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Abstract

Berinde and Borcut (Nonlinear Anal. 74(15):4889-4897, 2011) have quite recently
defined the notion of a triple fixed point and proved some interesting results related
to this concept in a partially ordered metric space. In this work we prove some triple
fixed point theorem for a mixed monotone mapping satisfying nonlinear
contractions in the framework of a generalized metric space endowed with partial
order while the idea of a generalized metric space introduced by Mustafa and Sims (J.
Nonlinear Convex Anal. 7:289-297, 2006). Further we prove the uniqueness of a
coupled fixed point for such a mapping in this setting.

Keywords: tripled fixed point; partially ordered set; mixed monotone mapping;
generalized metric space

1 Introduction and preliminaries

The Banach contraction principle [1] is the most famous, simplest and one of the most
versatile elementary results in fixed point theory. Fixed point theory is a very useful tool
in solving a variety of problems in control theory, economic theory, nonlinear analysis and
global analysis. A huge amount of literature is witnessed on applications, generalizations
and extensions of this principle carried out by several authors in different directions, e.g.,
by weakening the hypothesis, using different setups, considering different mappings etc.

In 2006, Bhaskar and Lakshmikantham [2] initiated the study of a coupled fixed point
and proved some coupled fixed point theorems for a mixed monotone operator in a par-
tially ordered metric space. As an application of the coupled fixed point theorems, they
obtained the existence and uniqueness of the solution of a periodic boundary value prob-
lem. In recent past, Lakshmikantham and Ciri¢ [3] determined some coupled coincidence
and coupled common fixed point theorems for nonlinear contractions in partially ordered
complete metric spaces. Most recently, the concept of a triple fixed point has been stud-
ied in partially ordered complete metric spaces for nonlinear contractions by Berinde and
Borcut [4], who obtained the existence and uniqueness theorems for contractive type map-
pings in this setup which was later on studied by many authors. A large list of references
can be found, for example, in the papers [5-23].

The concept of a generalized metric space was introduced and studied by Mustafa and
Sims [24] and was later used to determine coupled fixed point theorems and related results
by a number of authors [25-32]. We shall assume throughout this paper that the symbols
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R and N will denote the set of real and natural numbers respectively. Now, we recall some
definitions, notations and preliminary results which we will use throughout the paper.
Given a nonempty set X, a mapping G : X x X x X — R is called a generalized metric

(for short, G-metric) on X and (X, G) a generalized metric space or simply a G-metric space
if the following conditions are satisfied:

(i) Glx,y,2)=0ifx=y=g¢,

(i) G(x,x,9) >0 forallx,y € X andx #y,
(i) G(x,x,9) < G(x,y, ) for all x,y,z eXandy#z,
(iv) Gx,9,2) = G(x,2,9) = G(y,2,%) = - - - (symmetry in all three variables),
(v) G(x,9,2) < G(x,a, a) +Gla,y,z ) for all x,y,z,a € X (rectangle inequality).

Example 1.1 ([24]) Let (R, d) be a usual metric space. Define a function G, by
Gs(x,7,2) = d(x,9) + d(y,2) + d(x,2),
for all x,7,z € R. Then (R, G;) is a G-metric space.

The concepts of convergence and Cauchy sequences and continuous functions in a
G-metric space are studied in [24].

Let (X, G) be a G-metric space. Then a sequence (x,,) is said to be convergent in (X, G) or
simply G-convergent to x € X if for every € > 0 there exists N € N such that G(x,,, x,,, %) < €
for all m,m > N.

Let (X, G) be a G-metric space. Then (x,) is said to be Cauchy in (X, G) or simply
G-Cauchy if for every € > 0 there exists N € N such that G(x,,x,,,xx) < € for all n,m,
k > N. A G-metric space (X,G) is said to be complete if every G-Cauchy sequence is
G-convergent.

Let (X,G) be a G-metric space and f : X — X be a mapping. Then f is said to be
G-continuous at a point x € X if and only if it is G-sequentially continuous at x; that is,
whenever (x,) is G-convergent to x, we have (f(x,)) is G-convergent to f(x).

Proposition 1.2 ([24]) Let (X, G) be a G-metric space and (x,) be a sequence in X. Then,
for all x € X, the following statements are equivalent:
(i) (xy) is G-convergent to x.

(ii

) G(xnxxn;x) — Q0asn— o0.
(iif) G(xy,x,x) — 0 as n — oo.
)

(iv) G(xu, %, %) = 0 as n,m — oo.

Proposition 1.3 ([24]) Let (X, G) be a G-metric space and (x,) be a sequence in X. Then
the following statements are equivalent:

(i) (x,) is G-Cauchy.

(i) Forevery € > 0 there exists N € N such that G(x,, %, Xm) < € for all n,m > N.

Lemma 1.4 ([24]) If (X, G) is a G-metric space, then G(x,7,y) < 2G(y,x,x) for all x,y € X.

Let (X, G) be a G-metric space and F: X x X x X — X be a mapping. Then a map F
is said to be continuous [28] in (X, G) if for every G-convergent sequence x, — x, y, — ¥
and z, — z, (F(%y, Yu, 24)) is G-convergent to F(x,y,z).
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Bhaskar and Lakshmikantham [2] defined and studied the concepts of a mixed mono-
tone property and a coupled fixed point in a partially ordered metric space. Quite recently,
the notions of the mixed monotone property for the mapping F: X x X x X — X and a
tripled fixed point were introduced by Berinde and Borcut [4] as follows.

Let (X, <) be a partially ordered set and F : X x X x X — X be a mapping. Then a map
F is said to have the mixed monotone property if F(x,y,z) is monotone non-decreasing in

x and z, and is monotone non-increasing in y; that is, for any x,y,z € X,

x,% € X,x1 <xy implies F(x1,,2) < F(x2,9,2),

y,y2 €X,91 <y, implies F(x,y,2) > F(x,¥5,2)
and
21,20 € X,z1 <zp implies F(x,y,2z1) < F(x,9,22).

An element (x,7,z) € X x X x X is said to be a tripled fixed point of the mapping F :
XxXxX—>Xif

F(x,9,2) = %, F(y,x,9) =y and F(z,y,%) =z
The main results of Berinde and Borcut are as follows.

Theorem 1.5 ([4]) Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d) is a complete metric space. Let F : X X X x X — X be a mapping having
the mixed monotone property on X. Assume that there exist constants j,k,l € [0,1) with
j+k+1<1for which

d(F(x,y, z)) + d(F(u, v, w)) <jd(x,u) + kd(y,v) + ld(z, w)

forallx = u, y < v,z > w. Assume that either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence (x,) is G-convergent to x, then x,, < x for all n,
(ii) if a non-increasing sequence (y,) is G-convergent to y, then y, > y for all n.
If there exist xo,%0,20 € X such that xy < F(x0,%0,20), Yo = F(¥o,%0,y0) and zo < F(z¢,o,
X0), then there exist x,y,z € X such that F(x,y,z) = x, F(y,x,y) =y and F(z,y,x) = z.

Motivated by [4], we determine in this paper some triple fixed point theorems for non-
linear contractions in the framework of partially ordered generalized metric spaces and
obtain uniqueness theorems for contractive type mappings in this setting.

2 Main results

In this section, we establish some tripled fixed point results by considering maps on gen-
eralized metric spaces endowed with partial order. Before proceeding further, first, we
define the following function which will be used in our results.
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Let (x,,), (y,) and (z,) be any three sequences of nonnegative real numbers. Denote with
® the set of all functions 6 : [0,00)3 — [0,1) which, satisfying 0 (x,, Y, z,) — 1, implies
X, Y2y — 0. An example of such a function is as follows:

In(1
%’%?Z); at least one of x,y,z > 0 and ki, ky, k3 € (0,1),

0(x,y,2) =
£ e10,1); x=0=y=2z

Now, we are ready to prove our main results.

Theorem 2.1 Let (X, <) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space. Suppose that F : X x X x X — X is a continuous
mapping having the mixed monotone property. Assume that there exists 6 € © such that
G(F(x,y, z),F(s,t,u), F(p,q, r)) + G(F(y,x, z),F(¢t,s,u), F(q,p, r))
+ G(F(z,y,%), F(u,t,5), F(r,q, p))

< Q(G(x, 5p), Gt q), Gz, u, r)) (G(x, s,p)+ G, t,q) + Glz,u, r)), (2.1)
forallx,y,z,s,t,u,p,q,r € X withx>s>pandy <t <qandz>u>r, where either s #p
ort # qorur. Ifthere exist xy, yo, 2o € X such that xy < F(x0,%0,20), Yo >= F(¥o,%0,Y0) and

zo =< F(20,%0,%0), then F has a tripled fixed point; that is, there exist x,y,z € X such that
F(x,}’,z) =X, F()/,x,y) =y and F(Z,y,x) =Z.

Proof Let x¢, 90,20 € X be such that xy < F(xo,%0,20), o = F(¥0,%0,%0) and zo < F(2o,yo,
%0). We can choose x1,%1,z1 € X such that x; = F(xo,%0,20), y1 = F(y0,%0,¥0) and z =
F(z0,90,%0). Write

Xn+l = F(xnryn; Zn)7 Ynl = F()’n;xn;yn); and Zp+l = F(Zmyn;xn) (22)

for all # > 1. Due to the mixed monotone property of F, we can find x; > x1 > xg, y2 <
91 < yo and zz > z1 > zo. By straightforward calculation, we obtain

Xo XX XXy X -

YoZ V1 Z Vo= Z Yl Z 0

20Xz 22X 2z X
Assume that there exists a nonnegative integer # such that
G X1 %41, %) + GOt Vst Yn) + G(Zna1, Zns1,2n) = 0.
It follows that
G (%41, X1, %) = 0 = GVna1s Y1, Yn) = G(Znsa1, Zna1, Z0)-

From the definition of G-metric space, we have x,.,1 = %y, Y541 = ¥» and z,41 = z,. It fol-
lows from (2.2) that (x,,y,,z,) is a triple fixed point of F. Now, we suppose that for all
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nonnegative integer n

G(Xps1, Xs1, Xn) + G(yn+1yyn+1:yn) + G(Z415 Zn41, Zn) #0.

Using (2.1) and (2.2), we have

G(Xns1s %415 %) + GWets Yir1s Yn) + G(Zn41s Zna1s Zn)
= G(F (> Y 2n)s F Xy Vs 2n)s F (X1, Y1, Zn-1))
+ G(E s %> Yn)s F Qs %1 Yn)s F -1 %1, Y1)
+ G(F (2> Y %n)s F (Zus Vs %n)s F (21, Y1, Xn1))
< 0(G @ % %1-1)s GOls Vs Yn-1)> G (Zis 2 201))

X (G(xmxmxn—l) + G(ynryn:yn—l) + G(zn: Zn» Zn—l)); (23)
which implies
G(Xns1, Xa1, %) + G(y;ﬂl»ywrl;yn) + G(Zy415 Zns15Zn)
< G(xn:xn;xn—l) + G(ym_ym_yn—l) + G(Zmzrnzn—l)' (24)

For all # € N, write

Yn = G(Xpr1, X1, X)) + G(Ynﬂ»ynﬂ;yn) + G(Zy+15 Zn15Zn)»

then a sequence (y,) is monotone decreasing. Therefore, there exists some y > 0 such
that

lim Yn = lim [G(xn+1;xn+l:xn) + G(yn+1:yn+lyyn) + G(zn+112n+l: Zn)] =Y.

n—00 n—00

We shall claim that y = 0. On the contrary, suppose that y > 0, we have from (2.3)

G(Xps1, Xpa1, X)) + G(Ynﬂyynﬂ’yn) + G(Z415 Zna1, Zn)
G(xm xrnxn—l) + G(yn:ynryn—l) + G(zm Zn» Zn—l)

< Q(G(xnrxn:xn—l) + G(y;fnyn’yn—l) + G(Zmzm Zn—l)) < 1 (25)

Letting n — 00, we get

(G (s %s Xn1) + GOy Vs Y1) + G2 2y Zn1)) — 1.
Using the property of the function 6, we have

G %0, %0-1), Gs Vi Yu-1)> G210, 2y Zy-1) = 0 as m— 00.
So, we have

G(xmxnrxn—l) + G(ynryn:yn—l) + G(zn; Zn» Zn—l) -0 asn— oo,

Page 5 of 12


http://www.fixedpointtheoryandapplications.com/content/2012/1/179

Mohiuddine and Alotaibi Fixed Point Theory and Applications 2012, 2012:179 Page 6 of 12
http://www.fixedpointtheoryandapplications.com/content/2012/1/179

which is a contradiction in virtue of (2.5). Thus, y = 0. From (2.4) we have

G(xn+1’xn+1rxn) + G(yn+1’yn+1;yn) + G(Zn+lr ZVI+17ZVI) — 0. (26)

Now, we have to show that (x,), (y,) and (z,) are Cauchy sequences in the G-metric space
(X, G). On the contrary, suppose that at least one of (x,), (y.) or (z,) is not a Cauchy se-
quence in (X, G). Then there exists € > 0 for which we can find subsequences (xx(;)), (%))
of (%4); Wk())s i) of (¥) and (zx()), (zi) of the sequence (z,,) with k() > [(j) > j for all
j € N such that

aj = G(xk(), %Gy %) + GUkG)s i) V1)) + Gz zii) 21)) = €. (2.7)
We may also assume
Gk (-1, %k()-1,%1(7)) + GOk()-1 Yk()—15 Vi) + GZk(j)-15 Zk()-1, 21()) < €5 (2.8)

by choosing k(j) to be the smallest number exceeding I(j) for which (2.7) holds. From (2.7)

and (2.8), and using the rectangle inequality, we obtain

€ < aj = Gk, %), 1)) + GOy, V() 1) + G2k 2k, 21(7)
< G((i)» k(i) Xk()-1) + GXk()-15 %k ()-15%1()) + GOk(G)s Vi(i)» Yi(i)-1)
+ Gk()-1, V(-1 Y1) + G(Zk()r 2x(j) 2k()-1) + G(Zk()-15 Zk(j)-15 Z0(j))

< G(xk(ys Xx(j)r %k ()-1) + GOk(ys Yy Yr(-1) + G(Zr()s Zx()s Zi()-1) + €.
Letting j — oo in the above inequality and using (2.6), we get
oj = G, %k(), %)) + GOkG) Vi) Vi) + G2k, 2y, 1)) — €- (2.9)

Again, by using the rectangle inequality, we obtain

aj = G(x), xx(), %) + GOk Vi) V1)) + G2k 2y 21(7)
< Gk ()s X(j)s Xk()+1) + GXk()+1 Xr()+1 Xi()+1) + GLG)1 X1Gi) 1 X1(7))
+ GOk V) Yr()41) + GOkG)+1 i) 1 ViG+1) + G415 1)1 V167)
+ G(zr(j)» 2k(i)» 2k(i)+1) + G(Zr()+15 2k()+15 20G)+1) + GZiG)+15 ZiG)+15 20G))
= Vi) + GOk(i)s %)y Xr(i)+1) + Gk 1 (1 %1)41) + GOk Yk()r YrGy+1)

+ GOk()+1, Yr()+1s ViG)+1) + G(2a()s 2x()s 2x(y+1) + G(Zk(i)+15 Zk(i)+15 Z0(G)+1)-

By using Lemma 1.4, the above inequality becomes

aj < i) + 2G(Xk()+1s Xk ()1, %k()) + 2G k()1 Yr()+15 V() + 2G(Zk()+1 Zk()+15 Zk(7))

+ GXk()+ 15 k()1 K1()+1) + GWk()+1 Yr(i)+1 ViG)+1) + G(Zk(j)+1 Zk(j)+15 Z1G)+1)-
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This implies

aj < Vi) + 2vk() + GXk()+1 k()41 X1()+1)

+ Gk()+1, Yi()+1 Y1G)+1) + G(Zk(i)415 Zk()+15 Z1G)+1)- (2.10)

Using (2.1) and (2.2), (2.10) becomes

@ < vig) + 2vkg) + G(E ey Vi) 2k)s F ey Vi) 2k)» F gy Vi 2uc7))
+ G(E k() %) Vi) F Ot %) V) E Wiy %16y, Y1) )
+ G(F(zk()» Yx)» %5 F (x> Y %x)s F 210, Y169, %167)
< 0(Glerg xxg), 1) GORG) Vi Y1) G2k 2y 21)) (GG Xy 1)
+ GOk IxG)» Vi) + Gl2kGy 2k 21)) + Vi) + 2VkG)

= (Gl %) %16)), GOy Vi 1)) G (i 2 216)) )& + Vig) + 2V

It follows that

o = Vi) — 2V
S (Ia, D < 0(Gexys % %)) GOk Vi Vi) Gl 26y 21) < L.
]

Taking the limit as j — 0o, we obtain

0(Gxx, xx()> %16))» GOk iy Yi)» Glzwgyy 2y 21))) = 1.

Using the property 0(x,,y,) — 1 implies x,,y, — 0, we get

G(xx(yr %0)> %1))» Gk Vi) ViG))» G2y 2k 21)) — 0.

Therefore, & — 0, which is a contradiction and hence (x,), (¥,) and (z,) are Cauchy se-
quences in the G-metric space (X, G). Since (X, G) is a complete G-metric space, hence
(%4), (y») and (z,) are G-convergent. Then there exist x,y,z € X such that (x,), (y,) and
(z,) are G-convergent to x, y and z respectively. Since F is continuous. Letting #» — 00 in
(2.2), we get x = F(x,%,2z), y = F(y,%,y) and z = F(z,,x). Thus, we conclude that F has a
tripled fixed point. 0

Theorem 2.2 Let (X, <) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space. Suppose that there exist 0 € ® and a mapping F :
X x X x X — X having the mixed monotone property such that

G(F(x,9,2),F(s,t,u), F(p,q,1)) + G(F(y,%,2), F(t,s,u), F(q,p,T))
+ G(F(z,y,%), F(u,t,5), F(r, q,p))
<0(G(x,s,p), G, t,9), Gz, u, 1)) (G(x,5,p) + G(3,£,9) + G(z,u,1)), (2.11)

forall x,y,z,s,t,u,p,q,r € X withx = s> p,y <t <q and z = u > r where either s # p or
t #qoru#r. Assume that X has the following property:
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(i) if a non-decreasing sequence (x,) is G-convergent to x ((z,) is G-convergent to z),
then x, < x (z, < x respectively) for all n,

(ii) if a non-increasing sequence (y,) is G-convergent to y, then y, > y for all n.
Ifthere exist xo,y0, 20 € X such that xo < F(x0,%0,20), Y0 > F(y0,%0,¥0) and zo < F(zo,0,%0)
then F has a triple fixed point.

Proof Proceeding along the same lines as in Theorem 2.1, we obtain a non-decreasing
sequence (x,) converges to x, a non-increasing sequence (y,) converges to y and a non-
decreasing sequence (z,) converges to z for some x,y,z € X. Sincex, <x,y, = yandz, <z
for all n. If x,, = %, y, = y and z,, = z for some #n > 0, then by construction, X,,; =X, ¥,;1 =¥
and z,,,;1 = z. Thus, (x,y,2) is a tripled fixed point of F. So, we assume either x,, #x or y, #y
or z, # z for all n > 0. Then by using (2.11) and the rectangle inequality, we have

G(F(x,y, z),x,x) + G(F(y,x,y),y,y) + G(F(z,y,x),z,z)

< G(F(x,5,2), F(%us Y Zn)s F Ky Y 20)) + G(F Xy Vs ), %, X)
+ G(F:%9), FOs %0 Y)s E s X1 Y)) + G(EGis X Y)s 95)
+ G(F(2,9, %), F(2n» Yus %) F (s Y %)) + G(F (21> Y %), 2, 2)

= G(F (s Y 2n)s E Xy Yus Z0), F(%, 9, 2)) + G (41, %, %)
+ G(EWns s Yu)s E s Xy Yr)s EG,%,9)) + G0s1, 95 )
+ G(F (2 Y Xn)s F 2y Y %), F(2,9,%)) + G(2011,2, 2)

< (G %, %), GO Vs )5 G211 20 2) ) (G Koy %10 X) + Gy Vs ¥)
+ G212, 2)) + G(Xs1,%, %) + GWns1,9,9) + G241, 2, 2)

< G(xn:xn,x) + G(ynrymy) + G(Zn,Zn,Z) + G(xn+1¢x,x) + G()’mby,y) + G(Zn+1yzy Z)-
Letting n — oo in the above equation, we get
G(F(x,5,2),%,%) + G(F(y,%,2),9,9) + G(F(z,y,%),2,2) = 0.

Thus, x = F(x,9,2), y = F(y,%,2) and z = F(z,y,x) and hence (x,y,z) is a tripled fixed point
of F. O

Corollary 2.3 Let (X, <) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space. Suppose that F : X x X x X — X is a mapping having
the mixed monotone property and assume that there exists i € © such that

G(F(x,y, z),F(s,t,u), F(p, q, r))
1
< gu(G(x,s,p), G(,t,9), G(z,u, 1)) (G(x,5,p) + G(y, t,q) + G(z,u, 7)) (212)
forall x,y,z,s,t,u,p,q, vy € X withx = s> p,y <t < qand z > u > r, where either s # p or
t # q or u #r. Suppose that either

(a) F is continuous or

(b) X has the following property:
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(i) if a non-decreasing sequence (x,) is G-convergent to x ((z,) is G-convergent to z),
then x, < x (z, < x respectively) for all n,
(i) if a non-increasing sequence (y,) is G-convergent to y, then y, > y for all n.
If there exist xg,%0,20 € X such that xy < F(x0,%0,20), Yo = F(¥o,%0,y0) and zo < F(zo,o,
x0), then F has a triple fixed point.

Proof Forall x,y,z,s,t,u,p,q,r € X, write

G(F(y, x,2),F(t,s,u), F(q,p, r))
< %/L(G(y, t,q), G(x,5,p), G(z,u,1)) (G, £, q) + G(x,5,p) + Gz, u, 1)), (2.13)
G(F(z,y,%),F(u,t,5), F(r,q,p))

=<

M(G(z, u,7r), Gy, t,q), G(x, s,p)) (G(z, u,r)+ Gy, t,q) + G(x,s,p)). (2.14)

W =

Adding (2.12), (2.13) and (2.14), we get
G(F(x,9,2),F(s,t,u),F(p,q,7)) + G(F(y,,2), F(t,5,u), F(q, p,))
+ G(F(z,y,%), F(u,t,5), F(r,q, p))
< < [1(605,9), G0,,0), Glen) + 1(G014,0), G5, ), Glay )
+ 1(Glz u,1), G(y,t,9), G(x,5,)) | (Gx,5,p) + Gy, £, q) + Glz,u,7))

=0(G(x,5,p), G0, t,9), Gz, u, 1)) (G(x,5,p) + GO, 1, ) + G(z,u,7)),

where 6(B1, B2, B3) = 5 [1L(B1, Ba, B3) + 11(B2, Bus Bs) + (B3, B2, B1)] for all By, Ba, B3 € [0, 00).
It is easy to verify that 6 € ®. Applying Theorems 2.1 and 2.2, we get the desired result.

O

Corollary 2.4 Let (X, X) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space. Suppose that F : X x X x X — X is a mapping having
a mixed monotone property and assume that there exists k € [0,1) such that

G(F(x,5,2),F(s,t,u),F(p,q,7)) <

W

(G(x, s,p) + Gy, t,q) + Gz, u, r))

forall x,y,z,s,t,u,p,q, vy € X withx = s> p,y <t < qand z > u > r, where either s # p or
t #q oru#r.Suppose that either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence (x,) is G-convergent to x ((z,) is G-convergent to z),
then x, < x (z, < x respectively) for all n,
(ii) if a non-increasing sequence (y,) is G-convergent to y, then y, > y for all n.
If there exist xo,%0,20 € X such that xy < F(x0,%0,20), Yo = F(¥o,%0,y0) and zo < F(z¢,,
x0), then F has a triple fixed point.

Proof Taking u(B1, B2, B3) = k in Theorems 2.1 and 2.2 for all B, 82, B3 € [0,00) and k €
[0,1), we get the desired result. O
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Remark 2.5 To assure the uniqueness of a coupled fixed point, we shall consider the fol-
lowing condition: If (Y, <) is a partially ordered set, we endow the product Y x ¥ x YV
with

(%,9,2) < (w,v,w) ifandonlyif x<uy>v,z=<w, (C1)
for all (x,y,2), (u,v,w) €Y x Y x Y.

Theorem 2.6 [n addition to the hypothesis of Theorem 2.1, suppose that for all (x,y,z), (s, t,
u) € X x X x X, there exists (p,q,r) € X x X x X that is comparable with (x,y,z) and (s, t, u).
Then F has a unique triple fixed point.

Proof 1t follows from Theorem 2.1 that the set of coupled fixed points is nonempty. Sup-
pose (x,9,z) and (s, t, u) are triple fixed points of the mapping F : X x X x X — X; that is,
x=Fx,9,2),y=Fx9),z=F(z,y,x),s=F(s,t,u), t = F(t,s,t) and u = F(u,t,s). We shall
now show that x = s, y = ¢ and z = u. By assumption, there exists (p,q,r) in X x X x X that
is comparable to (x,y,z) and (s, £, ). Put p = po, g = g0 and r = ry, and choose p1,q1,11 € X
such that p; = F(p1,q1,11), 1 = F(q1,p1,q1) and r; = F(r1, q1, p1)- Thus, we can define three
sequences (p,), (g,) and (r,) as

Pn = F(pn—l; qn-1, r}'l—l)r qn = F(qn—lrpn—l: qn—l) and Iy = F(rn—lr Qn—lrpn—l)'

Since (p,q,r) is comparable to (x,7,z), we can assume that (x,7,2) > (p,q,7) = (po,qo, 10)-
Then it is easy to show that (p,,q,, r,) and (x,y,z) are comparable; that is, (x,y,2) >
(pn> qn» 1) for all n. Thus, from (2.1) we have

G %, %) + G(qu3,9) + G, 2,2)
= G(F(Pu-1,Gn-1, 1) F(%,9,2), F(%,9,2))
+ G(F(@n-1: -1 qn-1), F3,%,9), F(3,%,9) )
+ G(F(ru-1,gn-1,Pn1), F(2,9,%), F (2,9, %))
< 0(Gn-1,%%), G(@n-1,%,9), G(rn_1,2,2))

X (G(p,,_l,x,x) + G(gu-1,99) + G(ry_1,2, z)), (2.15)
which implies
G, x,%) + G(qu, 3,9) + G(ry, 2,2) < G(y-1,%,%) + G(qn-1,9,y) + G(ry-1,2,2).  (2.16)

We see that the sequence (G(p,, %, %) + G(qn,¥,y) + G(ry, z,2)) is decreasing, there exists
some & > 0 such that

Gy, x,%) + G(qu, y,y) + G(ry,2,2) > & asn— 00. (2.17)

Now, we have to show that & = 0. On the contrary, suppose that £ > 0. Following the same
arguments as in the proof of Theorem 2.1, we obtain

0 (G(pn—l; X, x)’ G(qn—l;y;y)¢ G(rn—lx z, Z)) — L
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It follows that
Gpu-1,%%), G(qu-1,99), G(ry_1,2,2) = 0.
This implies that
Gpn-1,% %) + G(qu-1,9,9) + G(ry1,2,2) = 0,
which is not possible in virtue of (2.15). Hence, & = 0. Therefore, (2.17) becomes
Gy, x,%) + G(qu, y,y) + G(ry,2,2) > 0 asn— o0. (2.18)

Similarly, we can show that

G, s,s) + G(gu, t,t) + G(ry, u,u) > 0 asn— o0; (2.19)
GO P %) + G(qus G ) + G(r, 70y 2) > 0 as n — 00; (2.20)
GpupnS) + G(qu us t) + G(ry, 1y u) —> 0 as m— oo. (2.21)

Using (2.18)-(2.21), the rectangle inequality and taking the limit » — oo, we obtain
G(s,x,x) + G(t,9,9) + G(u,z,z) = 0. Thus, we conclude that x = s, y = t and z = u. Hence, F
has a unique triple fixed point. d

Similarly, we can prove the following statement:

Theorem 2.7 In addition to the hypothesis of Theorem 2.2, suppose that for all (x,y,2), (s, ¢,
u) € X x X x X, there exists (p,q,r) € X x X x X that is comparable with (x,y,z) and (s, t, u).
Then F has a unique triple fixed point.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors contributed equally and significantly in writing this paper. Both authors read and approved the final
manuscript.

Acknowledgements
The authors have benefited from the reports of the anonymous referees, and they are thankful for their valuable
comments on the first draft of this paper which improved the presentation and readability.

Received: 13 April 2012 Accepted: 2 October 2012 Published: 17 October 2012

References

1. Banach, S: Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales. Fundam.
Math. 3, 133-181 (1922)

2. Bhaskar, TG, Lakshmikantham, V: Fixed point theorems in partially ordered metric spaces and applications. Nonlinear
Anal. 65, 1379-1393 (2006)

3. Lakshmikantham, V, Ciri¢, L: Coupled fixed point theorems for nonlinear contractions in partially ordered metric
spaces. Nonlinear Anal. 70, 4341-4349 (2009)

4. Berinde, V, Borcut, M: Tripled fixed point theorems for contractive type mappings in partially ordered metric spaces.
Nonlinear Anal. 74(15), 4889-4897 (2011)

5. Abbas, M, Nazir, T, Radenovic, S: Fixed points of four maps in partially ordered metric spaces. Appl. Math. Lett. 24,
1520-1526 (2011)

6. Abbas, M, Khan, AR, Nazir, T: Coupled common fixed point results in two generalized metric spaces. Appl. Math.
Comput. 217,6328-6336 (2011)


http://www.fixedpointtheoryandapplications.com/content/2012/1/179

Mohiuddine and Alotaibi Fixed Point Theory and Applications 2012, 2012:179
http://www.fixedpointtheoryandapplications.com/content/2012/1/179

22.
23.

24.
. Mustafa, Z, Obiedat, H, Awawdeh, F: Some fixed point theorem for mapping on complete G-metric spaces. Fixed

26.
27.
28.
29.
30.
31

32.

. Agarwal, RP, EI-Gebeily, MA, O'Regan, D: Generalized contractions in partially ordered metric spaces. Appl. Anal. 87,

109-116 (2008)

. Altun, I, Erduran, A: Fixed point theorems for monotone mappings on partial metric spaces. Fixed Point Theory Appl.

2011, Article ID 508730 (2011)

. Altun, |, Sola, F, Simsek, H: Generalized contractions on partial metric spaces. Topol. Appl. 157, 2778-2785 (2010)
. Aydi, H, Karapinar, E, Postolache, M: Tripled coincidence point theorems for weak g-contractions in partially ordered

metric spaces. Fixed Point Theory Appl. 2012, 44 (2012)

. Berzig, M, Samet, B: An extension of coupled fixed point’s concept in higher dimension and applications. Comput.

Math. Appl. 63, 1319-1334 (2012)

. Choudhury, BS, Kundu, A: A coupled coincidence point result in partially ordered metric spaces for compatible

mappings. Nonlinear Anal. 73, 2524-2531 (2010)

. Ciri¢, L, Caki¢, N, Rajovi¢, M, Ume, JS: Monotone generalized nonlinear contractions in partially ordered metric spaces.

Fixed Point Theory Appl. 2008, Article ID 131294 (2008)
Karapinar, E: Coupled fixed point theorems for nonlinear contractions in cone metric spaces. Comput. Math. Appl. 59,
3656-3668 (2010)

. Luong, NV, Thuan, NX: Coupled fixed points in partially ordered metric spaces and application. Nonlinear Anal. 74,

983-992 (2011)

. Nashine, HK, Kadelburg, Z, Radenovi¢, S: Coupled common fixed point theorems for w’-compatible mappings in

ordered cone metric spaces. Appl. Math. Comput. 218, 5422-5432 (2012)

. Nashine, HK, Shatanawi, W: Coupled common fixed point theorems for a pair of commuting mappings in partially

ordered complete metric spaces. Comput. Math. Appl. 62, 1984-1993 (2011)

. Nashine, HK, Samet, B: Fixed point results for mappings satisfying (1, ¢)-weakly contractive condition in partially

ordered metric spaces. Nonlinear Anal. 74, 2201-2209 (2011)

. Nieto, JJ, Rodriguez-Lépez, R: Contractive mapping theorems in partially ordered sets and applications to ordinary

differential equations. Order 22, 223-239 (2005)

. Nieto, JJ, Rodriguez-Lépez, R: Existence and uniqueness of fixed point in partially ordered sets and applications to

ordinary differential equations. Acta Math. Sin. Engl. Ser. 23(12), 2205-2212 (2007)

. Ran, ACM, Reurings, MCB: A fixed point theorem in partially ordered sets and some applications to matrix equations.

Proc. Am. Math. Soc. 132, 1435-1443 (2004)

Samet, B: Coupled fixed point theorems for a generalized Meir-Keeler contraction in partially ordered metric spaces.
Nonlinear Anal. 72, 4508-4517 (2010)

Sintunavarat, W, Cho, YJ, Kumam, P: Common fixed point theorems for c-distance in ordered cone metric spaces.
Comput. Math. Appl. 62, 1969-1978 (2011)

Mustafa, Z, Sims, B: A new approach to generalized metric spaces. J. Nonlinear Convex Anal. 7(2), 289-297 (2006)

Point Theory Appl. 2008, Article ID 189870 (2008)

Abbas, M, Sintunavarat, W, Kumam, P: Coupled fixed point of generalized contractive mappings on partially ordered
G-metric spaces. Fixed Point Theory Appl. 2012, 31 (2012)

Aydi, H, Damjanovi¢, B, Samet, B, Shatanawi, W: Coupled fixed point theorems for nonlinear contractions in partially
ordered G-metric spaces. Math. Comput. Model. 54, 2443-2450 (2011)

Choudhury, BS, Maity, P: Coupled fixed point results in generalized metric spaces. Math. Comput. Model. 54, 73-79
(2011)

Luong, NV, Thuan, NX: Coupled fixed point theorems in partially ordered G-metric spaces. Math. Comput. Model. 55,
1601-1609 (2012)

Mohiuddine, SA, Alotaibi, A: On coupled fixed point theorems for nonlinear contractions in partially ordered G-metric
spaces. Abstr. Appl. Anal. 2012, Article ID 897198 (2012)

Mustafa, Z, Sims, B: Fixed point theorems for contractive mappings in complete G-metric spaces. Fixed Point Theory
Appl. 2009, Article ID 917175 (2009)

Tahat, N, Aydi, H, Karapinar, E, Shatanawi, W: Common fixed points for single-valued and multi-valued maps satisfying
a generalized contraction in G-metric spaces. Fixed Point Theory Appl. 2012, 48 (2012)

doi:10.1186/1687-1812-2012-179
Cite this article as: Mohiuddine and Alotaibi: Some results on a tripled fixed point for nonlinear contractions in
partially ordered G-metric spaces. Fixed Point Theory and Applications 2012 2012:179.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 12 of 12


http://www.fixedpointtheoryandapplications.com/content/2012/1/179

	Some results on a tripled ﬁxed point for nonlinear contractions in partially ordered G-metric spaces
	Abstract
	Keywords

	Introduction and preliminaries
	Main results
	Competing interests
	Authors' contributions
	Acknowledgements
	References


