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1 Introduction and preliminaries
The evolution of fuzzy mathematics commenced with an introduction of the notion of
fuzzy sets by Zadeh [1] in 1965 as a new way to represent vagueness in every day life. The
idea of intuitionistic fuzzy sets (IFS) was introduced by Atanassov [2]. Saadati and Park
[3, 4] introduced intuitionistic fuzzy normed spaces (IFNS). For the detailed survey on
fixed point results in fuzzy metric spaces, fuzzy normed spaces and IFNS, we refer the
reader to [5—8]. Recently coupled fixed point theorems have been proved in IFNS; for de-
tails of these we refer to Gordji [9] and Sintunavarat et al. [10]. More recently, tripled fixed
point theorems have been introduced in partially ordered metric spaces by Berinde [11].
In this paper, we have proved tripled fixed point and tripled coincidence point theorems
in IENS. Now we give some definitions, examples and lemmas for our main results.

For the sake of completeness, we recall some definitions and known results in a fuzzy

metric space.

Definition 1.1 ([1]) Let X be any set. A fuzzy set A in X is a function with domain X and
values in [0,1].

Definition 1.2 ([12]) A binary operation *: [0,1] x [0,1] — [0,1] is called a continuous
t-norm if

(1) * is associative and commutative;

(2) = is continuous;

(3) axl=aforallae[0,1];

(4) a*b <cxdwhenevera<candb <d.

Example 1.3 Three typical examples of continuous ¢-norms are a * b = min{a, b} (min-
imum ¢-norm), a x b = ab (product t-norm), and a * b = max{a + b — 1,0} (Lukasiewicz

t-norm).
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Definition 1.4 ([12]) A binary operation ¢ : [0,1] x [0,1] — [0,1] is called a continuous
t-conorm if

(1) ¢ is associative and commutative;

(2) © is continuous;

(3) av0=aforallac[0,1];

(4) aob<codwhenevera<cand b <d.

Example 1.5 Two typical examples of continuous ¢-conorms are @ ¢ b = min{a + b,1} and
a ¢ b = max{a, b}.

Using the continuous £-norm and continuous ¢-conorm, Saadati and Park [3] introduced

the concept of intuitionistic fuzzy normed spaces.

Definition 1.6 ([3]) The 5-tuple (X, u,v,*,¢) is called an intuitionistic fuzzy normed
space (for short, IFNS) if X is a vector space, * and ¢ are continuous ¢-norm and continu-
ous ¢-conorm respectively and u, v are fuzzy sets on X x (0, 00) satisfying the following
conditions: for all x,y € X and 5,¢ > 0,

(IF) pt)+vlxe) <1

(IF2) p(x,t) > 0;

(IF3) w(x,t)=1ifand onlyifx = 0;

(IFy) (o, t) = w(x, th) for all o #0;

(IFs) i 8) * n(3,5) < o+ 3, £ + )3

(IF¢) m(x,-):(0,00) — [0,1] is continuous;
(

IF;) p is a non-decreasing function on R*,
tlim u(x,t)=1 and }in(l) wx,t)=0, VxeX,t>0;
—00 —

IFg) v(x,t) <1;
IFy) v(x,¢) =0 if and only if x = 0;

lim v(x,£)=0 and limv(x,t)=1, VxeX,t>0.
t—>00 t—0

In this case (u, v) is called an intuitionistic fuzzy norm.

Definition 1.7 ([3]) Let (X, u,v, *,¢) be an IFNS. A sequence {x,} in X is said to be:
(1) convergent to a point x € X with respect to an intuitionistic fuzzy norm (u, v) if for
any € >0 and ¢ > 0, there exists k € N such that

wx, —x,t)>1—-€¢ and v(x,—xt) <e, Vn>k.

In this case, we write (u, v) — lim,,_, o0 X, = x.
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(2) Cauchy sequence with respect to an intuitionistic fuzzy norm (u, v) if for any € > 0
and ¢ > 0, there exists k € N such that

wx, =%, t)>1—€ and  v(x, —x.,t) <€, Vn,m>k.

Definition 1.8 ([3]) AnIFNS (X, u, v, %, ) is said to be complete if every Cauchy sequence
in (X, 1, v, *,0) is convergent.

Definition 1.9 ([13, 14]) Let X and Y be two IFNS. A function g: X — Y is said to be
continuous at a point x € X if for any sequence {x,} in X converging to a point x € X,
the sequence {g(x,)} in Y converges to g(xo) € Y. If g is continuous at each x € X, then
g: X — Y is said to be continuous on X.

Examples 1.10 Let (X, | - ||) be an ordinary normed space and ¢ be an increasing and
continuous function from R* into (0,1) such that lim;_, o ¢(¢) = 1. Four typical examples
of these functions are as follows:

¢m=£7 waﬂm(”t

2t+1>, p)=1-¢',  pH)=e7.

Let % and ¢ be a continuous ¢-norm and a continuous t-conorm such that
axb<ab<aob foralla,becl[0,1].

For any ¢ € (0, 00), we define

[l

ueet) =[], v =1-[¢p@0)]™, vxex,
then (X, u, v, %,0) is an IFNS.
For further details regarding IFNS, we refer to [3].

Definition 1.11 ([9]) Let (X, i, v, *,¢) be an IENS. (i, v) is said to satisfy the n-property
on X x (0,00) if

. n ¥ . n ¥
,,IEEO[“(’C’/( H]" =1, ,,IHEO[U(’C’/( 9]" =0,
wherex € X, p>0,and k > 1.
Throughout this paper, we assume that (u, v) satisfies the n-property on X x (0, 00).

Definition 1.12 ([11]) Let X be a non-empty set. An element (x,7,z) € X x X x X is called
a tripled fixed point of F: X x X x X — X if

x=F(x,,2), y=F(y,x,y) and z=F(zy,x).

Definition 1.13 Let X be a non-empty set. An element (x,7,z) € X x X x X is called a
tripled coincidence point of mappings F: X x X x X — X and g: X — X if

gx) = F(x,9,2), g0 =F(@,xy), and g(2)=F(zy%).
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Definition 1.14 ([11]) Let (X, <) be a partially ordered set. A mapping F: X x X x X — X
is said to have the mixed monotone property if F is monotone non-decreasing in its first
and third argument and is monotone non-increasing in its second argument; that is, for

any x,y,z € X

X1, %2 EX) X1 X X2 g F(xliyiz) = F(xZ;y)Z))

Yy €X, 1 =ys = Fxy,2) <F(xy1,2)
and
21,22 € X’ 2132 = F(x,y,zl) = F(x,y,ZZ)'

Definition 1.15 Let (X, <) be a partially ordered set, and g : X — X. A mapping F :
X x X x X — X is said to have the mixed g-monotone property if F is monotone g-non-
decreasing in its first and third argument and is monotone g-non-increasing in its second

argument; that is, for any x,y,z € X,

xux e X, g) <glxn) = F,%2) X Fx2,9,2),

ey €X, ghn) 2gln) = Fxy2,2) X Fxy1,2)
and
zz2€X, gla)=gz)) = Flxy2z)=Fxy2).

Lemma 1.16 ([15]) Let X be a non-empty set and g : X —> X be a mapping. Then there
exists a subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

2 Main results
Theorem 2.1 Let (X, 1, v, %, ) be a complete IFNS, < be a partial order on X and suppose
that

axb>ab and acoa=a (2.1)
foralla,b € [0,1]. Suppose that F : X x X x X —> X has the mixed monotone property and

M(F(x,y,z) — F(u,v, w),kt) > p(e—u,t) * uly —v,t) * u(z—wt), 22)
2.2
V(F(%,y,2) — F(u, v, w), kt) < v(x — u,£) o v(y — v, 2) o v(z — W, 1)

for all those x, y, z, u, v, w in X for whichx <u, y > v,z <w, where 0 < k < 1. If either
(a) F is continuous or
(b) X has the following property:
(bi) if{x,} is a non-decreasing sequence and (i, v) — lim,_, oo X, = %, then x, < x
forallneN,
(bii) if {y.} is a non-decreasing sequence and (i, v) —lim,—, oo ¥, =y, then y, > y for
allneN,
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(biii) if {z,} is a non-decreasing sequence and (i, v) —lim,_,  z, = y, then z,, < z for
allneN,
then F has a tripled fixed point provided that there exist xg,yo,zo € X such that

%0 = F(x0,%0,20), Yo = F(¥0,%0,%0), zo = F(20,%0,%0)-

Proof Let x9,%0,z0 € X be such that

%o = F(x0,0,20), Yo = F(¥o,%0,%0), zo =< F(20,50,%0)-

As F(X x X x X) C X, so we can construct sequences {x,}, {y,} and {z,} in X such that

Xn+l = F(xn:ymzn): Yn+l = F(yn:xn;yn)y

(2.3)

Zni1 = F(Zw Y %0), V= 0.
Now we show that

Xp XXty YnZVmils Zn XZma, VM0 (2.4)
Since

xo < F(x0,Y0,20), Yo > F(yo,%0,%0), 2o < F(z0,Y0,%0),
(2.4) holds for n = 0. Suppose that (2.4) holds for any #n > 0. That is,

Xp XXy Yn ZVmils Zn = Zmele (2.5)

As F has the mixed monotone property so by (2.5) we obtain

(xmy’ z) < F(xn+1¢y’ z), (1)
(xrynr ) F(x)yrﬁl: Z): (11)
F(x;)/, Zn) F(x:y: ZVI+1)! (111)

which on replacing y by y,, and z by z, in (i) implies that F(xy, ¥, 24) < F(X41, V> 2n); T€-
placing x by x,,; and z by z, in (ii), we obtain F(x,.1,Vu>2u) < F(X4+1,Vu+1,24); replacing
y by y,:1 and x by x,,,1 in (iii), we get F(X11, Yu+152n) = F(Xy11> Yus1, Zns1)- Thus, we have
F(%u, Y Zn) = F(Xp41, Yne1> Zus1), that is, x,,41 < %5,42. Similarly, we have

F,%, 1) S F:%,yn),  (iv)
F(ywrl:xry) = F(me»y), (V)
F(Y,xnmy) = F(yvxn’y)’ (Vl)

which on replacing y by y,,; and x by x,,; in (iv) implies that F(y,.1, %41, Yns1) =<
F(Yu+1,%Xn41,¥n); replacing x by x,,; and y by y,.1 in (v), we obtain F(yu41,%n41, ¥n) <
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F(Yn, %441, Yn); replacing y by y, in (vi), we get F(¥y, X141, ¥n) < F(V» %, ). Thus, we have
Fus1, %11, Yur1) = FWs Xy y), that is, yy40 < ¥4, Similarly, we have

F(Zn,y,x) = F(Znﬂ»y»x), (vii)
F(2,Y5,%) = F(2,Yps1,%), (viii)
F(z,9, %) < F(2,5,%n11), (xi)

which on replacing y by y, and x by %, in (vii) implies that F(z,, ¥, %1) < F(Zus+1> V> %n);
replacing x by x,, and z by z,,,; in (viii), we obtain F(z,41, Y, %) < F(Zu41, Yn+1,%n); Teplacing
¥ by y441 and z by z,41 in (xi), we get F(zu41, Yu+1,%1) < F(Zu+1, Vi1, %us1). Thus, we have
F(2, Y %n) = F(2Zy115 Yus1, Xus1), that s, 2,41 < z,42. So, by induction, we conclude that (2.5)
holds for all # > 0, that is,

X0 SX XX X XXy X1 (2.6)

YoZENMZ Yo = Y = Y (2.7)

20232123202 22y X210 (2.8)
Define

O{n(t) = M(xn = Xn+l» t) * M(Yn = Yu+l» t) * M(Zn = Zn+1» t)' (29)
Consider

M(xn —Xn+l» kt) = /'L(F(xn—lyyn—ly Zn—l) - F(xn:ymzn)y kt)
> (1 = X ) % (Y1 = Yo ) * (21 — Zus 2)

= a1 (t). (210)
Also,

1120 = Zns1, kt) = 11 (F(Zne1, Yu1s %n-1) = F(Zus Y %), k)
> W(Zn-1 = Zns £) * W(Yn1 = Vs £) * (KXot — X, £)
= -1 = X 1) % LTn-1 = Y 1) * (Zn-1 = 20, 1)
= a1 (). (2.11)

Now,

1O = Vst kt) = W(FQnts Xn-1, Y1) = FGs %ns Yn)s kE)
> Wn-1 = Yo £) * (K1 — X £) ¥ WY1 — Vs )
= WWn-1 = Yo ) % (o1 — Xy £) % (Vo1 — Ys £) % 1 1% 1
> -1 = Ynr 1) * (X1 = X, 8) % (Vo1 = Yo £)
* 1(Zn1 = Zu ) % (Zp1 — Zu, 8) * (X1 — X, )

> oty (£) * (). (212)
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Using the properties of a t-norm, (2.9)-(2.12) and (2.1), we obtain

Oy (kt) = /’L(xn — Xn+ls kt) * M(yn = Yn+ls kt) * M(Zn = Zn+ls kt)
> Oln—l(t) * an—l(t) * an—l(t) * Q-1 (t)

> (@) Vn=1,

which implies that

A 4
o,(t) > <an_1(%)> Vn>1.

Now, repetition of the above process gives

0= (en(5)) =2 (w(r))
o,(t) > a1 | = > > || — Vn>1.
k k"

Hence,

Wy = X1, ) % WV = Yie1s ) * (02 — Zps15 1)

£\ £\ £\1¥
> |:M(xo - X1, ﬁ)} * |:M<)’0 - k_”):| * [M(Zo -z, ﬁ)] . (2.13)

It is obvious to note that
t(l—k)(1+k+~~~+k”””’1) <t Vm>n0<k<l.
Consider

W(En = Xs ) % (Vs = Ymr £) % 120 = Zm» E)
> (g = 2 t A= KL+ k4 -+ K™77T))
5 (n = Yt (L= ) (L + k4 -+ 4 K771))
s W(zn =z tA=K)(L+ k + -+ k")
> (60 = 2na1, (1= K)) 12 (Y = Yo, 81 = )
% (20 — Zus1, L1 = K))
¢ (%41 — Xr2, B = K)K) 5 1 (Va1 = Yns2s £(1 = K)K)
* (Zna1 — Zna2, (1 — K)K)
s 1 (%t — s 60— KK 7Y st 10 (s = Yo (1 = ROK 1Y
s p(2m = zmy t(1L = )K"
N

> u(xo—xl,(l—k)k—iﬂ*[u(yo—yl,(l—k)k—i)}*[M(ZO—zl,u—mk—’;ﬂ
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*[u(xo—xl,a—k)k—ﬁ)]*[u(yo—yl,u—k)k—i)]*[u(z()—zl,(l—k)kin)}
> 1-k t " 1-k t -
_[M<xo—x1,( - )ﬁ>:| *[M()’o—yh( - )ﬁ>]
I\
*I:M(Zo—zh( - )ﬁ)]
[u(xo—xl,(l k)i)} [ (yo—yl,(l k)k—i)}
o]
[u(xo—xl,(l k)i)} [ (yo—yl,u—mk—i)}
*[M(Zo z,(1- k)k">] ,

where p > 0 such that m < #”. Since (i, v) has the n-property on X x (0, 00), therefore

- -
t
lim ,u(xo —xl,(l—k)k—n) =1,

n—00

_ AN\
lim ,u,(yo—yl,(l—k)ﬁ) =1, and

n—00

- " anP
lim ,u(zo—zl,(l—k)—> =1
n—>o00| V& ]
Hence,

i (e =2, 8) % 140 = Yons 1) % 11(20 = 2y 0) = 1. (2.14)
Next, we show that

lim v(x, — %, 1) © V(Vy — Ymr t) © U(2y — Zimy t) = 0.

n—00

Define

,Bn(t) = U(xn —Xn+ls t) & U(yn _yn+1; t) <& U(Zn = Zn+l» t)- (215)

Note that

U = Xne1, kt) = U(F X1, Yne1, Zn1) = F Ky Vs 20)s Kt )

S V@1 =X 1) © V(o1 = Yr 8) © V(201 — 20 )

= Bu-1(0), (2.16)
V(20 — Zus1s kt) = U(F(Zuots Yn-1,%n-1) = F (2 Vs %), kt)

< U(Zn—l - Zn t) < U(yn—l _yn: t) <& U(xn—l — %X t)
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= V(X1 — Xy ) O V(Y1 — Y £) © V(21 — 2y B)

= Bu1(2), (2.17)

and

U(yn _yn+1xkt) = U(F(Yn—lyxn—lxyn—l) _F(ymxn;yn),kt)
= U()’n—l —Vn> t) <¢ ,u(xn—l —Xn t) < M(J/n—l —Vn» t)
= U(yn—l _ymt) < U(xn—l — %X t) < U(yn—l _ynv t)

00000

= U(y;q—l — Vs £) O U(Xyg — Xy ) © U(yn—l —Vns t)
<o U(Zn—l —Zpn, t) < U(Zn—l = Zn» t) <o U(xn—l —Xn t)

< Bua1(t) © Bua (). (2.18)
Using the properties of a t-conorm, (2.15)-(2.18) and (2.1), we obtain

,Bn(kt) = U(xn — Xn+l» t) <o U(yn — Yn+l» t) <o U(Zn = Zp+1s t)

< Bua1(t) © Buoa(t) © Bua(t) © Buar () = Bua(t) Vn =1,

that is,
t
lgn(t) = ﬁn—l(%) Vn>1.

Now, repetition of the above process gives

1) < t < < t ’ VYn>1
ﬁn()_ﬁnl(%)_"'_(ﬁ0<k—n)> n=l1,

which further implies that

(%, — Xpi1, £) © U(yn — Yn+ls £) 0 v(zy — Zns1, 1)

< |:U (xo - X1, i>:|n <o |:v (yo -9 i)]n o |:U (zo -z, i)]n (2.19)
- < k" k"

Using the properties of a t-conorm, we get

U = % 8) © U — Yonr £) © V(2 — Zomy £)
< 0(F = H b1 = R) (L k- + K71

V(= Y L= K)(L + K+ -+ 4 k"))

o U(2n =z tA = K)(L+ Kk + -+ + K777))

< U (% — %11, £ = k) © U (Y — Yna1, t1 = k)

O U(2y — Zns1, t(1 - k)

Page9of 16
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0 V(%1 — Xns2, (1 = K)K) © U (Va1 = Ysar 11— K)K)

0 U(Zus1 = Znsas £(1 — K)K)

o

0 V(Ft = Znr H(L = K™Y 0 0 (Y01 = Yy (1 = )K" Y)
(

U(zm-1 — 2 t(1 = )K"

foo-n )]s
o___< )

o (xo—xl,(l k)

Qv

IA

o [u(yo - k)kinﬂ

—n ¢ m—n
o |:U<J/0 -y, (1 _k)ﬁ>]

m t m
o]

/\\|H
SN———
| I

< (Zo —Zl,(l k)

|

o |:v (zo —z1,(1 - k)

U(xo x1, (1 - k)

N———
| I

IA

|
3

t
v (xo —x, (11— k)—

IA
—
:|”
>"|H~ \_/ >"|H~
L T
1
N
&

>v|N
N———
N

< |:U(Zo —Zl,(l k)

n

|:U(xo—x1, 1-k) k”) 0[ ( -y, (1= k)k">i|
<>|: ( Zl,(l k)—>:| )

where p > 0 such that m > . Since (u, v) has the n-property on X x (0, 00), we have

IA

I_I

_ AN
lim (xo —x,(1-k)— ) =0,
n—>o00| V&

_ £\
lim | v (yo -y, (1= k)—) =0, and
n—oo| k” i

_ £\ P
lim U(Z()—Zl,(l—k)—> =0.
n—o00| kn ]

So,
limy,— 00 V(X — Xy £) © V(Y — Vi £) © V(2 — Zis £) = 0. (2.20)

Now, (2.14) and (2.20) imply that {x,}, {y,} and {z,} are Cauchy sequences in X. Since X is
complete, there exist x, y and z such that lim,,_, o x,, = %, lim,,, o ¥, = y and lim,,_, o, 2, = 2.
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If the assumption (a) does hold, then we have
x = lim x,,; = im F(x,,y,,2,)
=F( lim x,, lim y,, lim z,,) =F(x,7,2),
n— 00 n— 00 Hn— 00
y=lm y,, = lim F(y,, %, Y,)
:F( lim y,, lim x,, lim yn) =F(y,x,9),
n— 00 n—00 n—00
and
z= lim z,,1 = lim F(z,, Y, %)
n— 00 n— o0
= F( lim z,, lim y,, lim x,,) = F(z,y,%).
Suppose that the assumption (b) holds then

M(anrl - F(xryr Z)r kt)

= /'L(F(xmymzn) - F(x:y; Z)) kt) = M(xn —%Yn—Y2Zu—2% t),

which, on taking limit as n — oo, gives u(x — F(x,y,z2),kt) = 1, x = F(x,y,z). Also,

,u(y,m - F(y,%,9), kt)

= W(F s %ns V) = F, %, 9), kt) > 11 — 95 % — %, = W, 8),

which, on taking limit as n — oo, implies u(y — F(y,x,),kt) =1, y = F(y,%,y). Finally, we
have

(21 — F(z,9,%), kt)
= W(F @ Ynr ) = F(2,9, %), kt) = 1120 = 2, Y0 = 3% — %, 1),
which, on taking limit as n — oo, gives u(z — F(z,y,%),kt) =1, z = F(z, 5, x). O
Theorem 2.2 Let (X, u, v, *,0) be an IFNS, < be a partial order on X, and suppose that

axb>ab and aca=a (2.21)

foralla,be[0,1]. Let F: X x X x X — X and g : X — X be mappings such that F has
the mixed g-monotone property and

M(F(x’y’z) - F(l/t, Y W)rkt) = /’L(gx -8, t) * M(gy —-&v t)
* ((gz —gw,t) and
(2.22)
U(F(%,9,2) — F(u,v,w), kt) < v(gx — gu,t) o v(gy — gv, 1)

o v(gz —gw,t)

Page 11 of 16
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for all those x, y, z, and u, v, w for which gx < gu, gy > gv, gz < gw, where 0 < k < 1. Assume
that g(X) is complete, F(X x X x X) C g(X) and g is continuous. If either
(a) F is continuous or
(b) X has the following property:
(bi) if {x4} is a non-decreasing sequence and (i, v) — lim,_, o %, = X, then x, < x

forallneN,

(bii) if {yu} is a non-decreasing sequence and (u, v) —lim,_, 00 ¥y =y, then y, > y for
allneN, and

(biii) if {z,} is a non-decreasing sequence and (u,v) —lim,_,  z, = y, then z,, < z for
alln e N.

Then F has a tripled coincidence point provided that there exist xy, yo,zo € X such that

g(x()) 5 F(xOryO!ZO)r g()’o) Z F(yO)xOIyO)’ g(ZO) 5 F(ZO’yOer)'

Proof By Lemma 1.16, there exists E C X such that g: E —> X is one-to-one and g(E) =
g(X). Now, define a mapping A : g(E) x g(E) x g(E) — X by

Algr,gy,g2) = F(x,9,2) Vx,y,z€ X. (2.23)
Since g is one-to-one, so A is well defined. Now, (2.22) and (2.23) imply that

n(Algr, gy, g2) — Algu, gv,gw), kt) > p(gx — gu, t) * j1(gy — gv, t)
* (L(gz — gw, t),
(2.24)
v(Algx, g9, g2) — Algu, gv,gw), kt) < v(gx — gu, t) o v(gy — gv,t)
ovu(gz —gw,t)
for all x,y,z,u,v,w € E for which gx < gu, gy = gv, gz < gw. Since F has the mixed g-

monotone property for all x,7,z € X, so we have

xx e X, gl) <glxn) = Fx,%2) X Fx2,9,2),
yuy2e€X, ghn) xgln) = Fxy2,2) <Fx5,2), and (2.25)

2,2 €X, gla)2gz) = Fkyz)=Fxy2z).
Now, from (2.23) and (2.25), we have

o €X, gha) 2glw) = Algrn,gy.g2) = Algnr, g0, 82),
X, gbn)=gln) = Algrngyge) < Algr.gy1,82), (2.26)
zz€X, gla) 2glz) = Algngy.gar) < Algx. g9, 822)-
Hence, A has the mixed monotone property. Suppose that the assumption (a) holds. Since
F is continuous, A is also continuous. By using Theorem 2.1, A has a tripled fixed point

(u,v,w) € g(E) x g(E) x g(E). If the assumption (b) holds, then using the definition of A,
following similar arguments to those given in Theorem 2.1, A has a tripled fixed point
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(u,v,w) € g(E) x g(E) x g(E). Finally, we show that F and g have a tripled coincidence
point. Since A has a tripled fixed point (u, v, w) € g(E) x g(E) x g(E), we get

u=Alu,v,w), v=A,u,v), w=Aw,u,v). (2.27)

Hence, there exist u;,v;, w1 € X x X x X such that gu; = u, gv; = v, and gw; = w. Now, it
follows from (2.27) that

gy = Alguy, gvi, w) = F(uy, vi, W),
gvi = A(gvi,gu1,gv1) = F(vi,u1,v1),  and
g = Algwy, gui,gv1) = F(wr, v, ).

Thus, (u1,v1,w1) € X X X x X is a tripled coincidence point of F and g. O

Example 2.3 Let X = Rbe ausual normed, *: [0,1] x [0,1] — [0,1] and ¢ : [0,1] x [0,1] —
[0,1] be defined by

axb=ab and aob=max{a,b}.
It is easy to see that * is a continuous ¢-norm and ¢ is a continuous ¢-conorm satisfy
axb<ab<aob foralla,be]|0,1].

Let ¢ : R* — (0,1) be defined by ¢(¢) = et for all £ € R*. Now we have (X, i, v, %,0) isan
IENS, where

neet)=[6@0]",  vxn=1-[s®)]", vxex,
such that (u, v) satisfies the n-property on X x (0, 00).
If X is endowed with usual order as x < y <= x—y < 0, then (X, <) is a partially ordered
set. Define mappings F: X x X x X — X and g: X — X by

F(x,y,2) =2x—2y+2z+1 and g(x)=7x-1.

Obviously, F and g both are onto maps so F(X x X x X) C g(X). Also, F and g are contin-
uous and F has the mixed g-monotone property. Indeed,

X% €X, gx1=gxy = 2% -2y+2z+1<2x-2y+2z+1

= Flx,0,2) 2 F(x,9,2)-
Similarly, we can prove that
2 €X, gOn) 2g0n) = Flx,y2,2) < Fx1,2)
and

z,22€X, glz) 2glz2) = Fyz)=XFxy,22).
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Ifxo =0, Yo = %, Zo = 0, then

1
-1 =g(xo) < F(x0,%0,20) = —3
11 11
- :g()’o) EF(yme:yO) =
3 3
1
-1 =g(z0) < F(z0,Y0,%0) = ~3
So, there exist xg, yo,z0 € X such that
g(x()) 5 F(xOryO!ZO)’ g()’o) Z F()’o;xoyyo); g(zo) ﬁ F(ZO’yOer)'
Now, for all x,y,z, u, v, w € X, for which gx < gu, gy > gv, gz < gw, we have

w(gx —gu, t) = u(gy — gv, t) % u(gz — gw, t)

= (7@ — w), t) % w(7(y = v), £) % u(7(z - w), t)

t t t

= ,u((x—u), ;) *M(@‘W»;) *M((Z—W), ;)
t t

= u((x u), ) *u((v—y),;) *u((z—W), ;)

( 7)
<u x—u+v—y+z—w,7

(x—ut+v—y+z-w)|

|2(x—u+v—y+z—w)|

= w(F(x,,2) — F(u, v, w), kt)
for k = = = < 1. Hence, there exists k = == =<1 such that
,LL(F(x, v,2) — F(u,v,w), kt)
> (e — gu, t) * gy — gv, t) * u(gz — gw, t)

for all x,,z,u,v,w € X, for which gx < gu, gy > gv, gz < gw.
Now, for all %, y,z, u, v, w € X, for which gx < gu, gy > gv, gz < gw, we have
v(gx — gu,t) o v(gy — gv, t) o v(gz — gw, t)
=v(gx — gu,t) o v(gv—gy, t) o v(gz — gw, t)
> v(gx —gu + gv — gy + gz — gw, 3t)
=v(7[(x—w) + (v=y) + (- w)],3¢)

:u([(x—u)+(v—y)+(z—w)],%t>
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[6 %]\x u+v—y+z—w|

-1- [e ?]\Zx u+v-y+z—w)|
_ [6 %]\Zx u)+2(v—y)+2(z-w)|
—1- [e_g]\F x,9,2)—F (u,v,w)|

= (F( ,2) — F(u,v,w ),kt)
for k = 5% < 1. Hence, there exists k = 3% <1 such that

U(F(x,y, z) — F(u,v, w),kt)

<ul(gx—gu,t) o v(gy — gv,t) o v(gz — gw, t)

for all x,,z,u,v,w € X, for which gx < gu, gy > gv, gz < gw.
Therefore, all the conditions of Theorem 2.2 are satisfied. So, F and g have a tripled

coincidence point and here (2, 2, 2) is a tripled coincidence point of F and g.
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