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Abstract

In this paper, we prove some coupled fixed point results for (¢, )-weakly contractive
mappings in ordered partial metric spaces. As an application, we establish coupled
coincidence results without any type of commutativity of the concerned maps.
Consequently, the results of Luong and Thuan (Nonlinear Anal. 74:983-992, 2011),
Alotaibi and Alsulami (Fixed Point Theory Appl. 2011:44, 2011) and many others are
extended to the class of ordered partial metric spaces.
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1 Introduction

The Banach contraction principle is the most celebrated fixed point theorem. Afterward
many authors obtained various important extensions of this principle (see [1]). The con-
cept of partial metric spaces was introduced by Matthews [2] in 1994. A partial metric
space is a generalized metric space in which each object does not necessarily have to
have a zero distance from itself. A motivation behind introducing the concept of a par-
tial metric was to obtain appropriate mathematical models in the theory of computation
and, in particular, to give a modified version of the Banach contraction principle 3, 4].
Subsequently, several authors studied the problem of existence and uniqueness of a fixed
point for mappings satisfying different contractive conditions on partial metric spaces
(e.g., [5-7]).

Recently, Bhaskar and Lakshmikantham [8] presented coupled fixed point theorems for
contractions in partially ordered metric spaces. Luong and Thuan [9] presented nice gen-
eralizations of these results. Alotaibi and Alsulami [10] further extended the work of Luong
and Thuan to coupled coincidences. For more related work on coupled coincidences we
refer the readers to recent work in [11-16]. Our main aim in this paper is to extend Luong
and Thuan [9] results to ordered partial metric spaces. We shall also establish coupled co-
incidence results and show that main results in [10] hold in ordered partial metric spaces
without the compatibility of maps.

2 Basic concepts
We start by recalling some definitions and properties of partial metric spaces.

Definition 2.1 A partial metric on a nonempty set X is a function p : X x X — R* such
that for all x,y,z € X,
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pL x =y < p(x,x) = p(x,y) = (3, ).

p2. p(x,x) < p(x,7).

p3. p(x,7) = p(y:x).

p4. plx,2) < p(x,y) +p(y,2) - p(y, 7).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial

metric on X.

From the above definition, if p(x,y) = 0, then x = y. But if x = y, p(x, ) may not be 0 in
general. A trivial example of a partial metric space is the pair (R*, p) , where p : R* x R* —
R* is defined as p(x, y) = max{x, y}. For some more examples of partial metric spaces, we
refer to [4, 6].

Each partial metric p on X generates a T, topology 7, on X which has as a base the
family of open p-balls {B,(x,€) : x € X, € > 0}, where B, (x,¢€) = {y € X : p(x,y) < p(x,%) + €}
for all x € X and € > 0. A sequence {x,} in X converges to a point x € X, with respect to 7,
if and only if p(x, x) = lim,_, - p(x,%,). A sequence {x,} in X is called a Cauchy sequence if
limy, 11— 00 P(Xn, X,) exists and is finite.

If p is a partial metric on X, then the function p*: X x X — R* given by

P’(x,9) =2p(x,y) - px,x) = p(y,9)
is a metric on X.

Lemma 2.1 [2,7] Let (X, p) be a partial metric space. Then
(@) {x4} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric
space (X, p°).
(b) (X, p) is complete if and only if the metric space (X, p*) is complete. Furthermore,
limy,—, oo p* (%, %) = 0 if and only if

plx,x) = lim p(x,,x) = lim  p(x,,x,).
n— 00 H,m—> 00

Let (X, p) be a partial metric. We endow the product space X x X with the partial metric
q defined as follows:

for (x,9), (w,v) € X x X, q((%,9), (u,v)) = p(x, u) + p(y, ).

A mapping F: X x X — X is said to be continuous at (x,y) € X x X if for each € > 0,
there exists § > 0 such that F(B,((x,7),8)) C B,(F(x,y),€).

Definition 2.2 (Mixed monotone property) Let (X, <) be a partially ordered set and
F: X x X — X. We say that the mapping F has the mixed monotone property if F is mono-
tone non-decreasing in its first argument and is monotone non-increasing in its second

argument. That is, for any x,y € X,
@ €X, % =% = Flx,y) <Fx,)) @
and

Yy €X, 1 =ys = Flxy)>=F(xy). (2)
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Definition 2.3 [11] Let F: X x X — X. We say that (x,y) € X x X is a coupled fixed point
of Fif F(x,y) =x and F(y,x) = y.

Definition 2.4 (Mixed g-monotone property [11]) Let (X, <) be a partially ordered set
and F: X x X — X. We say that the mapping F has the mixed g-monotone property if F
is monotone g-non-decreasing in its first argument and is monotone g-non-increasing in

its second argument. That is, for any x,y € X,

x4 €X, gri<gxs =  Fx1,9) X F(x2,9)

and

Yy €X, @r1=gy = Fluy) = Fxy).

Definition 2.5 [11] Let F: X x X — X and g: X — X. We say that (x,y) € X x X is a
coupled coincidence point of F and g if F(x,y) = gx and F(y,x) = gy.

3 Coupled fixed point results
Let @ denote all functions ¢ : [0, 00) — [0, 00) which satisfy

¢1) ¢ is continuous and non-decreasing,
¢2) ¢(t)=0ifand onlyifz =0,

#3) P(t+3s) < P() + @(s), Vi, 5 € [0,00),
¢4) Plax) < agp(x) for a € (0, 00),

—~ o~~~

and let W denote all functions v : [0,00) — (0,00) which satisfy lim,_,, ¢ (¢) > O for all
r> 0 and lim;_ o+ ¥ (£) = 0.

Now, we state and prove our main result.

Theorem 3.1 Let (X, X) be a partially ordered set and suppose there is a partial metric p
on X such that (X, d) is a complete partial metric space. Let F : X x X — X be a mapping
having the mixed monotone property on X. Assume that there exist two elements xy, yo € X
with

x0 =X F(x0,50) and yo = F(yo,%o).

Suppose there exist ¢ € O and € V such that

¢ (p(F(x,9), F(,v))) < 3)

B (o) + p,v) ~ v (w>

2

N =

forall x,y,u,v € X with x > u and y < v. Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x,, < x, for all n,

(ii) if a non-increasing sequence {y,} — vy, then y < y,, for all n.
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Then there exist x,y € X such that
x=F(x,y) and y=F(@,x),
that is, F has a coupled fixed point in X.

Proof Letxy,yo € X be such that xy < F(xo,0) and yo >= F(yo,%o). We construct sequences
{x,} and {y,} in X as

%xye1 = F(xy,y,) and  y,4 = F(yy,x,) forallm>0. (4)
We are to prove that
X, <1 forallm>0 (5)
and
Yp >y forallm>0. (6)
For this we shall use mathematical induction.
Let n = 0. Since xo < F(xo,y0) and yo > F(yo,%0) and as x; = F(x9,0) and y; = F(¥9,%0),

we have xp < x; and yo > y;. Thus (5) and (6) hold for n = 0.
Suppose now that (5) and (6) hold for some fixed n > 0, then, since x,, < x,,,; and y,, >

Yui1, We have

X2 = Fn11, Yni1) = F X Yua1) = F X Yu) = X1 7)
and

Vns2 = FWu1, %n11) =X FOn Xn41) < FWn Xn) = Yns1- 8)
Using (7) and (8), we get

Xl X Xns2 AN Yua1 = a2
Hence, by the induction method we conclude that (5) and (6) hold for all # > 0. Therefore,

X0 XX XXy X 2y XK X ©)
and

YoZNZVoZ  ZYnZ Yne1 Z 00 (10)
Since x, = x,-1 and ¥, < y,-1, using (3) and (4), we have

d’(p(xnﬂxxn)) = ¢(p(F(xnryn)’F(xn—lxyn—l)))

< 11)

¢(p(xmxn—1) +p(yn,yn—1)) -y <p(x”’xﬂ—1) +p(yn;yn—1))'

2

N =
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Similarly, since y,_; > y, and x,,_1 < 1, using (3) and (4), we also have

d’(P(ymyrHl)) = ¢(p(F(yn—1:xn—l):F(ymxn)))

=

p(yn—lryn) +p(xn—1rxn)

¢(p(y;1—lryn) +p(xn—l:xn)) - 1//(

N =

Using (11) and (12), we have

¢(p(xn+l»xn)) + ¢(P(Yn+l»yn)) = ¢(p(xnrxn—1) +P(yn:yn—1))

2

—2y (p(xn:xnl) +p(yn:yn—1)

2

By property (¢3), we have

¢(p(xn+l:xn) +p(yn+1ryn)) = ¢(p(xn+l:xn)) + ¢(p@n+1:yn))'

Using (13) and (14), we have

¢(P(xn+1:xn) +p(yn+l’yn)) = ¢(p(xmxn—l) +p(.ymyn—l))

_ 21# (p(xm xn—l) ;P(men—l)

which implies, since ¥ is a non-negative function,

¢(p(xn+1:xn) +P()/n+1ryn)) = ¢(p(xn;xn—l) +p(y;'nyn71))'

Using the fact that ¢ is non-decreasing, we get

P X1, %) + POns1s V) < P&y Xn_1) + PWs Y1)

Set

3y zp(xml:xn) +p(yn+1;yn)-

)

)

)

12)

(14)

(15)

Now, we show that §, — 0 as n — oo. It is clear that the sequence {§,} is decreasing.

Therefore, there is some § > 0 such that

Tim 8, = 1im [p(te1,%) + P(ns1 yn)] = 8.

(16)

We shall prove that § = 0. Suppose, to the contrary, that § > 0. Then taking the limit as

n — oo (equivalently, 8, — &) of both sides of (15) and remembering lim,_,, ¥ (£) > O for

all 7 > 0 and ¢ is continuous, we have

9(6) = lim §(5,) < lim [qs(an_l) - 2w(5”2 1)]

. 6;1—1

) <p(8),
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a contradiction. Thus § = 0, that is,

lim &, = lim [£(ni1:%4) + POns1,9n)] = 0. 17)

n—00

Let

8; :Ps(xmxnﬂ) +I7S(y;«uyn+1)

for all n € N. From the definition of p*, it is clear that §;, < 28, for all #n € N. Using (17), we
get

lim & = lim p*(xs, %us1) + p* O Yus1) = 0.

n—+00 n—+00

Now, we prove that {x,} and {y,} are Cauchy sequences in the partial metric space (X, p).
From Lemma 2.1, it is sufficient to prove that {x,} and {y,} are Cauchy sequences in the
metric space (X,p*). Suppose, to the contrary, that at least one of {x,} or {y,} is not a
Cauchy sequence. Then there exists an € > 0 for which we can find subsequences {x,},
(X} of {x,} and (¥}, {Ymw} of {yn} with n(k) > m(k) > k such that

P’ Eniys Xm() + P° Oy Ymi)) = €. (18)

Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest
integer with #n(k) > m(k) and satisfying (18). Then

P En(-1%m(i) + P On-1, Ym(i)) < €. (19)

Using (18), (19) and the triangle inequality, we have

€ < 1p:= P (®n(k), X)) + P° Onii)r Ym(k))
< P Xy Xni)-1) + P (En)-1%m)) + P° Gnys Yntk-1) + 2 (-1 Ym(k))

< P Kty Xnii)-1) + P° (k) Yn(h)-1) + €.

Letting k — oo and using (17), we get

lim 7§ = lim [p* ) %m() + 2° O ymi)] = €. (20)

k—00 k— 00

By the triangle inequality,

1% = P Enk)s Xm() + 2° Oty Ymiio)
< PP ®n)r Xny+1) + P Knk) 11, Xy e1) + P° Km()+1 Xm(k))
+ P O Yno+1) + P° On()+15 Ym()+1) + P° Gmiioy1 Ymio))

= 8;(]() + S:n(k) +ps(xn(k)+17xm(k)+1) +ps(yn(k)+17ym(k)+l)-

Page 6 of 14
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Using the properties of ¢, we have

p(ry) < (5;(1@ + 8,0 + P’ Con) 11 Xt +1) + P’ Onii 115 V(1))

Now, let

Tk = PKn()s X)) + POty Ymio)-

By the definition of r;, we have

Tk = P n(h)s Xm(@)) + P Oy Ym(iy)
= 2P(%n(0)» Xm(t)) = PXn(i)» Xn(k)) = P Em(i)» Xm()
+ 2DV Ym(0) = PO/n(i)s Ynk)) = POm(i)» Ym(o)
= 21k = P(Fn(k)» Xn(k)) = PCom(k)» Xm(k))

= POk Yn)) = POm(k)s Ym(iy)-
In view of property (p2) and (17), we have

Hm p(xuw), Xuk) = 1M (X s X))
k—+00 k—+00
= lim puee) Ynk))
k—+00

= Jm PO, Ymity) = O-
Therefore, letting kK — +o00 in (22) and using (20), we get

. €
lim re=—.
k—+00 2

Since %yt = Xm(ky and Yoky < Ym(k)» we have

& (0° Conii 41, Xt 1)) < D (20Fn(+1 Xme+1))
< 20 (P(%n@) 1> X 11))
= 20 (P(F e Yn))> P Fontay Ymivy)) )
<SPGt %m®) + POt Ym(n)))
_oy (p(xn(k),xm<k>) + P> Ym) )

2
= p(re) - 2w(%).

Similarly,

& (2’ Ono+1 Ym+1)) < S (28Dni+15 Y +1))
< 2¢ (p(yn(k)+lrym(k)+1))

(850 * Soai) + @ (2’ Fny 1, Xy 1)) + (B Oty 15 Y1) -

(21)

(23)

Page 7 of 14
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= 20 (P (FOnii)» %)) P (E s X)) )
< PP Ym(x) + Pt Xmix)))

—2y (P(Mk);ym(k)) ; p(xn<k>»xm<k>))

= p(r) —w(%). (24)

Adding (23) and (24), we get

O (0" @iy, %mi1)) + D (0" Oty Yty 1)) < 20(ri) = 4 (%>

Thus, from (21), we have

() = (8w + Shuto) + 20(r) — 4v/ (rz_k>

Letting kK — +00, and using the properties of ¢ and v together with the inequalities es-

tablished above, we have

8(6) < $(0) + 2¢(§) _ 4&‘1‘#(%) <004, Jim w(%)

< ¢le) -4 lim ¥ (1) < p(e), (25)

which is a contradiction. Therefore, {x,} and {y,} are Cauchy sequences in the complete

metric space (X, p*). Thus, there are x,y € X such that
lim p*(x,,%x)= lim p’(y,,y) =0, (26)
n—>+00 n—+00
which implies that

lim F(x,,y,) = lim x,=x,
n—+00 n—+00

(27)
lim F(y,,x,) = lm y,=y.
n—+00 n—+00
Therefore, from Lemma 2.1, using (17) and the property (p2), we have
px) = lim p(x,x)= lim p(x,,x,) =0, (28)
n— 400 n—+00
pO,y) = lim p(ys,y) = lim p(y,,y,) = 0. (29)

We now show that x = F(x,y) and y = F(y, x). Suppose that the assumption (a) holds.
As F is continuous at (x, ), so for any € > 0, there exists § > 0 such that if (,v) € X x X
with v((x,%), (u,v)) < v((x,9), (x,¥)) + 8 = §, meaning that

pxu) + p(y,v) <p(x,x) +p(y,y) + 8 =3,

Page 8 of 14
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because p(x,x) = p(y,y) = 0. Then we have
p(F(x,9), F(u,v)) < p(F(x,9), F(x,9)) + =

Since limy,_, ;00 p(%y, %) = limy,— y00 PV, ¥) = 0, for n = min(%, 5) > 0, there exist no, mg €
N such that, for n > ngy, m > my,

pEmx)<n and  p(my) <n.
Then for n € N, n > max(ng, mo), we have p(x,,x) + p(y,,y) < 21 < 8, so we get
€
P(F(x,), F%uyn)) < p(F(x,9), F(%,)) + 5 (30)

Further, for any n > max(no, my), by using (30), we have

P(F,9),%) < p(F(%,9), %n:1) + P(%ns1,%)
= p(F(x,9), F(xn,¥n)) + P11, %)
< p(Fx,), Ex,y )+§+n
< p(Fx9),Fx,y)) +€. (31)

On utilizing p(x,x) = p(y,y) = 0 in (3), we get

Hp(F9)F) = 30000 + ) - v (P20
= 20000~ $(0) = ~$(0) 0,

which implies p(F(x,y), F(x,y)) = 0. Hence, for any € > 0, (31) implies that
P(F(x,9),x) <e.

Thus, we have F(x, ) = x. Similarly, we can show that F(y,x) = y.

Finally, suppose that (b) holds. By (5), (26) and (27), we have {x,} is a non-decreasing
sequence, x, — x and {y,} is a non-increasing sequence, y, — y as n — 00. Hence, by the
assumption (b), we have for all n > 0,

x, <x and y,>y. (32)
By property (p4), we have

p(%,F(%,9)) < p(x, %na1) + (%01, F(%,)) = p(6, %11) + p(F s yn), F(%,)).
Therefore,

o (p(x, F(x,9))) < ¢ (P %0:1)) + ¢ (P(F X yu), F(%,9)))

= ¢(p(x’xn+1)) + %¢(p(xn,x) +p(_)/n,y)) - w<w>

Page 9 of 14
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Taking limit as # — oo in the above inequality, using (31) and (29) and the properties
of ¢ and v, we get ¢(p(x, F(x,y))) = 0, which implies p(x, F(x,y)) = 0. Hence, x = F(x, ).
Similarly, we can show that y = F(y,x). Thus F has a coupled fixed point. d

Remark 3.1 Note that the property (¢4) is utilized only to get the inequality (25). Thus
the conclusion of Theorem 3.1 holds if we drop property (¢4) and assume the additivity
in (¢3), i.e., p(t + ) = p(t) + ¢(s), Vt,s € [0, 00).

As an immediate consequence of the above theorem, by taking ¢(¢) = ¢, we have:

Corollary 3.1 Let (X, <) be a partially ordered set and suppose there is a partial metric p
on X such that (X, d) is a complete partial metric space. Let F : X x X — X be a mapping
having the mixed monotone property on X. Assume that there exist two elements xo,yo € X
with

x0 = F(x0,50) and yo = F(yo,xo).

Suppose there exist ¢ € ® and € V such that
(x, u) + p(y,v)
p(F@,y), Fu,v)) < pxu) +p(y,v)

(p(x,u) + p(y,v)) ~ 1ﬁ< 5

N =

forall x,y,u,v € X with x > u and y < v. Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
Then there exist x,y € X such that

x=F(x,y) and y=F(@,x),
that is, F has a coupled fixed point in X.
Moreover, if we take ¥ (£) = %t where k € [0,1) in Corollary 3.1, we get:
Corollary 3.2 Let (X, X) be a partially ordered set and suppose there is a partial metric p
on X such that (X, d) is a complete partial metric space. Let F : X x X — X be a mapping
having the mixed monotone property on X. Assume that there exist two elements xy,yo € X
with

xo = F(x0,y0) and yo > F(yo,%o).

Suppose there exist ¢ € O and € V such that

P(FG),F) = 5 (o0 + p3)

forall x,y,u,v € X with x > u and y < v. Suppose either
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(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
Then there exist x,y € X such that

x=F(x,y) and y=F(@,x),

that is, F has a coupled fixed point in X.

Recently, Alotaibi and Alsulami [10] extended Luong and Thuan’s [9] main result to cou-
pled coincidences using the notion of compatible maps. Here we extend these results to
partial metric spaces without the condition of compatible maps. We shall need the follow-

ing lemma.

Lemma 3.1 (see [16—18]) Let X be a nonempty set and g : X — X be a mapping. Then there
exists a subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

Theorem 3.2 Let (X, <X) be a partially ordered set and suppose there is a partial metric
p on X such that (X, d) is a partial metric space. Let g: X — X and F: X x X - X be a

mapping having the mixed g-monotone property on X such that there exist two elements
%0,90 € X with

gxo X F(x0,50) and gyo = F(yo,xo).

Suppose there exist ¢ € O and y € V such that

(33)

¢ (p(F(x.9), F(u,v))) < plgr.gu) +P(gy,gV)>

o (plgx, gu) + p(gy,gv)) - w( 5

N =

forallx,y,u,v e X with gx = gu and gy < gv. Suppose F(X x X) € g(X), g is continuous and
g(X) is complete and also suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
Then there exist x,y € X such that

gx=F(x,y) and gy=F(y,x),
that is, F and g have a coupled coincidence point in X.

Proof Using Lemma 3.1, there exists E C X such that g(E) = g(X) and g: E — X is one-to-
one. We define a mapping G : g(E) x g(E) — X by

Glgx,gy) = F(x,9), (34)


http://www.fixedpointtheoryandapplications.com/content/2012/1/173

Alsulami et al. Fixed Point Theory and Applications 2012,2012:173
http://www.fixedpointtheoryandapplications.com/content/2012/1/173

for all gx,gy € g(E). As g is one-to-one on g(E), so G is well defined. Thus, it follows from
(33) and (34) that

¢ (p(Glgx,gy), G(gu,gv)))
= ¢(p(F(x,9), F(u,v)))

< %qb(p(gxygu) +p(gy.gv)) - w( (35)

plgx,gu) + p(gy, gv) >
2

for all gx, gy, gu,gv € g(X) for which g(x) < g(u) and g(y) > g(v). Since F has the mixed
g-monotone property, for all gx, gy € g(X),

gr,gxr €g(X),  glx1) <glx2) implies G(gx1,gy) < G(gxa, gy) (36)
and

o,y €g(X), gln) <g(y.) implies G(gx, gy1) = G(gx, gv2), (37)

which implies that G has the mixed monotone property. Also, there exist xg,yo € X such
that

8(xo) < F(x0,y0) and  g(yo) = F(yo, o).
This implies there exist gxo,gyo € g(X) such that
g(xo) = Glgxo,gro) and  g(yo) = G(gyo,go)-

Suppose that the assumption (a) holds. Since F is continuous, G is also continuous. Using
Theorem 3.1 with the mapping G, it follows that G has a coupled fixed point (¢, v) € g(X) x

gX).
Suppose that the assumption (b) holds. We conclude similarly that the mapping G has
a coupled fixed point (&,v) € g(X) x g(X). Finally, we prove that F and g have a coupled
coincidence point. Since (u, v) is a coupled fixed point of G, we get
u=Gu,v) and v=G,u). (38)
Since (u,v) € g(X) x g(X), there exists a point (g, v9) € X x X such that
u=guy and v=_gv,. (39)
It follows from (38) and (39) that
guo = G(guo,gvo) and  gvo = G(gvo, guo). (40)

Combining (34) and (40), we get

guo = F(ug,vo) and  gvo = F(vo, uo). (41)

Page 12 of 14
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Thus, (u0,vo) is a required coupled coincidence point of F and g. This completes the
proof. d

The following coupled coincidence point theorems are obtained respectively from
Corollaries 3.1 and 3.2 in a similar way as Theorem 3.2 from Theorem 3.1.

Theorem 3.3 Let (X, <) be a partially ordered set, and suppose there is a partial metric
p on X such that (X,p) is a partial metric space. Let g: X — X and F: X x X - X be a
mapping having the mixed g-monotone property on X such that there exist two elements
x0,90 € X with

gro < F(xo,50) and  gyo = F(yo,xo).

Suppose there exist ¢ € O and € V such that

plgx,gu) +p(gy,gV)> 42)

¢(p(F(x,9), F(u,v))) < %(p(gx,gu) +p(gy,8v)) - w( 5

forallx,y,u,v € X with gx = gu and gy < gv. Suppose F(X x X) C g(X), g is continuous and
g(X) is complete and also suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii) if a non-increasing sequence {y,} — vy, then y <y, for all n.
Then there exist x,y € X such that

gx=F(xy) and gy=F(yx)
that is, F and g have a coupled coincidence point in X.

Theorem 3.4 Let (X, <) be a partially ordered set and suppose there is a partial metric p
on X such that (X, d) is a complete partial metric space. Letg : X — X and F : X x X — X be
a mapping having the mixed g-monotone property on X such that there exist two elements
x0,y0 € X with

gxo X F(xo,50) and gyo > F(yo,%o).

Suppose there exist ¢ € O and € V such that

¢ (p(F(x,9), F(u,v))) < g(p(gxygu) +p(gy.gv)) (43)

forallx,y,u,v e X with gx = gu and gy < gv. Suppose F(X x X) C g(X), g is continuous and
g(X) is complete and also suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
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Then there exist x,y € X such that

gx=F(x,y) and gy=F(y,x),
that is, F and g have a coupled coincidence point in X.

Remark 3.2 From the proof of Theorem 3.2 we conclude that Theorems 3.3, 4.4 and 5.4
in [6] hold without the compatibility of the maps (F, g).
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