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Abstract

The main purpose of this paper is to establish the convergence, almost
common-stability and common-stability of the Ishikawa iteration scheme with error
terms in the sense of Xu (J. Math. Anal. Appl. 224:91-101, 1998) for two Lipschitz
strictly hemicontractive operators in arbitrary Banach spaces.
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1 Preliminaries

Let K be a nonempty subset of an arbitrary Banach space E and E* be its dual space. The
symbols D(T), R(T) and F(T) stand for the domain, the range and the set of fixed points
of T respectively (for a single-valued map 7 : X — X, x € X is called a fixed point of T iff
T(x) = x). We denote by J the normalized duality mapping from E to 2£" defined by

T = {f* € B fuf) = sl = ] ).
Let T be a self-mapping of K.

Definition 1 Then T is called Lipshitzian if there exists L > 0 such that
T - Tyl < Lllx -yl (11)

for all x,y € K. If L =1, then T is called non-expansive, and if 0 < L <1, T is called con-
traction.

Definition 2 [2, 3]
1. The mapping T is said to be pseudocontractive if the inequality

le =yl < 2=y + (U= T = I~ T)y) | (L.2)
holds for each x,y € K and for all £ > 0. As a consequence of a result of Kato [4], it follows

from the inequality (1.2) that T is pseudocontractive if and only if there exists j(x — y) €
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J(x — y) such that
(Tx— Ty, j(x - y)) < llx - yII? (1.3)

forallx,y € K.

2. T is said to be strongly pseudocontractive if there exists a ¢ > 1 such that
o=yl < |(L+7)(x—y) - re(Tx - Ty)|| (1.4)

forall x,y € D(T) and r > 0.
3. T is said to be local strongly pseudocontractive if, for each x € D(T), there exists a
t, > 1 such that

=yl < @+ ) —y) - re(Te - Ty) | (1.5)

forall y e D(T) and r > 0.
4. T is said to be strictly hemicontractive if F(T) # ¢ and if there exists a ¢ > 1 such that

e —gll < || +7r)(x—q)—re(Tx—q)| (1.6)
forallx € D(T),q € F(T) and r > 0.

It is easy to verify that an iteration scheme {x,}32, which is T-stable on K is almost
T -stable on K. Osilike [5] proved that an iteration scheme which is almost T-stable on X
may fail to be T-stable on X.

Clearly, each strongly pseudocontractive operator is local strongly pseudocontractive.

Chidume [6] established that the Mann iteration sequence converges strongly to the
unique fixed point of T in case T is a Lipschitz strongly pseudo-contractive mapping from
abounded closed convex subset of L, (or /,) into itself. Afterwards, several authors gener-
alized this result of Chidume in various directions. Chidume [7] proved a similar result by
removing the restriction lim,_, » @, = 0. Tan and Xu [8] extended that result of Chidume
to the Ishikawa iteration scheme in a p-uniformly smooth Banach space. Chidume and Os-
ilike [2] improved the result of Chidume [6] to strictly hemicontractive mappings defined
on a real uniformly smooth Banach space.

Recently, some researchers have generalized the results to real smooth Banach spaces,
real uniformly smooth Banach spaces, real Banach spaces; or to the Mann iteration
method, the Ishikawa iteration method; or to strongly pseudocontractive operators, lo-
cal strongly pseudocontractive operators, strictly hemicontractive operators [9-19].

The main purpose of this paper is to establish the convergence, almost common-stability
and common-stability of the Ishikawa iteration scheme with error terms in the sense of
Xu [1] for two Lipschitz strictly hemicontractive operators in arbitrary Banach spaces. Our

results extend, improve and unify the corresponding results in [2, 3, 10, 11, 15-18, 20-25].

2 Main results
We need the following results.
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Lemma3 [26] Let {at,}20, {Buloco {Vuloco and {w, )02, be nonnegative real sequences such
that

U1 < (1—wy)ay, + OuPn+ Vs, n=>0,
with {w,}20 C10,1], Y oo @ = 00, Y oo Vn < 00 and lim,_, o B, = 0. Then lim,_, o o, = 0.

Lemma 4 [27] Let{a,};2q, {ba}oc, be sequences of nonnegative real numbers and 0 <60 <1,
so that

a1 <6a,+b,, foralln=>D0.

(i) Iflim,_ o b, =0, then lim,_, oo a, = 0.
(il) If Y p2gbu <00, then Yy o2 ay < 00.

Lemma5 [4] Letx,y € X. Then ||x|| < ||x +ry| for every r > 0 if and only if there is f € J(x)
such that Re(y,f) > 0.

Lemma 6 [2] Let T : D(T) € X — X be an operator with F(T) # (. Then T is strictly
hemicontractive if and only if there exists t > 1 such that for all x € D(T) and q € F(T),
there exists j € J(x — q) satisfying

Re(x — T, j(x — q)) > <1 - %) llx — gl

Lemma 7 [24] Let X be an arbitrary normed linear space and T : D(T) C X — X be an
operator.
(i) If T is a local strongly pseudocontractive operator and F(T) # 0, then F(T) is a
singleton and T is strictly hemicontractive.
(i) If T is strictly hemicontractive, then F(T) is a singleton.

In the sequel, let k = % € (0,1), where ¢ is the constant appearing in (1.6). Further L
denotes the common Lipschitz constant of 7" and S, and I denotes the identity mapping
on an arbitrary Banach space X.

Definition 8 Let K be a nonempty convex subset of X and 7, S : K — K be two operators.
Assume that x, € K and x,,,; = f(T,S,x,) defines an iteration scheme which produces a
sequence {x,}52, C K. Suppose, furthermore, that {x,}°°, converges strongly tog € F(T)N
F(S) # ¢. Let {y,}52, be any bounded sequence in K and put &, = ||y,+1 —f (T, S, y.)l.
(i) The iteration scheme {x,}5°, defined by x,,,1 = f(T, S, ;) is said to be
common-stable on K if lim,,_, , &, = 0 implies that lim,, 5 ¥, = g.
(ii) The iteration scheme {x,}%2, defined by x,,,1 =f(T, S, %,) is said to be almost
common-stable on K if Y- &, < co implies that lim,_. oo ¥ = g.

We now establish our main results.

Theorem 9 Let K be a nonempty closed convex subset of an arbitrary Banach space X
and T,S : K — K be two Lipschitz strictly hemicontractive operators. Suppose that {u,}52,,
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{vi}o2, are arbitrary bounded sequences in K, and {a,}2 o, {bu} 2o, {Cntocos 1), 000, {00}
and {c, )2, are any sequences in [0,1] satisfying
(i) an+by+c,=1=a,+b,+c,

(i) <, = (b)),

(iii) lim,_ o0 ¢, =0,

(iv) 3520 D) =00,

(v) LIA+L)*b, + ¢, + (L +L)(by + cu)] + % <k(k-s),n>0,
where s is a constant in (0, k). Suppose that {x,}.°, is the sequence generated from an arbi-
trary xo € K by

X1 = Ay + b, Tz, + € vy,

(2.1)
Zn = ApXy + b,Sx, + cyu,, n>0.
Let {y, )2, be any sequence in K and define {¢,}°2, by
en = Y1 —pull, n=0,
where
P =,y + b, Twy, + ¢, vy,
(2.2)

Wy = AnYn + bySy, + cytty, n>0.

Then

(a) the sequence {x,}52, converges strongly to the common fixed point q of T and S. Also,

nes = qll < (1= sB,)l1%: - gl
F L+ DK B calliun - qll + 1+ DK, v —qll, >0,

(b)

lym =gl < (1= 5b,)1ly. — gl
+ L(L+ DK cyllun — qll + A+ L)K'¢, v — qll + &4, 1=0,
(€) Y o2 en < 00 implies that limy,_. o0 ¥y = q, so that {x,}52 is almost common-stable
on K,

(d) lim,— o0 yu = q implies that lim,_, &, = 0.

Proof From (ii), we have ¢}, = ¢,b),, where t, — 0 as n — oo. It follows from Lemma 7 that
F(T) N F(S) is a singleton; that is, F(T) N F(S) = {q} for some g € K. Set

M =max{sup{ e, - qll } sup{ v, - all}}
n=0 n>0
Since T is strictly hemicontractive, it follows form Lemma 6 that

Re(x — T, j(x — q)) > kllx - qlI>, VxeK,
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which implies that
Re(I-T -kl)x~(I~-T-kl)q,jx-q)>0, VxeKkK.

In view of Lemma 5, we have

lo—qll < |x—q+r[U-T-kD)x-(I-T-kI)q]|, VYxeK,¥r>0. (2.3)
Also,
(1 - b;)x,, ( -(1-kb, )xn+1 +b,(I =T — kI)xyn
+ b, (Txna = T2) = €, (Vi = %), (2.4)
and
(1-0,)g=(0-01-kb,)g+b,I-T-klq. (2.5)

From (2.4) and (2.5), we infer that for all # > 0,

(1= lxn—gll = (1 - A= k)B},) (¥pi1 — q) + bj,(I = T = kD) (@mi1 — q)

- bly,” Txp1 — Tz, — C,y,”Vn — %l

/

= (1= @) |~ a+ =5

Xn+l — (1 T- kI)(er—l - 61) H

= DI Txpr = Tzull = €, Vi — %l
= (1 -(1- k)b;q) 11 — gl = b:q” Txp1 — Tz,

/
_Cn”Vn _xn”’

which implies that for all n > 0,

n = —2 g

Xnil — 4 S1-a- k)b/ Xn—q
O - T — I
1-(-kp, T T T e T

< (1= kb)) 1xn = qll + k7B, | Ttar — Tzull + k7', ||V — 2,4l
< (1= kb)) ltn = qll + kLB, %1 — Zull + K7} |V — 24
< (L- kb)) 1% — gll + k'L, | %11 — 2z
+ k7', (v =gl + 12, — ql)
= (L= kb, + k7'¢)) %0 — qll + k'L, |51 — 20l
+ k7, v —qll, (2.6)

”xn+1 - Zn” = H b/n(TZn _xn) + C/n(Vn _xn)“

+ ||bn(xn - an) - Cn(un _xn) ||
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< D ll%n = Tzl + € llvi — %4l
+ byl — Sxnll + cullthn — x4l
<b,(Il%: — qll + g — Tzull) + ¢, (v — gll + 1% — qll)
+ b (I1%n = qll + lg = Sxull) + cu(lln — qll + %2 — qll)
< b,(I1%n = g1l + Lliza — qll) + ¢, (Ilve — qll + llxs — ql)
+ by (%0 — qll + Lll%n — gll) + cu(lln — qll + lxn — qll)
= [b; +c,+(1+L)b, + c,,] %, — gl + L6, |z — gl
+ ¢, Ve —qll + cullun —qll,
20— qll = %0 — @ = bu(%n — Sx) + (8 — %) |
< |1%n = gl + bullxn = Sxull + cullttn — x4l
< l%n —qll + bu(ll%x — gl + lg — Sxull)
+ (Il — gl + 10 — qll)
< 1%x = qll + bu(l%x — qll + Lllx, — ql)
+n(lltn — gll + %0 — qll)

= [1 + (1 +L)bn + Cn]”xn —61|| + Culluy —61||
Substituting (2.8) in (2.7), we have

[%0s1 = Zull < [, + ¢,y + (L + L)by + ¢4 ] 1%n — 4|
+ LB, [[1+ (1 +L)by + cu]llxn — gl
+ Cullttn = qll] + € v — qll + callun — 4
= [(1 + L), + LA+ L)b,b, + (1 + L)b, + C,
+(L+ L)) eyl —qll

+Cllve—qll + 1+ Lby, ) llun — 4.
Substituting (2.9) in (2.6), we get

%1 = qll < (1L=kb), + k~'c,,) I, = qll + kLo, [[(1+ L),
+L(L+L)bub), + (1 +L)by + ¢, + (1 +Lb),)c, 1% — gl
+ Ve —qll + (L+ LB cullun — qll] + k7', llvi — g
= [1-b),[k—k'L((L+ L), + L(1 + L)b,b),
+ (L +L)by + ¢y + (L+LB),)cn) — k78] |11 — gl
+ kLB, (1 + Lb),)cullun — gll + k7 (1 + LD c, v — gl
<[1-b,[k-KkTL((1+L)*b, + 1+ L)b,

+¢, + (1+L)cy) — k7t ]l — gl

(2.7)

(2.9)
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+ k'L + LYb) eyl — qll + k(1 + L)<, |ve — 4l
< (1=sb,) I — qll + kL + L)B),culln — gl
+ k(1 + L)y lva —qll
<1 -sb)lxn—qll + kLA + L)b,c,M + k(1 + L)b,,t,M

= (1 —sb/”) %, — qll + k' (1 + L)MD (Lc,, + t,).
Put

a, = e, - 61||,

w, =sb),

Bn=sk1A + L)YM(Lc, + t,),

Yn = 0,
we have

U1 < (1—wy)ay, + OuPBn+ VY, n=0.
Observe that Y o2 @, = 00, ®, € [0,1] and lim,_, « B, = 0. It follows from Lemma 3 that
lim,,, oo [l — gl = 0.

We also have

(1-8,)yn=(1-Q1-k)b,)p,+b,(I-T-kIp,

+b,(Tpy, — Twy) — ¢, (Vi = Yn). (2.10)
From (2.5) and (2.10), it follows that for all # > 0,

(l_b;)”yn -4l = ” (1—(1—k)b;)(pn -q) +b;1(1_ T - kD) (py _Q)”

= bl Tpn = Twall = ¢, llvi =yl

= (1--Kb,)|p.—q
L R Y )H
kg, T a

= bl Tpn = Twull = ¢, llvi =yl
> (1= (1=K, Ipn =gl = b, Tpu — Tw,ll

- C/n”Vn _yn”v

which implies that for all n > 0,

_1-b,

1-(1-K)0b,

b, C,
1-(1-k)b,

lpn —qll < ly. — 4l

+ 1T — Twy| + Vi =yl

1-(1-k)b,
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< (L=k&)lyn = qll + KB, 11 Tpy = Tw,ll + k72, 1V =yl

< (L=kB)llyn = qll + kLB, NIy = wall + k7, 1vi = yall

< (1= kb,)lyn — qll + kLB, || pu — will
+ k76, (v =gl + llyn — qll)
= (L—kb), + k7'¢,) Ilyn — qll + k7LD, || pu — wal
+ k7 v - qll,
5 = Wall < || B,(Twy = yu) + (v = 3) |
+ |8 On = Syn) = Cnlttn — y)|
< B 1yn = Twall + €, 11V = yal

+ bn”yn = Syull + culltey — yull

< B, (I = qll + g = Twall) + ¢, (I1vs = qll + 1y — qll)
+bu(lyn = qll + g = Syull) + culllte = qll + 174 — qll)
< b, (Ilyn — qll + LIwn = qll) + ¢, (Iva =l + Iy - qll)
+ bu(17n = qll + Lllyw - qll) + culllen = qll + llyn - ql)
= [b), + ¢, + A+ L)by + ¢ llyn — qll + LY, Wy — g

+ ¢, Ve —qll + cullun —qll,
1w = qll = |0n = @) = bun = Syu) + alttn — ) |
< Nyn =gl + bullyn = Synll + cullttn = yull
< lyn = all + ba(llyn — qll + lg = Syall)
+ n(llen = qll + lyn — ql)
< lyn = qll + bu(llyn — qll + Lllyn — ql))
+ n(lltn — gl + lyn — qll)

= [1+ (L +L)by + cu]llyn — qll + culln - qll.
Substituting (2.13) in (2.12), we have

[P0 = wall < [B), + ¢, + A+ L)by + cullyn — qll
+ L, [[1+ (1 +L)by + cu]llyn —ql
+ Culltn = qll] + €, v — qll + cullun —qll
= [(1 +L)b), + LA + L)b,b), + (1 + L)b, + c,
+ (1+Lb)ca]llyn — 4l

+ v —qll + (L +Lb))callun - qll.

(2.11)

(2.12)

(2.13)

(2.14)
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Substituting (2.14) in (2.11), we get

lpn—all < (1-kbj, + k7¢,)llyn — qll + k'LB,[[(1 + L)),

+L(1+L)bub, + (1 + L)by + ¢, + (1 + LY, ) cu]llyn — qll
+ v = qll + (1+ L)) cullun — gll] + k¢ llva — gl

= [1-b),[k—k'L((1+ L), + L(1 + L)b,b),
+ (L+L)by + ¢y + (L+LB),)cn) =kt ] ]Il — gl
+ k'L (1 + Lb),)culluy — qll + k7 (1 + LB, )c, llva - qll

<[1-0,[k-KkL(A+L)*b), + 1+ L)b,
+ ¢, + (L +L)cy) =kt ] |Ilyn — gl
+kL(L+ L)bcyllun —qll + K11+ L)c, v — 4l

< (1=sb,)lyn — qll + kKL + LYby ol — g

+ kA + L), v — 4l
for any n > 0. Thus (2.15) implies that

"yn+1 - q” f ”yn+1 _pn” + ”pn - fI||
< (1=sb,)lyu—qll + k'LA + L)b),cllun — g
+ kN1 + L)c, v —qll + &x

= A=) lyn =gl + ©uPp + Va-
With
oy = ”yn —61||,
w, =sb),
B, =1 + L)M(Lc, + t,),
Yn = Ens Vn > 0,
we have

Uy < (1 - @y, + WP+ Yy, n=0.

Observe that ZZZO w, = 00, w, € [0,1] and lim,_, o B, = 0. It follows from Lemma 3 that

lim,, . |ly» — ¢qll = 0.
Suppose that lim,,_, » ¥, = g. It follows from equation (2.15) that

&n < Yus1 —qll + lpn — 4l
<A =sb)lyn—qll + k'L + LB cullun — gl

+ kL + L), Ve = gl + 1y — gl — O,

as n — oo; that is, g, — 0 as n — oo.

(2.15)

(2.16)

Page 9 of 14
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Using the techniques in the proof of Theorem 9, we have the following results.
Theorem 10 LetX,K,T,S,s, {un}io:(); {Vn}zo:o; {xn}zio: {Zn}zio» {Wn};(ﬁo» {yn};ﬁo and {Pn}iﬁo

be as in Theorem 9. Suppose that {a,}2 0, {bn}ocos {Cn)ocor 1a, )00, {0, )02 and {c, )72, are

sequences in [0,1] satisfying conditions (i), (iii)-(v) of Theorem 9 with

Z ¢, < 00.

n=0
Then the conclusions of Theorem 9 hold.
Theorem 11 LetX, I(, T: Sr S, {un}iio’ {Vn}io:m {xn}zio’ {Zn}io:m {Wn};O:O: {yn 3°=o and {pn};O:O
be as in Theorem 9. Suppose that {a,}° 0, {bn}ocos {Cn)ocor 1, )00, {0, )02 and {c,}02, are
sequences in [0,1] satisfying condition (i), (iii) and (v) of Theorem 9 with

lim ¢, =0,

b,>m>0, Vn=>0,

where m is a constant. Then
(a) the sequence {x,}52, converges strongly to the common fixed point q of T and S. Also,

%51 = qll < (X =sm)llx, — gl +C, V¥n>0,
where
C =k W+ L)[Lsuple s ~ gl + supe,iva ~al} ]
(b)
||yn+1 - 61|| =< (1 _Sm)“yn - q” + k_lL(l + L)CnHun - 6I||
+ kM A+ L), |lve —qll + €0y YH >0,
(©) limy,_, o ¥y, = q implies that lim,,_, » &, = 0.
Proof As in the proof of Theorem 9, we conclude that F(T) N F(S) = {g} and
l%s1 — gll < (1= sb)) 1% — gl + k" L(L+ L),cull e — gl
+ kN L+ L), v — gl
< (L—sm)llx, — qll + k'L + L)eyllun — gl

+ kA + L), ||v — 1l

< -sm)llx,—qll+C, Vn>0.
Let

an = %, —qll,
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0 = sm,

by = (sm) kM1 +L) [Lcn ”u,, —x* || +c, H Vy—x*

], Vn > 0.

Observe that 0 < 6 < 1 and lim,_.o b, = 0. It follows from Lemma 4 that
lim,; s o0 [|%, -4l =0.
Also, from (2.15), we have

11 =l < (1=, llyw = gl + KL+ )b cllien = g
+ k7 A+ L)c v — qll + &n
< (L =sm)||y, —qll + kLA + L)e, || — g

+ kN L+ L) |1V — qll + &
Suppose that lim,,_, » ¥, = g. It follows from equation (2.15) that

en < Ny —qll + lpn — 14l
S (1 - Sm)“yn - 6]|| + kilL(l + L)CnHun - 6]||

+ k_l(l +L)C;||Vn —qll + lyna1—gll — 0,

as n — oo; that is, ¢, — 0 as n — oo.

Conversely, suppose that lim,_, &, = 0. Put

ap = ”yn _q”r
0 =sm,
b, = (sm) k(1 + L)[Lc,, ”un —x* ” +c, H Vy—x* ||] +&, VYn=>0,

Vn=8, Yn>0.

Observe that 0 < 6 < 1 and lim,_ b, = 0. It follows from Lemma 4 that
lim,,, o0 ”yn _q” =0. a

As an immediate consequence of Theorems 9 and 11, we have the following:

Corollary 12 Let K be a nonempty closed convex subset of an arbitrary Banach space X
and T,S : K — K be two Lipschitz strictly hemicontractive operators. Suppose that {o,}o0
{Bu)ic, are any sequences in [0,1] satisfying

(Vi) Y02 o, =00,

(vil) L[+ L)?a, + 1+ L)B,] <k(k—s),n >0,
where s is a constant in (0, k). Suppose that {x,}5°, is the sequence generated from an arbi-

trary xog € K by

K1 = (L — )%y + 0, T2,

Zp = (1= Bu)xn + PuSxy, n=0.
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Let {y,}32, be any sequence in K and define {€,}32, by
en = yus1 —pull, n=0,
where
Pn= =)y, +a,Twy,
and
Wy = (1 - ﬁn)yn + ﬂnsym n=>0.
Then
(a) the sequence {x,}52, converges strongly to the common fixed point q of T and S,
(b) fo’:o &n < 00 implies that lim,_, ¥, = q, so that {x,}.° is almost common-stable
on K,
(©) limy,—, o0 ¥, = q implies that lim,_, » &, = 0.
Corollary 13 Let X, K, T, S, s, {xn} 20, {2Zn}ye0r (Wil Wnkneo and {pu}e, be as in The-
orem 9. Suppose that {o,}2, {Bu)ooo are sequences in [0,1] satisfying conditions (vi)-(vii)
and (iii) of Theorem 9 with

o, >m>0, Vn=>0,

where m is a constant. Then

(a) the sequence {x,}52, converges strongly to the common fixed point q of T and S. Also,
%1 = gll < (A= sm)|xy —qll, Vn=0,

(b)
191 —qll < (L =sm)|lyn —qll + &4, Y1 =0,

(©) lim,— o0 ¥y = q implies that lim,_, » &, = 0.

Example 14 Let R denote the set of real numbers with the usual norm, K = R, and define
T,S:R— Rby

2 4
Tx = —sin*x, and Sx=—ux.
5 5
SetL=2,t=2,s= g5. Clearly, F(T) N F(S) = {0} and

2
|Tx — Ty| < g|sinx—siny|| sinx +siny| <Llx—-y|, Vx,yeR.

Clearly both T and S are Lipschitz operators on R.


http://www.fixedpointtheoryandapplications.com/content/2012/1/160

Hussain et al. Fixed Point Theory and Applications 2012, 2012:160 Page 13 of 14
http://www.fixedpointtheoryandapplications.com/content/2012/1/160

Also, it follows from (1.1) that

|(1+r)(x—y) —rt(Tx - Ty)| > 1 +r)|x—y|—rt|Tx - Ty

e =yl +r(lx =yl - | Tx - Tyl)

> e -yl

foranyx,y € Rand r > 0. Thus T is strongly pseudocontractive and Lemma 7 ensures that
T is strictly hemicontractive. Put

, 25 1
" 81 /n+100’
- 1

(V7 +100)?
a,=1- (b, +c,),

5 1

b,=cp= ——
"= 91100

a,=1-(b,+c,), VYn>0,

then it can be easily seen that

C

L[+ LB}, + ¢,y + (1 + L)(by + ca)] + 5 = 0:456 <0.049375, Vn=0.
n

It follows from Theorem 9 that the sequence {x,}57, defined by (2.1) converges strongly
to the common fixed point 0 of 7' and S in K and the iterative scheme defined by (2.1) is
T-stable.
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