,s,t),F(a,b,c,d)))
=

¢ (G(gx, gu. gs) + G(gy, gv, gb) + G(gz, gs, gc) + G(gw, gt,gd))

v ( G(gx, gu, gs) + G(gy, gv, gb) + G(gz, gs, gc), G(gw, gt,gd))

N

2 (2.53)

To prove (c), let x,y,z, w € X. To show that F(x, y,z, w) is g-monotone non-decreasing in
x, let %1, x5 € X with gw; < gx,. Thenx; <xp, andsox; —y+z—w <xp —y +z—w. Hence,
F(x1,7,2,w) < F(x2,7,2, w).

Therefore, F(x,7,z, w) is g-monotone non-decreasing in x. Similarly, we may show that
F(x,y,z,w) is g-monotone non-decreasing in z.

To show that F(x, y, z, w) is g-monotone non-increasing in y, let y;, y, € X with gy; < gy»,
then y; <y,.Hence,x -y, +z—w <x—y1 +z—w, so F(x,y5,z,w) < F(x,y1,2, W).

Therefore, F(x,y,z, w) is g-monotone non-increasing in y. Similarly, we may show that
F(x,y,z,w) is g-monotone non-increasing in w.

Letx, =, =z, = w, = 0. It is obvious that other hypotheses of Theorem 2.1 are satisfied.
Thus, by Theorems 2.1 and 2.2, F and g have a unique quadruple common fixed point.
Here, (0,0, 0, 0) is the unique quadruple common fixed point of F and g. O

3 Application

In this part, we use previously obtained results to deduce some quadruple coincidence
point results for mappings satisfying a contraction of integral type in a complete G-metric
space. We first introduce some notations.
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We denote by I' the set of functions « : [0, +00) — [0, +00) satisfying the following con-
ditions:

(i) o isaLebesgue integrable mapping on each compact subset of [0, +00);
(ii) for all € >0, we have

/ a(s)ds > 0;
0

(iii) o is sub-additive on each [a, b] C [0, +00), that is,

f0a+ba(t) dt < /Oaa(t)dt+ /Oba(t)dt.

.....

Let N € N be fixed. Let {«;}1<;<n be a family of N functions that belong to I". For all £ > 0,

t
L) - / or(s) ds,
0
L(t) Jo aa(s)ds
L) - / s(s)ds = / ws(s) ds,
0 0

IN-1(8)
In(2) :/ an(s)ds.
0

We have the following result.

Theorem 3.1 Let (X, <) bea partially ordered set and (X, G) be a complete G-metric space

Suppose F: X* — X and g : X — X are such that F is continuous and F has the mixed g-
monotone property. Assume that there exist ¢ € ® and y € V such that

In(¢(G(F(x,y,2,w), F(u,v,5,t),F(a, b,c, d))))

1
2N (0(Glgx, gu,gs) + G(gy, gv. gb) + G(gz, gs, gc), Gg(w, gt, gd)))

I <1// ( G(gx, gu, gs) + G(gy, gv, gb) + G(gz, gs, gc), G(gw, gt, gd)
—In

4 ) e

for any x,y,z,w,u,v,s,t,a,b,c,d € X, for which gx > gu > ga, gy < gv < gb, gz > gs > gc,
and gw < gt < gd. Also, suppose F(X*) C g(X), g is continuous and commutes with F. If
there exist xy, yo,20, Wo € X such that gxo < F(xo, 0,20, Wo), £0 = F(¥0,z0, Wo,%0), 820 <

F(zo, wo,%0,%0), and gwo > F(wy,x0, Yo, 20), then there exist x,y,z,w € X such that

F(x,y,z,w) = g, F(y,z,w,x) = gy, F(z,w,x,y) =gz, and F(w,x,y,z)=gw,

that is, F and g have a quadruple coincidence point.

Proof Take ¢ = Iy o ¢ and ¥ = Iy o .
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Note that the {&;}1<;-1,. 5 are taken to be sub-additive on each [a, )] C [0, +00) in order

to get

¢(a+b) < dla) + $(b).

Moreover, it is easy to show that ¢ is continuous, non-decreasing and verifies ¢(t) = 0

ifftt=0.

We get that ¢ € ®. Also, we can find that ¢ € W. From (3.1), we have

¢(G(F(x,y,2,w),F(u,v,s,t),F(a,b,c,d)))

1-
< Zd)(G(gx,gu,gs) + G(gy, gv,gb) + G(gz, gs, gc), Gg(w, gt, gd))
7 < G(gx, gu, gs) + G(gy, gv, gb) + G(gz, gs, gc), G(gw,gt,gd)> (3.2)
) . .
Now, applying Theorem 2.1, we obtain the desired result. O
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