Wiodarczyk and Plebaniak Fixed Point Theory and Applications 2012, 2012:176 ® Fixed Point Theory and Applications
http://www.fixedpointtheoryandapplications.com/content/2012/1/176 a SpringerOpen Journal

RESEARCH Open Access

Fixed points and endpoints of contractive
set-valued maps in cone uniform spaces with
generalized pseudodistances

Kazimierz Wiodarczyk™ and Robert Plebaniak

“Correspondence:
wlkzxa@math.uni.lodz.pl
Department of Nonlinear Analysis,
Faculty of Mathematics and
Computer Science, University of
tédz, Banacha 22, £6dz, 90-238,
Poland

@ Springer

Abstract

We introduce the concept of contractive set-valued maps in cone uniform spaces
with generalized pseudodistances and we show how in these spaces our fixed point
and endpoint existence theorem of Caristi type yields the fixed point and endpoint
existence theorem for these contractive maps.

MSC: 47H10; 54C60; 47H09; 54E15; 46A03; 54E50; 46B40

Keywords: fixed point; endpoint; contraction of Nadler type; cone uniform space;
generalized pseudodistance; set-valued dynamic system; dynamic process

1 Introduction
Nadler [1] extended Banach’s fixed point theorem [2] for set-valued maps in complete
metric spaces.

Theorem 1.1 ([1, Th. 5]) Let (X,d) be a complete metric space, let C1(X) denote the class
of all nonempty closed subsets of X, and let H : (C1(X))?> — [0, 00] be defined by

Y 4,8ecix) (H(A, B) = max { supd(u, B),supd(v,A) },
ucA veB
where, for each u € X and V € CI(X), d(u, V) = inf,ey d(u, V). If a set-valued map T : X —
CIU(X) is H-contractive, i.e., if T satisfies

30<A<1Vx,yEX{]—[(T(x)r T(}’)) = Kd(x,y)},
then T has a fixed point w in X, i.e., w € T(w).

A number of authors introduce the new concepts of set-valued contractions of Nadler
type and study the problem concerning the existence of fixed points for such contractions;
see, e.g., Aubin and Siegel [3], de Blasi et al. [4], Ciri¢ [5], Eldred et al. [6], Feng and Liu
[7], Frigon [8], Al-Homidan et al. [9], Jachymski [10], Kaneko [11], Klim and Wardowski
[12], Latif and Al-Mezel [13], Mizoguchi and Takahashi [14], Pathak and Shahzad [15],
Quantina and Kamran [16], Reich [17, 18], Reich and Zaslavski [19, 20], Sintunavarat and
Kumam [21-25], Suzuki [26], Suzuki and Takahashi [27], Takahashi [28] and Zhong et al.
[29]. In particular, the significant fixed point existence results of Nadler type were obtained
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by Suzuki [30, Th. 3.7] in metric spaces with t-distances and by Wardowski [31] in cone
metric spaces.

Recently, Wlodarczyk and Plebaniak in [32] have studied among others the 7 -families of
generalized pseudodistances in cone uniform, uniform and metric spaces which generalize
distances of Tataru [33], w-distances of Kada et al. [34], t-distances of Suzuki [35] and
7-functions of Lin and Du [36] in metric spaces and distances of Valyi [37] in uniform
spaces.

In the present paper, we introduce the concept of contractive set-valued maps in cone
uniform spaces with generalized pseudodistances, and we show how in these spaces our
fixed point and endpoint existence theorem of Caristi type [32, Th. 4.5] yields the fixed
point and endpoint existence theorem for these contractive maps.

It is worth noticing that our fixed point and endpoint existence Theorem 3.1: has a sim-
pler proof; is Nadler type; is new in cone uniform and cone locally convex spaces; is new
even in cone metric and metric spaces; and is different from those given in the previous
publications on this subject.

This paper is a continuation of [32, 38-46].

2 Definitions and notations
We define a real normed space to be a pair (L, || - ||) with the understanding that a vector
space L over R carries the topology generated by the metric (a,b) — ||a - b||, a,b € L.

A nonempty closed convex set H C L is called a cone in L if it satisfies:

(H1) Veo,00){sH C H};

(H2) HN(=H) = {0}; and

(H3) H #{0}.

It is clear that each cone H C L defines, by virtue of

‘a<pbitb—acH’,

an order of L under which L is an ordered normed space with a cone H.

We will write a <z b to indicate that a <y b, but a # b. A cone H is said to be solid if
int(H) # &; int(H) denotes the interior of H. We will write a <y b to indicate that b —a €
int(H).

The cone H is normal if a real number M > 0 such that for each a,b € H,0 <y a <y b
implies |la|| < M||b|| exists. The number M satisfying above is called the normal constant
of H.

Let an element +00 ¢ L be such that a <y +oo foralla € L.

Let 2X denote the family of all nonempty subsets of a space X. Recall that a set-valued
dynamic system is defined as a pair (X, T'), where X is a certain space and T is a set-valued
map T : X — 2¥%; in particular, a set-valued dynamic system includes the usual dynamic
system where T is a single-valued map. We say that a map w : X — L U {+00} is proper if

its effective domain, dom(w) = {x : w(x) # +00}, is nonempty.

Definition 2.1 ([38, Def. 2.2]) Let X be a nonempty set, and let L be an ordered normed
space with a cone H.
(i) The family P = {p, : X*> - L, € A}, A-index set, is said to be a P-family of cone
pseudometrics on X (P-family for short) if the following three conditions hold:
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(P1) VoeaVayex{0 2p pa(x,y) Ax =y = po(x,y) = 0};
(P2) VYacaVryexipea(x,y) = pa(y,x)}; and
(P3) VO(E.AV.X,}I,ZGX {Pa(%:2) 21 pa(, y) + Pa (Yr 2)}.

(i) If P is a P-family, then the pair (X, P) is called a cone uniform space.
(iii) A P-family P is said to be separating if

(P4) Vx,yEX{x 7y = Jueal0 <Hpoz(x>y)}}'

(iv) If a P-family P is separating, then the pair (X, P) is called a Hausdor{f cone uniform
space.

Definition 2.2 ([38, Def. 2.3]) Let L be an ordered normed space with a solid cone H, and
let (X,P) be a Hausdorff cone uniform space with a cone H.
(i) We say that a sequence (wy, : m € N) in X is a P-convergent in X (convergent in X
for short) if there exists w € X such that

VaeAvca €L,0kcy Elnozno(a,ca)eNvmeN;no <m {pa (er W) <LH Cy }

(i) We say that a sequence (w,, : m € N) in X is a P-Cauchy sequence in X (Cauchy
sequence in X, for short) if

VaeAvca eL,0kcy Hno =n0(a,ca)eNvm,neN;n0 <m<n {p(x (er Wn) <<H Co }

(ili) If every Cauchy sequence in X is convergent in X, then (X, P) is called a
P-sequentially complete cone uniform space (sequentially complete for short).

Theorem 2.1 ([32, Th. 2.3]) Let L be an ordered Banach space with a normal solid cone H,
and let (X, P) be a Hausdor{f cone uniform space with a cone H. The following hold:
(P1) The sequence (wy, : m € N) in X converges tow € X iff

Ve AVeq>0TnoeNVimeNim=ny { HPa(Wm: w) ” <&y } .

(P2) The sequence (Wy, : m € N) in X is a Cauchy sequence in X iff

Vae.AVaa>03noeNvm,neN;m>nzno { ”pa (Wm: Wn) || < &y }

Definition 2.3 Let L be an ordered Banach space with a cone H.

(i) A subset D C L is said to have a minimal (maximal) element if there exists a € D
such that a <y b (b <y a) for all b € D, and we write then that 2 = min(D)
(a = max(D)). It is clear that if D has a minimal (maximal) element, then the
minimal (maximal) element is unique.

(i) We say that a € L is an infimum (supremum) for set D C L if cl (D) has the minimal
(maximal) element and a = min(cl; (D)) (a = max(cl;(D))), and we write then that
a =inf(D) (a = sup(D)); here cl; (D) denotes the closure of D in L.

Definition 2.4 Let L be an ordered normed space with a solid cone H. The cone H is
called regular if for every increasing (decreasing) sequence (c,, : m € N) in L which is
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bounded from above (below),

(ie,cr 2per=mw- Sgem=m-=ub

(b=y- =ZHem =y e =pyc)forsomebel),
there exists ¢ € L such that lim,,_, « ||c;» — c|| = 0. Every regular cone is normal.

Definition 2.5 ([32, Def. 2.6]) Let L be an ordered normed space with a normal solid
cone H, and let (X, P) be a Hausdorff cone uniform space with a cone H.
(i) The family J = {J, : X?> — L,a € A} is said to be a J -family of cone pseudodistances
on X (J -family on X for short) if the following three conditions hold:

(\71) VueAvx,yEX{O =H ]oz (x;_)/)}x
(72) vaeAVx,y,zeX{]a(xr Z) <H ]a(xry) +]0t(yrz)}; and
(J3) For any sequence (wy, : m € N) in X such that

Vae.AVsu>03n0=n0(a,8a)ENvm,n€N;n0§m§n{ ”]fx (WWI’ W’l) H < &q }’

if there exists a sequence (v,, : m € N) in X satisfying

vaGAvsa>03no=no(a,aa)ENvmeN;nogm{ ”]u(wm: Vm) ” < &y };

then

Vae.AVsu>0Elng:no(a,sa)eNvmeN;nogm{ ”pa(wm’ Vin) ” < Eq }

(i) Each P-family is a J-family.
(iii) If 7 = {Jo : X>* > L:a € A} is a J -family, then X = X% U X?, where

X% ={xe X :Vaeu{0=Ju(xx)}}
and

X} = {x EX:EIO,EA{O <H]oz(x,x)}}'

Let (X,P) be a sequentially complete cone uniform space. We say that a set ¥ € 2% is
closed in X if Y = clx(Y) where clx(Y), the closure of Y in X, denotes the set of all w € X
for which there exists a sequence (w,, : m € N) in Y which converges to w. If a set Y € 2%
is closed in X, then (Y, P) is a sequentially complete cone uniform space with a cone H.
Define CI(X) = {Y € 2X : Y = clx(Y)}; that is, CI(X) denotes the class of all nonempty closed
subsets of X.

Definition 2.6 Let L be an ordered Banach space with a normal solid cone H, let (X, P)
be a Hausdorff sequentially complete cone uniform space with a cone H, and let 7 = {J, :
X? - L,a € A} be a J-family.

(i) Let A,B e CI(X). We say that a pair (4, B) is J -admissible if:
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(a) Foreacha € A, x € A and y € B, the set ¢l ({J(x,v) : v € B}) has a minimal
element, say J, (x, B) (i.e., Jy (%, B) = inf,cp Jy (%, v)), and the set
cly({Jo(y, u) : u € A}) has a minimal element, say J,(,4) (i.e.,
Jo (9, A) = infyea Jo (v, u));

(b) The sets cl; ({Jo(u, B) : u € A}) and cly ({J,(v,A) : v € B}) have maximal elements,
say Jo (A, B) and J, (B, A), respectively (i.e.,

]DZ(A’B) = Sup]a(u’B) = sup ing]a(ur V)

ueA ucA Ve

and

]a(B’A) = Sup]a(VvA) = sup inf]at(V’ M),

veB veB UEA

respectively); and
(c) Foreach « € A, the elements J,(A, B) and ], (B, A) are comparable.
(i) Let A, B € CI(X), and let a pair (A4, B) be J-admissible. For each « € A, we define
H7 = {HJ (A, B),a € A} where

VaeA{Hg(A:B) = max{]a(ArB):]a(B:A)}}-

Here, for each o € A, H&7 (A,B) € LU {+00} and by (J1) and since H is closed,
0 <y H{ (A,B).

(iii) Let a set-valued dynamic system (X, T') satisfy T : X — CI(X). We say that (X, T) is
J -admissible if for each x,y € X, a pair (T'(x), T(y)) is J -admissible.

(iv) Let (X, T) satisfy T : X — CI(X), and let (X, T') be J -admissible. If there exists the
family A = {A, € (0,1),a € A} such that

VoeaVayex {HY (T(), T1)) <t raJu(®,9)},

then we say that (X, T) is H{ -contractive.

(v) Let EC X, E#@. The map F: E— H U {+o0} is lower semicontinuous on E with
respect to X (written: F is (E, X)-Isc when E # X and F is [sc when E = X)) if the set
{y € E: F(y) <y c} is a closed subset in X for each ¢ € H. Equivalently, for each
xo € E,

F(xo) <y liminf F(x).
x—>x0,X€X

(vi) We say that the family J is continuous in X if for each %y € X and for each

sequence (x,, : m € N) in X converging to x¢, we have
Vaea] Jim Ju(ou o) = Tim Ju(ro,x,) =0].
m—> 00 m—0Q0

If 7 =P, then J is continuous in X.
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3 Statement of result
Let (X, T) be a set-valued dynamic system. By Fix(7') and End(7) we denote the sets of all
fixed points and endpoints of T, respectively, i.e., Fix(T) = {w € X : w € T(w)} and End(T) =
{we X :{w}=T(w)}. A dynamic process or a trajectory starting at wy € X or a motion of
the system (X, T') at wy is a sequence (w,, : m € {0} UN) defined by w,, € T(wy,,-1) form e N
(see, Aubin-Siegel [3] and Yuan [47]).

The aim of this paper is to prove the following fixed point and endpoint existence general
result of Nadler type.

Theorem 3.1 (i) Assume that:
(Al) L is an ordered Banach space with a regular solid cone H;
(A2) (X,P) is a Hausdor(f sequentially complete cone uniform space with a cone H;
(A3) J ={y:X?— La € A} isa J-family on X such that X% = (;
(A4) The set-valued dynamic system (X, T) satisfies T : X — CU(X) and is J -admissible;
(A5) There exists the family A = {Ly € (0,1),« € A} such that (X, T) is H{—contmctive;
(A6) Foreach x € X, the set Q 7,7(x) is of the form:

QJ;T(x) = {y € T(x) N X?y :VaeA{]a (J’, T(y))
+ (Yo — Xa) a(xry) =#Ju (x: T(x))}},

where the family T = {yy € (0,1), € A} satisfies Voca{ra < Va};
(A7) Foreachx e Xf)j, the set Q 7,7(x) is a nonempty subset in X; and
(A8) Foreachx e Xf)7, the set Q 7,7(x) is a closed subset in X.
Then the following hold.:

(a;) Fix(T) # &; and
(ay) Foreachw € Fix(T), Voea{Ju(w,w) = 0}.

(ii) Assume, in addition, that:

(A9) Foreachx e Xf)y, each dynamic process (w,, : m € {0} UN) starting at wy = x and
satisfying ¥ meoyun{Wme1 € T(Wy)} satisfies ¥ e ioyun{Wims1 € Q7,1 (W)}

Then the assertions (a;) and (ay) are of the forms:

(a)) End(T) # @; and
(ay) Foreach w € End(T), Vye a{Jo(w, w) = 0).

Remark 3.1 (i) Assume that:
(A10) Y, y0 (7 € T@) N XY Ve AlVaal9) =1 Julr, T@))) # 2).
Then (A7) holds.
(i) Assume that one of the following conditions holds:
(A11) For each (x,a) € X9 x A, the map

]ot(': T()) + (ya - )"a)]a(x¢ ) : T(x) ng — HU {+OO}
is (T(x) N XY, X)-sc;

(A12) The family J is continuous in X.
Then (A8) holds.
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4 Proof of Theorem 3.1
We will use the following fixed point and endpoint existence general result of Caristi type.

Theorem 4.1 ([32, Th. 4.5]) (i) Assume that:
(C1) L is an ordered Banach space with a regular solid cone H;
(C2) (X,P) is a Hausdorff sequentially complete cone uniform space with a cone H;
(C3) The family J = {Jo : X* —> L,a € A} is a J -family on X such that X%, # ;
(C4) The family Q = {wy : X — H U {+o0},a € A} satisfies Dg = () ,e4 dom(w) # &5
(C5) (X, T) is a set-valued dynamic system;
(C6) {eq,a € A} is a family of finite positive numbers;
(C7) Foreach x € X, the set Q 7,0,7(x) is of the form:

QJ,Q;T(x) = {y € T(x) mX?j :VaeA{wa(y) + ga]a(x’y) =H a)a(x)}};

(C8) For each x € XY, the set Q.7.0.1(x) is a nonempty subset of X; and

(C9) Foreachx e Xf)y, the set Q 7.q.17(x) is a closed subset in X.

Then there exists w € Do N Xf)7 such that

(c) we T(w).

(ii) Assume, in addition, that:

(C10) Foreachx € Xf)7, each dynamic process (wy, : m € {0} U N) starting at wy = x and
satisfying ¥ meoyun{Wms1 € T(Wp,)} satisfies ¥ meoyun{Wims1 € Q7,0,7(Wi)}-

Then assertion (c) is of the form:

() {w}=Tw).

Remark 4.1 ([32, Remark 4.6 ]) (i) A special case of condition (C9) is a condition (C9’)
defined by:

(CY) For each (x,a) € X% x A, the map
Wa(+) + &afu(x, ) : T(x) HX% — H U {+00}

is (T'(x) N X%, X)-1sc.
(ii) If J = P, then a special case of condition (C9) is a condition (C9”) defined by:

(C9") For each (x,a) € X x A, the map
o () + EaPa(x, ) : T(x) — H U {+00}
is (T'(x), X)-Isc.

The proof will be broken into seven steps.
Step 1. Let Q = {wy : X — L,a € A} where

VaeAVxex {U)a () =Ja (x; T(x)) }
The following hold:

VaedVxex{{y € T®) : 04 () 21 hau(x,)} = T(x)}; (4.1)
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VaeaVrex {Uo () = {y € T(%) : YoJu(%,9) <1 wa(®)} # D}; (4.2)

Vae.AVxeX{ua(x) C Vulx) = {J’ €T(®):wa () + (Vo — Aa)a(%,9) 21 a)a(x)}}; (4.3)
and

VaeAvaXVye T(x) {0 =H Wy (x) — Wy ()’) =H Wy (x) + Wy (Y)

5H (1+)\o¢) a(xry)}' (4'4)

Indeed, by (A4), (A5) and (iii) and (iv) of Definition 2.6, we obtain

VoteAVx,yGX{ z?g)]a (Lt, T()/)) fH H{(T(x); T(J/)) fH )\a]a(x’y)]'

Hence, in particular, for u = y, we get
VaEAvxEXV)/E T(x) {wa ()') <t Aoty (x, y) } .

This implies (4.1).
Note that

VaeVaex [u (5, T()) = Jnf Ju(x) I (4.5)

This, by (A6) (recall that Ve 4{v, € (0,1)}), implies (4.2).
By (4.1) and (4.2), we have

Vae.AVxeX{ua(x) C Vulx) = {y € T(x): (Vo — Aa)u(x,9)

=H ]ot (xr T(x)) _]0( (J’, T()’))}},

i.e., (4.3) holds.
By (4.3) and (J1),

VaeAVxGXVye T(x) {0 <H Wo(X) — wy ()’)}
and, by (4.5) and (4.1), we have

VaeAVxexVyeT(x) {wa (%) — 0o (y) 21 @4 (%) + e ()
=Jo (% T®) +Ja (0 TG)) <1 A+ Aa)a(%,9)}.
Consequently, (4.4) holds.

Step 2. The family Q defined in Step 1 satisfies (C4).
Indeed, by (4.1),

VxEX{{_y S T(x) : VaeA{wa(y) <H )\a]a(xry)}} = T(x)}

Also, by Definition 2.5, 7 = {J, : X*> — L,a € A}, (J1) holds and, by (A4), V,ex{@ # T(x)}.
Hence, we conclude that V,cx{@ # T'(x) C Dq}.
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Step 3. Assumptions (C8) and (C9) hold where Vyc a{€q = Vu — Ao} and Q is defined in
Step 1.
By (4.2) and (4.3), in particular,

Veext Yaea{ @ # {7 € T(x) : 0u () + (Ve = 2a)u®,9) <11 0 (2)}}

and, by (A7) and (A8), the following property concerning intersection of these sets holds:
for each x € X7,

{ye T@)NXY : Voea{wa®) + (Vo — 2a)a(®¥) <n 0a(®)}} = Q7 07 ()

is a nonempty closed subset in X.
Step 4. The assertions of Theorem 3.1 hold.
This follows from Assumptions (A1)-(A9), Steps 1-3, definition of Xf)7 and Theorem 4.1.
Step 5. Assumption (A10) implies (A7).
Indeed, denote

vxex{um =N ua(x)}

acA

and

vxex{vg(x) =N vq<x)}.

acA

By (4.2) and (4.3),
Veexo {Us(6) N X7 C V() N X5 C Qrir(®)}.

Hence, we conclude that for each x € Xf)y, the set Q7,r(x) is nonempty whenever
Voo U7 (0) N XY £ 2).

Step 6. Assumption (A1l) implies (A8).

This follows from Remark 4.1(i)

Step 7. Assumption (A12) implies (A8).

Let xo be arbitrary and fixed, and let a sequence (x,, : m1 € N) in X be convergent to xo, i.e.,
let Ve 4 {lim,,,_, o0 po (%0, %) = 0} (see Definition 2.2 and Theorem 2.1). If m € N, v € T'(x,,)
and «a € A are arbitrary and fixed, then by (J1),

Wy (xO) = ]rx (xO’ T(X())) =H ]rx (xO: xm) + ]0( (xmr V) + ]a (V: T(xO))
Since v € T(x,,) and T satisfy (A5), this implies

wa(%0) =t Jo (X0, Xm) + Jo (X, T(xm)) + sup Jo (v, T(x0))

veT (xm)
=H ]a(xo:xm) +Ju (xm: T(xm)) + Hg(T(xm)’ T(xO))

= Ja (X0, %) + @ (Xn) + Ao (K> %0),
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that is,
0 =<y ]a(xvam) + wa(xm) + AaJo (xmvxo) - woz(x())'

Hence, by (A4), since H is closed, using the fact that 7 is continuous and taking the limit

as m — 00, we get
0 <y liminf wg (x,,,) — wq (%0).
m— 00
Therefore, for each o € A,
Wy (xO) ﬁH lim infwa (xm)y
m— 00

i.e., wy is Isc in X. Moreover, if m € N, x € X and « € A are arbitrary and fixed, then by

(J),
Jo(%,%0) <t Jo (%, %) + Jo (%5 %0),

that is,
0 =p Jo % %m) + Jo(my %0) = Jo (2, %0).

Since H is closed and 7 is continuous, this implies
0 =g liminfy (%, %) = Ju (%, %0),

that is, for each (x, ) € X x A, the map J, («, -) is Isc in X. Hence, in particular, we conclude
that for each (x,«) € Xf} x A, the map

wrx(') + (Va - )\a)]oz(x’ ) : T(x) ﬂX% — HU {+OO}
is (T'(x) N X%, X)-1sc, that is, (C9’) holds.
5 Remarks, examples and comparisons

Remark 5.1 Examples 5.1 and 5.2 illustrate a fixed point version and an endpoint version
of Theorem 3.1, respectively, in cone metric spaces with 7 -family where 7 = {J} and ] # p.

Example 5.1 If
X={N=(mn):ne{1,2,3,4,56}} ={1,2,3,4,5,6},

L=R% H={(xy) €L:xy>0}CR?and, for each 8 >0, p: X* — L is defined by the
formula

p(N,M) = (|n -m|,Bln— ml), N=(n,n),M=(mm)eX,

then (X, P), P = {p} is a cone metric space; let in the sequel 8 = 2.
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Let T : X — CI(X) be of the form:

T(N)=={1’2} ifNeX\ (6},
{4,5) ifN=6.

Let W ={1,2,4,5}, and let J : X> — L be of the form:

p(N.M) if (N, M}NW ={N,M},

J(N,M) = {
(8,8)=8 if (N,M}N W #{N,M},

N,M € X. Clearly, J = {J} is a J -family on X (see [32, Ex. 5.1]).
We observe that on ={1,2,4,5} # 0.
We show that (X, T') is 7 -admissible and Hg ,4-contractive on X where

Vasecion | H/(4,B) = ma"{;“lj JON.B),sup 4}
€ €

Indeed, let A = 3/4, and let N, M € X be arbitrary and fixed.
We consider three cases:
Case 1. If N,M € X \ {6}, then by definition of T, we have that T(N) = T(M) = {1,2} and
H (T(N), T(M)) = (0,0) = 0 <4 (3/4)/(N,M) = ,J(N, M).
Case2.IfN € X\ {6} and M = 6, then by definition of T, T(N) = {1,2} and T(M) = {4,5}.
Hence, by definition of /, we calculate:
(1) ](17 T(M)) :P(l, {4'7 5}) = (37 6)! ](2, T(M)) :P(z, {4'» 5}) = (27 4) and
sup{J(U,T(M)) : Ue T(N)} = (3,6);
(i) /(4,T(N)) = p(4,{1,2}) = (2,4),J(5, T(N)) = p(5,{1,2}) = (3,6) and
sup{J(V,T(N)) : Ve T(M)} = (3,6);
(iii) By (i) and (ii),

H/(T(N), T(M)) = max{sup{/(U, T(M)) : U € T(N)},

sup{J(V,T(N)) : Ve TM)}} = (3,6).
Consequently,
H' (T(N), T(M)) = (3,6) <y 6 = (3/4) - 8 = A/ (N, M)

forNeX\ {6} and M =6.
Case 3. If N = 6 and M € X \ {6}, then by analogous considerations as in Case 2, we get

H/(T(N), T(M)) = (3,6) < 6 = (3/4) - 8 = }J(N,M).
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Thus, T is J-admissible and Hg J4-contractive on X.
Let now y = 7/8. Then for each N € X]° ={1,2,4,5}, we have T(N) = {1,2} and using the
fact that T(X/O) C X?, we obtain

Qir(N) = {M € {1,2}: J(M, T(M)) + (1/8)/(N,M) = J(N, T(N)) }

= {M e {1,2}: (1/8)p(N,M) =4 p(N, {1,2})}.
This implies that

Qir(1) = {Me (1,2} : (1/8)p(1, M) = 0} = {1},

Qr(2) = (M€ {1,2}: (1/8)p(2,M) =1 0} = {2}
and
Q;r(N) = {M € {1,2}: (1/8)p(N,M) =y (n - 2,2n - 4)} = {1,2}
for N = (n,n) € {4,5).
Assumptions (A1)-(A8) of Theorem 3.1 hold, Fix(T) = {(1,1),(2,2)} and J((1,1),(1,1)) =

J((2,2),(2,2)) = 0.

Example 5.2 Let X, W, /, A and y be such as in Example 5.1, and let 7 : X — CI(X) be of
the form:

1}  ifNe{13,5},
T(N)=1{{2} ifNe{24},
(4,5} ifN={6}.

Then X} = {1,2,4,5} and
Qir(N) = {M e T(N):/(M, T(M)) + (1/8)/(N,M) = J (N, T(N)) }
for N € X} since T(X}) C X}. Hence:

Qr(D) = (M€ (1) :7(L1) + (1/8)/(1,1) <4 J(L, 1)} = (1};
Qir(2) = {Me (2):7(2,2) + (1U8)(2,2) <1 J(2,2)} = {2};

Qir(4) = {Me(2}:7(2,2) + (1/8)](4,2) =n ] (4,2)} = {2};
and
Qir(5) = {Me {1}:7(,1) + (1/8)/(5,1) =4 J(5,1)} = {1}.

Assumptions (A1)-(A9) of Theorem 3.1 hold, End(T) = {(1,1),(2,2)} and J((1,1),(1,1)) =
]((2: 2): (2r 2)) =0.

Page 12 of 15
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Remark 5.2 In Example 5.3, we show that in our concept of ’H{ -contractive set-valued
dynamic systems, the existence of J-family such that J # D is essential; from Exam-
ple 5.3, it follows that for maps defined in Examples 5.1 and 5.2, we cannot use Theorem 3.1

when J = {p}.

Example 5.3 (a) Let X and T be such as in Example 5.1. We observe that for each A € (0,1),
T is not H‘:—contractive on X.
Otherwise, ] = p, Xg =X and

Jrconnmex [HP (T(N), T(M)) < Ap(N,M)}.

However, for Ng = 3 and My = 6 from X, we obtain:
(1) T(NO) = {1’2} and T(MO) = {4’ 5}7
(11) P(l» T(MO)) :p(L {4: 5}) = (3: 6)1 P(z; T(MO)) ZP(Z» {4’ 5}) = (2’ 4) and

sup{p(U,T(Mp)) : U € T(Ny)} = (3,6);

(iii) p(4, T(No)) = p(4,{1,2}) = (2,4), p(5, T(No)) = p(5,{1,2}) = (3,6) and
sup{p(V, T(Np)) : V € T(My)} = (3,6);

(iv) By (i)-(iii),

H?(T(Ny), T(My)) = max{sup{p(U, T(Mp)) : U € T(Ny)},
sup{p(V,T(No)) : V€ T(Mp)}} = (3,6).

Consequently, for each A € (0,1),

(3,6) = H”(T(No), T(Mg)) =x Ap(No, Mg) < p(No, M)
=p(3,6) =(3,6).

It is absurd.
(b) Let X and T be such as in Example 5.2. By similar argumentation as in (a), we observe
that for each A € (0,1), T is not Hf—contractive on X.
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