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Abstract

Let E be a real g-uniformly smooth Banach space which is also uniformly convex and
K be a nonempty, closed and convex subset of £. We obtain a weak convergence
theorem of the explicit averaging cyclic algorithm for a finite family of asymptotically
strictly pseudocontractive mappings of K under suitable control conditions, and elicit
a necessary and sufficient condition that guarantees strong convergence of an
explicit averaging cyclic process to a common fixed point of a finite family of
asymptotically strictly pseudocontractive mappings in g-uniformly smooth Banach
spaces. The results of this paper are interesting extensions of those known results.
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1 Introduction

Let E and E" be a real Banach space and the dual space of E, respectively. Let J, (g > 1)
denote the generalized duality mapping from E into 2F given by J,(x) = {f € E : (x,f) =
2|7 and ||f]| = [|lx]|7"'} for all x € E, where {-,-) denotes the generalized duality pairing
between E and E". In particular, /, is called the normalized duality mapping and it is usually
denoted by J. If E is smooth or Eis strictly convex, then J, is single-valued. In the sequel,
we will denote the single-valued generalized duality mapping by j,.

Let K be a nonempty subset of E. A mapping T : K — K is called asymptotically
Kk -strictly pseudocontractive with sequence {x,};°; < [1,00) such that lim,_,~ k, =1 (see,
e.g., [1-3]) if for all &,y € K, there exist a constant « € [0,1) and j,(x — y) € J;(x —y) such
that

(T"% = Ty, jy(x — ) < kullx =y =k |x -y = (T"x - T"y)|*, V¥n=1. 1)
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If I denotes the identity operator, then (1) can be written in the form

(1= T")x = (1= T")y,jy(x - )

> i |[(1= T")x = (= T")y|" = (= D llx = yII“. 2)

The class of asymptotically « -strictly pseudocontractive mappings was first introduced in
Hilbert spaces by Qihou [3]. In Hilbert spaces, j, is the identity, and it is shown by Osilike
et al. [2] that (1) (and hence (2)) is equivalent to the inequality

n n 2 n n 2
||T x-T y” 5)\,4||x—y||2 +A||x—y— (T x-=T y)” ,
where lim,,_, oo A, = lim,, oo [1 + 2(k, —1)] =1, L = (1 - 2«) € [0,1).
A mapping T with domain D(T) and range R(T) in E is called strictly pseudocontractive

of Browder-Petryshyn type [4] if for all x,y € D(T), there exist « € [0,1) and j,(x — y) €
J4(x — y) such that

(T = Ty, jgx = ) < lx = yll? =& | & = y = (Tx = Ty) || " 3)
If I denotes the identity operator, then (3) can be written in the form

(U= Dx~ (I = T)y,jgx =) = & | = T)x = (I - T)y||". (4)
In Hilbert spaces, (3) (and hence (4)) is equivalent to the inequality

2
I Tx - TylI* < llx = yl* + k|x—y - (Tx - T) |,

k=(01-2«)<1.

It is shown in [5] that the class of asymptotically «-strictly pseudocontractive mappings
and the class of «-strictly pseudocontractive mappings are independent.

A mapping T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such
that, for all x,y € K,

|7 - T"y| < Lilx-yl, n=1.

Let {Tj}fi o' be N asymptotically strictly pseudocontractive self-mappings of K, and de-
note the common fixed points set of {T/}ﬁal by F := ﬂ;\ial F(T}), where F(T}) := {x e K :
Tix = x}. We consider the following explicit averaging cyclic algorithm.

Foragivenx, € K, and areal sequence {e,,}2, € (0,1), the sequence {x,}°, is generated
as follows:

x1 = apxo + (1 — o) Toxo,

%y = oy + (1 — o) Tixy,

an = an-1xn-1 + (L — an-) T-1%n-1,

2
N+ = anxn + (1 —an) Tixn,
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2
XNz = AnaXne + (1 - (MN+1)T1 XN +1»

2

XN = dan-1%on-1 + (1 — azN-l)TN_lsz_l,
3

Xons1 = danXon + (1 — oon) Ty %o,

3
XoNs+2 = QoN+1¥on+1 + (1 — 012N+1)T1 X2N+15

The algorithm can be expressed in a compact form as

Xpsl = OpXy + (1 - Ol,,) Tl'];f:)l)xm n>0, (5)
where n= (k- 1)N +iwithi=i(n) €1=1{0,1,2,...,N -1}, k = k(n) > 1 a positive integer
and lim,,_, » k(1) = co. The cyclic algorithm was first studied by Acedo and Xu [6] for the
iterative approximation of common fixed points of a finite family of strictly pseudocon-
tractive mappings in Hilbert spaces, and it is better than implicit iteration methods.

In [7] Xiaolong Qin et al. proved the following theorem in a Hilbert space.

Theorem QCKS Let K be a closed and convex subset of a Hilbert space H and N > 1
be an integer. Let, for each 1 <i <N, T;: K — K be an asymptotically k;-strictly pseudo-
contractive mapping for some 0 < k; < 1 and a sequence {ky;} such that y oo (k,; — 1) <
00. Let k = max{k; : 1 < i < N} and «, = max{k,,;:1 < i < N}. Assume that F # (. For
any xo € K, let {x,} be the sequence generated by the cyclic algorithm (5). Assume that the
control sequence {o,} is chosen such thatk +e€ < a, <1 - € foralln > 0 and a small enough
constant € € (0,1). Then {x,,} converges weakly to a common fixed point of the family { T}, .

Osilike and Shehu [8] extended the result of Theorem QCKS from a Hilbert space to
2-uniformly smooth Banach spaces which are also uniformly convex. They proved the
following theorem.

Theorem OS Let E be a real 2-uniformly smooth Banach space which is also uniformly
convex, and K be a nonempty, closed and convex subset of E. Let {T,»};\:[ o' be N asymptoti-
cally )j-strictly pseudocontractive self-mappings of K for some 0 < A; <1 with a sequence
{1220 C [1,00) such that 3220k 1) < 00, ¥j € ] ={0,1,2,...,N —1}, and F # . Let
{a,} satisfy the conditions

(i) 0<a,<1, n=>0,
2A
(ii) O0<a<l-a,<b<—,
G
where ) = minje;{;} and C, is the constant appearing in the inequality (7) with q = 2. Let
{x,.} be the sequence generated by the cyclic algorithm (5). Then {x,} converges weakly to a
common fixed point of the family {T; ;\:[51.

We would like to point out that the condition (ii") in Theorem OS excludes the natural
choice 1 - % for o, This is overcome by this paper. Moreover, we improve and extend the
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result of Theorem OS from 2-uniformly smooth Banach spaces to g-uniformly smooth
Banach spaces which are also uniformly convex. We prove that if {«,} satisfies the condi-
tions

(i) mw<a,<l, n=0,

i 6
(i) Y (1-a)[qr - Cyll - )] = 00, ©

n=0

where p = max{0,1 - (g—i)q%l}, A = minje;{};}, then the iterative sequence (5) converges
weakly to a common fixed point of the family {T,»}j\:’ o

Furthermore, we elicit a necessary and sufficient condition that guarantees strong con-
vergence of the iterative sequence (5) to a common fixed point of the family {T; j\i 51 in
q-uniformly smooth Banach spaces.

We will use the notation:

1. — for weak convergence.

2. ww(x,) = {x: Elx,,/. — x} denotes the weak w-limit set of {x,}.

2 Preliminaries
Let E be a real Banach space. The modulus of smoothness of E is the function pr : [0,00) —
[0, 00) defined by

1
pE(T) = sup 5(llx+yll +lle=yll) = 1: %l <1yl < T .

E is uniformly smooth if and only if lim, ¢ [pe(7)/7] = 0.

Let g > 1. E is said to be g-uniformly smooth (or to have a modulus of smoothness of
power type g > 1) if there exists a constant ¢ > 0 such that pz(7) < ct?. Hilbert spaces, L,
(or l,) spaces (1 < p < 00) and the Sobolev spaces Wk (1 < p < 00) are g-uniformly smooth.

Hilbert spaces are 2-uniformly smooth while

| p-uniformly smooth ifl<p <2,
Ly(orl,) or W& s
2-uniformly smooth if p > 2.

Theorem HKX ([9, p.1130]) Let q > 1 and let E be a real q-uniformly smooth Banach
space. Then there exists a constant C, > 0 such that, for all x,y € E,

e+ 917 < 1117 + g(9,q (%)) + Callyl . (7)
E is said to have a Fréchet differentiable norm if, forallx e U = {x € E : ||x| =1},

X+ tyl| —|[|x
lim llx + gyl = llxll
t—0 t

exists and is attained uniformly in y € U. In this case, there exists an increasing function
b:[0,00) — [0, 00) with lim,_, o+ [b(¢)/£] = 0 such that, for all x, 4 € E,

%nxn2 +(h,j(x)) <

< %nwhn2 < %nxnz+<h,/‘<x))+b(||h||). (8)
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It is well known (see, for example, [10, p.107]) that a g-uniformly smooth Banach space
has a Fréchet differentiable norm.

Lemma 2.1 ([5, p.1338]) Let E be a real q-uniformly smooth Banach space which is also
uniformly convex. Let K be a nonempty, closed and convex subset of E and T : K — K be
an asymptotically k -strictly pseudocontractive mapping with a nonempty fixed point set.
Then (I - T) is demiclosed at zero, that is, if whenever {x,,} C D(T) such that {x,} converges
weakly to x € D(T) and {(I — T)x,} converges strongly to 0, then Tx = x.

Lemma 2.2 ([2, p.80]) Let {a,};2q, {bu}i20, {8u)ioo be sequences of nonnegative real num-
bers satisfying the following inequality:

Ans1 = (1 + 37!)6171 + bn; Vn > 0.

IfY o du<ooandy . by, < 00, then lim,_, « a, exists. If, in addition, {a,}3°, has a sub-

sequence which converges strongly to zero, then lim,_, o a, = 0.

Lemma 2.3 ([2, p.78]) Let E be a real Banach space, K be a nonempty subset of E and
T : K — K be an asymptotically k -strictly pseudocontractive mapping. Then T is uniformly
L-Lipschitzian.

Lemma 2.4 Let E be a real q-uniformly smooth Banach space which is also uniformly
convex, and let K be a nonempty, closed and convex subset of E. Let, for each 0 <j < N —1,
T;: K — K be an asymptotically Aj-strictly pseudocontractive mapping with F # (). Let
(%102 be the sequence satisfying the following conditions:

(a) limy— oo ||%, — p|| exists for every p € F;

(b) limy, oo I, — Tjxull = 0, for each 0 <j <N - 1;

(c) limy, o |[tx, + (1 — £)p1 — p2|| exists for all ¢ € [0,1] and for all p,p, € F.
Then the sequence {x,} converges weakly to a common fixed point of the family {T; ]I»‘z[al.

Proof Since lim,,_, «, ||x, — p|| exists, then {x,} is bounded. By (b) and Lemma 2.1, we have
ww(x,) C F. Assume that p;,p, € ww(x,) and that {x,,} and {%m,} are subsequences of
{*4} such that x,, — p and x,,, — p», respectively. Since E is a real g-uniformly smooth
Banach space, which is also uniformly convex, then E has a Fréchet differentiable norm.
Set x = py — pa, h = t(x,, — p1) in (8), we obtain

1
5l —pall? + t{xs — p1,j(p1 — p2)) < = ||t + (1= D)1 — o

< Slpr =2l + b(tlx, - prll)

+ NI= N =

txn — p1j(p1 — p2))s

where b is an increasing function. Since |x, — p1|| < M, Vn > 0, for some M > 0, then

1
5o —pol? + tfxn - prjpr - p2)) < = || txa + A= Op1 - pa|°

=

N = N =

lp1 = pall” + b(EM) + t{x, — p1,j(p1 = p2)).


http://www.fixedpointtheoryandapplications.com/content/2012/1/167

Zhang and Xie Fixed Point Theory and Applications 2012, 2012:167 Page 6 of 12
http://www.fixedpointtheoryandapplications.com/content/2012/1/167

Therefore,

1
—||p1 - p2|* + tlimsup(x, — pu,j(p1 - p2)) < Enli)nolo”txn +(L=t)pr-ps |’

n—00

5 ||l71 - p2|I* + b(eM)

+ tli}qm_)icgf(xn - pLj(p1 —172))-

Hence, limsup,_, . (*, — p1,j(p1 — p2)) < liminf,_. (%, — p1,j(p1 — p2)) + b(EM)/t. Since
lim;_, o+ [b(tM) /] = 0, then lim,_, o (x, — p1,j(p1 — p2)) exists. Since lim,_, oo (x,, — p1,j(p1 —

p2)) = (p—p1,j(p1 — p2)), for all p € wyy(x,). Set p = po. We have (ps — p1,j(p1 — p2)) = 0,
that is, p, = p1. Hence, wyy(x,,) is a singleton, so that {x,} converges weakly to a common
fixed point of the family {T,»};l_f o O

3 Main results

Theorem 3.1 Let E be a real q-uniformly smooth Banach space which is also uniformly
convex and K be a nonempty, closed and convex subset of E. Let N > 1 be an integer
and ] ={0,1,2,. —1}. Let, for each j € ], T; : K — K be an asymptotically Aj-strictly
pseudocontmctwe mapping for some 0 < A; < 1 with sequences {k,;}5>, C [1,00) such that
Y ooeolicn — 1) < 00, where k,, = maxjej{k,,;}, and F := ﬂN LE(T, T;) #9. Let A = minjer{};}. Let
{a,) satisfy the conditions (6) and {x,} be the sequence genemted by the cyclic algorithm
(5). Then {x,} converges weakly to a common fixed point of the family {Tj}j\i o

Proof Pick a p € F. We firstly show that lim,_, « ||x, — p|| exists. To see this, using (2) and

(7), we obtain

st =PI = [0 = = (L= ) [ = = (T4 % — ) ]|
< n = Pl + Col = @) |2 = p = (T4 0% — p) |

—q( = o) n =P (T % = b), g 6n — D))
< e =2l + Cyl1 = ) |, ~ p = (T4, - p) |
=41 =) {2itn[on = p = (T30 30 = ) |
= (kk(ny ity = D ll%n = pll7}
= [1+q(1 - o) (kiayion — D] 152 = pII?
- afghan — 1 e T
< [1+q@ - @) kron — D] llxn - pIl

~ (1= an)[qh - Co(1 - )™ ]| - T xn||” )

where k() = maX;ej{Kx(m,im }- Since p < o, < 1 for all n, where u = max{0,1 - (qk )q 11, we
get (1 —a,)[gh — C,(1 - oz,,)q 11> 0. Therefore, (9) implies

lns1 =17 < [1+q( = ) (kr(my — D]lln — pII%. (10)
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Let 8, =1+ g(1 — a,)(kk(m) — 1). Since Y oo (k, — 1) < 00, we have

Y Gu-1=gy (-l -1 <gN Y _(ky—1) <00,
n=0 n=0 n=1

then (10) implies lim,_, %, — p|| exists by Lemma 2.2 (and hence the sequence {||x,, — p||}
is bounded, that is, there exists a constant M > 0 such that ||x, — p|| < M).
Then we prove lim,,_, o [|%, — Tjx, || = 0, Vj € J. In fact, it follows from (9) that

(1 - ) [qh = Cy1 = )] = Ti 6 |* < Ml = PUT = 1 — P17

+q(1 — o) (ki — Dl — p||2.

Then
Y (- a)[gh = Co— )] =T | <lloto —p 17+ M7 Y " (S — D) <00. (1)
n=0 n=0

Since > 07 (1 — ay)[gh — C4(1 — ,)77'] = oo, then (11) implies that liminf,_, « ||lx, —

ki . k
T %]l = 0. Thus limy, o [l — Ty %, = 0.

For all n > N, we have k(1) — 1 = k(n — N) and i(n) = i(n — N). By Lemma 2.3, we know
that T} is uniformly L;-Lipschitzian, then there exists a constant L = max;e;{L;}, such that
|T/x—T/'y| <Llx-yl, ¥n=>0,VxyeKandVje].

Thus

”xn - Ti(n)xn” = Hxn - Tllzf,g)xn” + H ZIZ(;)I)xn - Ti(n)xn ”
< o = T all + L T ™ 00 =

< oo = T sl + LN T = Ty |

+ L] Ty 0en = Knca || + Lllonio1 = %
= Hxn - Tlli,(:)l)xn ” + LZHxn - xn—N”

+ L] T 0 = Znnaa | + Lllonnoa — %l
Observe that
96 = i ll = (1 = o) |2 — Tilzg)')x,, | =0 asn— oo
Consequently,
|2 — %petll = O as m — oo, for all integer /.
Observe also that

%1 — Ti]zg)’)x,, | < Nl = a |l + || — Ti]zﬁ,’)')x,, | >0 asn— oo.
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Hence,
lim ”xn - Ti(n)xn” =0
— 00
Consequently, for all j € J, we have

e = Tsjcnll < ot = 2jll + %64 — nei%nsjll + L%y — %4l > 0 asm— oo.

lim [lx, — Tyx,l| =0, Vje.
n—0o0

Now we prove that for all p;,py € F, lim,_  ||tx, + (1 — £)p1 — p2| exists for all ¢ €
[0,1]. Let a,(t) = ||tx, + (1 — £)p1 — p2||. It is obvious that lim, . a,(0) = ||p1 — p2|| and
limy,_, o0 @,(1) = lim,,—, o ||, — p2 || exist. So, we only need to consider the case of ¢ € (0,1).
Define A, : K — K by

Apx=ax+(1- a,,)leﬁg)x, xeK.
Then for all x,y € K

1A% = Ay ]9 < 1 = Y117 = g1 = a)((I = T4 ) = (I = To) )y, x = 9)

+ G-, x—y-— (,k(f;?x T,iy)Hq

< [1+ g1 - @)k — D] llx = yl|?
~ (U= an)gh = Gyl = )" ][ =y = (Tig % = Ty y) [

l

By the choice of «,, we have (1 — a,)[gr — C,(1 - a,)71] > 0, so it follows that ||4,x —
Ayll? <1+ g1 —a,) (ki — D]Illx =119 = 8,]lx — y||9. For the convenience of the following
discussion, set 1,, = (§,)7, then ||A,x — A,y]| < n.llx -y

Set Syn = Anim1Anim—a -+ Ay, m > 1. We have

n+m-1

1S = Syl < ( I1 n;) lx—yl forallxyek,
j=n

and
Spm%n = Xpams Sump=p foralpeF.

Set by = |Sum(tx, + (1 — )p1) — tSpmxn — L= 6)Sympr |l If ||, — p1]| = O for some ng, then
x, = p1 for any n > ng so that lim,_ [l*, — p1]| = 0, in fact, {x,} converges strongly to
p1 € F. Thus we may assume ||x, — p1|| > O for any # > 0. Let § denote the modulus of

convexity of E. It is well known (see, for example, [11, p.108]) that

|tx + (1 - 2)y|| <1-2min{s, (1-5)}8(llx-yll)
<1-2t(1-0)8(|lx-yll) (12)
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for all ¢ € [0,1] and for all x,y € E such that ||x|| <1, |ly|| < 1. Set

Sn,mpl - Sn,m(txn + (1 - t)pl) _ Sn,m (txn + (1 - t)pl) - Sn,mxn

(e e —pall " A=A )l =il

Wyum =

Then [|wy,,|| <1and ||z,,| <1 so that it follows from (12) that

2t(l - t)5(||wn,m — Zn,m ”) = 1- “twn,m + (1 - t)Zn,m || . (13)
Observe that
bn,m
Wim = Zuml = =1

t1-O)[TZ" n)llxs - pall
and

1S m%n = Smprll
(T m)lxn - pull

|| Wy + (1= 8)zZpm || =

it follows from (13) that

n+m—1 bnm
2t(1-¢ j n=pilld :
( )( [1 "’) o (t(l—t)(n’?”"‘l nj)llxn—m')

j=n j=n

n+m-1
= < 1_[ 77]') e = p1ll = 1Snm%n — Snmprll

j=n

n+m-1
= ( l_[ nj) e = prll = %4 — P11 (14)

j=n

Since E is uniformly convex, then §(s)/s is nondecreasing, and since (]_[;’;m_1 )l —

pill < TS mnalizns = pull < -+ < [TE" [T m) o = pull = (TTES™ m) o —
p1ll, hence it follows from (14) that

n+m-1 n,m
j=0 7]/)”960 -pill

(T2 mlixo - pull 6( 4 >
2 (I'T

n+m-1
1
< ( ]_[ n/)llxn = pill = [1%nem = p1ll (since t1-1) < 1 forallt e [0,1]).

j=n
Since lim,,_ oo ]_[;’:OM_I n; exits and lim,,_, o ]_[;’jom_l n; # 0. Also since lim,,_, o ]—[;1=+nm—1 =1
and lim,,_, « ||x, — p1]| exists, then the continuity of § and §(0) = 0 yield lim,_, o0 by, = 0

uniformly for all m > 1. Observe that

ﬂm—m(t) = ||txn+m + (1 - t)Pl —P2t (S”'m (txn + (1 - t)pl)
- tSn,mxn - (1 - t)S”l:mpl) ||

+ ||Sn,m (tx,, +(1- t)pl) — S mxn — (1= 8)Spmp1 ”

Page 9 of 12
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= ”Sn,m (txn +(1- t)pl) — Sumb2 ” + bym

n+m-1 n+m-1
S ( 1_[ 77/') ”txn + (1 - t)pl —192 || + bn,m = ( l_[ n/)ﬂn(t) + bn,m'

j=n j=n

Hence limsup,,_, ., a,(t) < liminf,_,  a,(£), this ensures that lim,_, o a,(f) exists for all

te(0,1).
Now apply Lemma 2.4 to conclude that {x,} converges weakly to a common fixed point
of the family {7;}Y5". O

Theorem 3.2 Let E be a real g-uniformly smooth Banach space, and let K be a nonempty,
closed and convex subset of E. Let N > 1 be an integer and ] = {0,1,2,...,N —1}. Let, for each
je, Tj: K — K be an asymptotically A;-strictly pseudocontractive mapping for some 0 <
A; < 1 with sequences {k,}52, C [1,00) such that )", (k, —1) < 00, where k,, = maxje;{k,,},
and F := ﬂ;\igl F(T;) # 9. Let ) = minje{A;}. Let {a,} satisfy the conditions (6) and {x,}
be the sequence generated by the cyclic algorithm (5). Then {x,} converges strongly to a
common fixed point of the family {T,»}l];’ o ifand only if

liminfd(x,,F) =0,

where d(x,, F) = infyer ||%, — p|.

Proof 1t follows from (10) that
%041 = pII? < Snllxn — plI*.

Thus [d(x,1 — p)]? < 8,d(x, — p)]9, and it follows from Lemma 2.2 that lim,,_, o, d(x;,, F)
exists.

Now if {x,} converges strongly to a common fixed point p of the family {7;}}'y', then
lim,— o ||x, — p|| = 0. Since

0 <d(x,,F) < llxu - pl,
we have liminf,_, o, d(x,,F) = 0.

Conversely, suppose liminf,_, o d(x,, F) = 0, then the existence of lim,_, o, d(x,, F) im-
plies that lim,,_, o d(x,,, F) = 0. Thus, for arbitrary € > 0, there exists a positive integer ng
such that d(x,, F) < 5 for any n > n,.

From (10), we have

%041 = pI? < |l = pllT + M(S, 1), n=0,

and for some M > 0, ||x, — p|| < M. Now, an induction yields

|E2 —P||q =< ll%n-1 —P||q + M8, - 1)

< %2 = pII? + M¥(8,2 — 1) + M(8,-1 — 1)
n-1
<< la-pllt+ MY (§-1), n-1=1>0.

J=l
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Since Y (8, —1) < 00, then there exists a positive integer 7; such that fon(é,- -1) < (557)%
Vn > n;. Choose N = max{ng, n;}, then for all n,m» > N + 1 and for all p € F, we have

%0 = Xm || < 1120 = pIIl + % — Il

n-1 % m-1 %
< | lan —plf+ M7 (& -1) | + | lley —pllT+M?Y (8-1)
j=N j=N
1 1
[e'9) 00 q
< | lan =pllf+ M7 & =1) | + | lley —pllT+M?H (§-1)

Jj=N j=N

oo q
= 2| oy —pl7+ M7 (6-1)
j=N

Taking infimum over all p € F, we obtain

00 q
6 = 2l < 24 [den, )] + M7 (8 -1)
j=N

e\’ e \117
<2|({=) +MI — < 2e.
2 2M
Thus {x,}3°, is Cauchy. Suppose lim,_, x,, = . Then for all j € / we have

0 < llu - Tjull < llu—xull + 1%, — Tixnll + Lll%y — ull = 0 asn — oo.

Thus u € F(T)), Vj €], and hence u € F. O
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