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Abstract

The purpose of this paper is to propose an algorithm for solving the split feasibility
problems for total quasi-asymptotically nonexpansive mappings in infinite-dimensional
Hilbert spaces. The results presented in the paper not only improve and extend some
recent results of Moudafi [Nonlinear Anal. 74:4083-4087, 2011; Inverse Problem
26:055007, 2010], but also improve and extend some recent results of Xu [Inverse
Problems 26:105018, 2010; 22:2021-2034, 2006], Censor and Segal [J. Convex Anal.
16:587-600, 2009], Censor et al. [Inverse Problems 21:2071-2084, 2005], Masad and
Reich [J. Nonlinear Convex Anal. 8:367-371, 2007], Censor et al. [J. Math. Anal. Appl.
327:1244-1256, 2007], Yang [Inverse Problem 20:1261-1266, 2004] and others.
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1 Introduction

Throughout this paper, we always assume that H;, H, are real Hilbert spaces, ‘—) ‘=’
denote strong and weak convergence, respectively, and F(T) is a fixed point set of a map-
ping T.

The split feasibility problem (SFP) in finite-dimensional spaces was first introduced by
Censor and Elfving [1] for modeling inverse problems which arise from phase retrievals
and in medical image reconstruction [2]. Recently, it has been found that the SFP can
also be used in various disciplines such as image restoration, computer tomograph and
radiation therapy treatment planning [3—5]. The split feasibility problem in an infinite-
dimensional real Hilbert space can be found in [2, 4, 6-10].

The purpose of this paper is to introduce and study the following split feasibility prob-
lem for total quasi-asymptotically nonexpansive mappings in the framework of infinite-

dimensional real Hilbert spaces:
find x” € C such that Ax” € Q, (1.1)
where A : Hy — H, is a bounded linear operator, S : H; — H; and T : H, — H, are map-

pings; C := F(S) and Q := F(T). In the sequel, we use I'" to denote the set of solutions of
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(SFP)-(1.1), i.e.,
I'={xeC,Ax € Q}. (1.2)

2 Preliminaries
We first recall some definitions, notations and conclusions which will be needed in proving
our main results.

Let E be a Banach space. A mapping T : E — E is said to be demi-closed at origin if for
any sequence {x,,} C E with x, — x" and ||(I - T)x,| — 0,x = Tx .

A Banach space E is said to have the Opial property, if for any sequence {x,,} withx,, — x’,

liminf|x, - || <liminf|lx, —yll, Vy€Ewithy#x.
n—00

n— 00

Remark 2.1 It is well known that each Hilbert space possesses the Opial property.

Definition 2.2 Let H be a real Hilbert space.

(1) A mapping G: H — H is said to be a ({v,,}, {tn}, ¢)-total quasi-asymptotically non-
expansive mapping if F(G) # {; and there exist nonnegative real sequences {v,}, {1} with
v, — 0 and @, — 0 and a strictly increasing continuous function ¢ : R* — R* with
£(0) = 0 such that for each n > 1,

lp - G"x|” < lp—x1% + vt (lp —2l)) + Vp € F(G),x € H. (21)

Now, we give an example of total quasi-asymptotically nonexpansive mapping.
Let C be a unit ball in a real Hilbert space /2, and let T : C — C be a mapping defined by

T:(%1,%0,...,) = (O,xf,azxg,agxg,...), (1, %0,...,) €%

where {a;} is a sequence in (0, 1) such that [, a; = %
It is proved in Goebal and Kirk [17] that
(i) I1Tx - Tyl <2llx -y, ¥x,y € C;
(i) 17"~ T"yll < 2], alx - yll, ¥,y € C, ¥n > 2.

1 1
Denote by k? =2, ki =2[[, aj, n>2, then

n 2
lim k, = lim (2]‘[a,) -1

j=2

Letting v, = (k, —1),Vn >1, ¢ (¢t) = ¢, YVt > 0 and {u,} be a nonnegative real sequence with
Wy — 0, from (i) and (ii), Vx,y € C, n > 1, we have

n n 2
| 772 = Ty < lloe = 1% + vt (1l = 51%) + ptn- (2.2)
Again, since 0 € C and 0 € F(T), this implies that F(T') # #. From (2.2), we have

lp -1 <llp-y1% + vuc (Ip = y1?) + 1 Vp € E(T),y € C. (2.3)
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This shows that the mapping T defined as above is a total quasi-asymptotically nonexpan-
sive mapping.

(2) A mapping G : H — H is said to be ({k,})-quasi-asymptotically nonexpansive if
F(G) # ¥; and there exists a sequence {k,} C [1,00) with k,, — 1 such that for all n > 1,

lp - G"5|* <kallp - 5%, ¥peF(G)xeH. (2.4)
(3) A mapping G : H — H is said to be quasi-nonexpansive if F(G) # ¢ such that
lp-Gxll < llp-=xl, VpeF(G)xecH. (2.5)

Remark 2.3 It is easy to see that every quasi-nonexpansive mapping is a ({1})-quasi-
asymptotically nonexpansive mapping and every {k,}-quasi-asymptotically nonexpan-
sive mapping is a ({v,}, {tx}, ¢)-total quasi-asymptotically nonexpansive mapping with
{vn =ky =1}, {1, = 0} and ¢ () = %, £ > 0.

Definition 2.4
(1) A mapping G : H — H is said to be uniformly L-Lipschitzian if there exists a constant
L > 0 such that

|T7"% - T"y|| <Lllx-yll, Vx,y€Handn>1.

(2) A mapping G : H — H is said to be semi-compact if for any bounded sequence
{x,} C H with lim,,_, o ||, — Gx,|| = 0, there exists a subsequence {x,,} C {x,} such that

x,,, converges strongly to some pointx” € H.

Proposition 2.5 Let G: H — H be a ({v,}, {it,}, ¢)-total quasi-asymptotically nonexpan-
sive mapping. Then for each q € F(G) and for each x € H, the following inequalities are

equivalent: for each n > 1

la—G"x|* < llg—xI* + v (Ig = %1) + s Vg € F(G),x € H; (2.1)

2~ G'xx—q)= |2 G| ~vut (Ilg —x1) - s (2.6)

20x - G"x,q - G"x) < |x - G”x”2 +va¢ (g = xll) + s (2.7)
Proof

(I) (2.1) < (2.6) In fact, since

|6"x~q|" = |6"x 2 +x g’

=|G"x—x| "+ lx—ql° +2{G"x —x,x—q), Vxe€H,qe F(G),
n 2 2 n
from (2.1) we have that

||G”ac—x||2 +lx—ql*+ 2(G"x—x,x—q)

<llx—ql* +vus (g —*l) + tn-
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Simplifying it, inequality (2.6) is obtained.
Conversely, from (2.6) the inequality (2.1) can be obtained immediately.
(I1) (2.6) < (2.7) In fact, since

(x— G”x,x—q) = <x— G'x%,x - G'x + G”x—q)
= ||x— G”x”2 + <x— G"x, G”x—q)

it follows from (2.6) that
2(||x— G"x”2 + <x -G"x,G"x - q)) > ||x — G"x”2 — vn§(||q—x||) — e

Simplifying it, the inequality (2.7) is obtained.
Conversely, from (2.7) the inequality (2.6) can be obtained immediately.
This completes the proof of Proposition 2.5. g

Lemma 2.6 [11] Let{a,}, {b,} and {3,} be sequences of nonnegative real numbers satisfying
ann <A +8,)a,+b,, Vn=>1.
IfY X 8y <ooandy ;o b, < 00, then the limit lim,,_, « a, exists.

3 Split feasibility problem
For solving the split feasibility problem (1.1), let us assume that the following conditions
are satisfied:
1. H; and H, are two real Hilbert spaces, A : H| — H, is a bounded linear operator;
2. S:Hy— Hj and T : Hy — H; are two uniformly L-Lipschitzian and
({vu}, {tn}, )-total quasi-asymptotically nonexpansive mappings satisfying the
following conditions:
(i) T and S both are demi-closed at origin;
(ii) 221(11% + V) < 00;
(iii) there exist positive constants M and M such that ¢ (£) < (M) + M t2, ¥Vt > 0.
We are now in a position to give the following result.

Theorem 3.1 Let Hy, H), A, S, T, L, {it,}, {vu}, ¢ be the same as above. Let {x,} be the
sequence generated by:

x1 € Hy  chosen arbitrarily,
Knsl = (1 - an)un + ansn(un)7 (31)

Uy =%, + YA (T" —DAx,, Yn=>1,

where {a,} is a sequence in [0,1], and y > 0 is a constant satisfying the following conditions:
(iv) 0 <liminf,_, o, <limsup,_, o, <1 and y € (0, W)’
() IfT # 0 (where T is the set of solutions to ((SFP)-(1.1)), then {x,} converges weakly to
apointx €T.
(I) In addition, if S is also semi-compact, then {x,} and {u,} both converge strongly to
x el.
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The proof of conclusion (I)
(1) First, we prove that for each p € T, the following limits exist:

Tim |12, pll = lim [, - pll. (3:2)

In fact, since p € I', we have p € C := F(S) and Ap € Q := F(T). It follows from (3.1) and
(2.4) that
W = pII? = 1t = p = (st = ") |
= u, - pl® - 2a,,<u,, — Py — S”u,,) +a? ||u,, -S"u, ||2
< it =PI = o | 14 = 8" | = v (Nt = p1I) = 2}
+ aﬁ ” u, —S"u, ”2 (by (2.6))

= Nt = II” = tal = ctn) |14 = St | + € (V8 (N = p1) + ). (33)
On the other hand, by condition (iii), we have
¢ (lun = pll) < M) + M |l - pl*. (3.4)
Substituting (3.4) into (3.3) and simplifying, we have

”xn+1 —P||2 E (1 + anvnM*) ”un —P||2 - an(l - Ol,,) ”un - Snun ”2
+ 0, (Val (M) + )

=< (1 + VnM*) llzty —P||2 -a,(1-ay,) ”un -S"u, ”2 + 0,8 (M) + . (3.5)
On the other hand,

ity = plI% = |0 — p+ y A" (T" = 1) Ax, |*

= [l = plI? + Y2 | AT (T" = 1) Ax,||* + 2y (0 — p, A" (T" = 1) Ax,), (3.6)
and

VA (T" = 1)Ax,|” = yHA (T = 1) Ax,, A (T" - 1) Ax,)
= y*AA(T" - 1)Ax,, (T" - I)Ax,)

2
<y |AI?| T"Ax, - Ax,

) (3.7)
and
2y(xn —p,A*(T” - I)Axn>
=2y(Ax, - Ap, (T" - I)Ax,)

=2y (A%, — Ap + (T" = 1) Ax, — (T" = 1) Ay, (T" - 1) Axy)

= 2y {{T" A, — Ap, T"Ax,y — Ax,) — | (T = 1) Ax, || ). (3.8)
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In (2.5), taking x = Ax,,, G" = T", q = Ap, and noting Ap € F(T), from (2.7) and condi-

tion (iii), we have

(T"Ax, — Ap, T"Ax, — Axy)
1

=

(T = 1) A, ||* + vag (1A%, - Apll) + 2.}

IA
N = N

Substituting (3.9) into (3.8) and simplifying it, we have

2y (0 — p, A" (T" - I)Axy,)
<

Y {un (6 ) + MONAI 2 = pI) + i — [ (T" = 1) Ax,a|* ).

Substituting (3.7) and (3.10) into (3.6) after simplifying, we have

= pI* < (L+ yvaM AN s = pI* + ¥ (0ad (M) + 12
—y (L= yIAI%) (T - 1) Ax, |

Substituting (3.11) into (3.5) and simplifying it, we have

%001 = plI* < (1+ v, M ){(1+ y v A1) lIx, - plI®

+y (M) + ) =y (1= 7 IAIP) [ (T7 - D) Ax, |*)

— (1 —ay) ”un -S"uy, ||2 + V¢ (M) + oy

< (L +Ellxn —pl> + 1 — v (1= y IAIP) | (T" - D) Ax, |

—o,(1-ay) || u, —S"u, ||2,
where

Ex=va(M +yMIAI? + yv.M AI%),

= [(L+v,M)y +1] (Va8 (M) + ).

By condition (iii), we have

o0 o0
E &,<00, and E Ny < 00.
n=1 n=1

By condition (iv), (1 - ¥||4|?) > 0. Hence, from (3.12), we have
(19241 —P||2 <@ +&)lwn _17”2 + Ny Yn>1
By Lemma 2.6, the following limit exists:

lim |lx, - pll.
n—00

(T =DA% + v (¢ 01) + MNAI s = pI) + 11}

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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Now, we rewrite (3.12) as follows:

y (1= y A1) (T = DA%, | + (1 = a0 |10 = S"11|*
< l%n = pII* = %ns1 - pII?

+ &nlln _p||2+77n_> 0 (asnm— 00).

This together with the condition (iv) implies that

lim | u, — S"u, | = 0; (3.14)
and
lim [[(7" ~ 1) Ax, | =0. (3.15)

It follows from (3.6), (3.14) and (3.15) that the limit lim,,_, o, || %, — p|| exists and
lim |u, —pll = lim [x, - p]l.
n—00 n— 00

The conclusion (3.2) is proved.
(2) Next, we prove that

lim ||x,,1 —x,]|=0 and lim [, —u,l = 0. (3.16)
n—oQ n—00
In fact, it follows from (3.1) that

(%1 = %l = || (1 = )ity + 00nS™ (14) — i |
= | (1= ) (%0 + YA (T" = 1) Axy) + S () — %
= |1 =)y A (T" = 1) A%y + n(S™ () — %) |
= | =)y A (T" = 1) A%y + i (S™ (tn) — 1) + et (1t — %) |
= |1 =)y A (T" = 1) A%y + i (S™ (Un) — 1) + Yy A (T" = 1) Asy |
= |y A (T" = 1) Axy + ot (S" () — 1) |-

In view of (3.14) and (3.15), we have that
lim ||, — x5 = 0. (3.17)
n— o0

Similarly, it follows from (3.1), (3.15) and (3.17) that

”Mn+1 - un” = ||xn+1 + VA*(TVHI _])Axn+l - (xn + VA*(TH _I)Axn) H
= tner = ll +y [[A°(T7 = 1) Aty |

+y ||A*(T" —I)Ax,, H — 0 (asn— 00). (3.18)

The conclusion (3.16) is proved.
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(3) Next, we prove that
|ty — Suyll -0 and ||Ax, — TAx,|| > 0 (asn — 00). (3.19)
In fact, from (3.14), we have
Cyi= ||u,, -S"u, ” — 0 (asn— 00). (3.20)
Since S is uniformly L-Lipschitzian continuous, it follows from (3.16) and (3.20) that

2t = Sttn | < |4 = S"th|| + || ™ 18 — Sta
<+ L||S" Mty — uy
< G+ L[Sty = S" Mty |
+ | 8" sy — |}
< G+ L2ty = sy |
+ L[| S" bty — Uy + thy — 1

<C+LQA+L)|uy—upall +Lic1 — 0 (asn— 00).
Similarly, from (3.15), we have
”Ax,, - T"Ax, ” — 0 (asn— 00). (3.21)

Since T is uniformly L-Lipschitzian continuous, by the same way as above, from (3.16) and
(3.21), we can also prove that

A%, — TAx,| — 0 (as 1 — 00). (3.22)
(4) Finally, we prove that x, — x” and u, — x*, which is a solution of (SFP)-(1.1).
Since {u,} is bounded, there exists a subsequence {u,,} C {u,} such that u,, —~ x* (some
point in H;). From (3.19), we have

ey, — Sttn; | — 0 (as n; — 00). (3.23)

By the assumption that S is demi-closed at zero, we get that x” € F(S).
Moreover, from (3.1) and (3.15), we have

Xy = Uy — YA (T = 1) Axy, — %
Since A is a linear bounded operator, we get Ax,, — Ax". In view of (3.19), we have
lAx,, — TAx,,]| = 0 (as n; — 00).

Since T is demi-closed at zero, we have Ax € F(T). Summing up the above argument, it
is clear that x” € T, i.e., x” is a solution to the (SFP)-(L.1).

Page 8of 11


http://www.fixedpointtheoryandapplications.com/content/2012/1/151

Wang et al. Fixed Point Theory and Applications 2012, 2012:151 Page9of 11
http://www.fixedpointtheoryandapplications.com/content/2012/1/151

Now, we prove that x, — x” and u, — x".

Suppose, to the contrary, that if there exists another subsequence {u,;} C {u,} such that
uy; =y €T with y” 74, then by virtue of (3.2) and the Opial property of Hilbert space,
we have

liminf||u,, — x| <liminf|u,, -y | = lim |u, -y
n—00

ni— 00 n;i—00

= nlgnoo”uni —y| < lggio%fnu”/ - |

= lim ||u,, —x || = liminf“u,,i -x ”

n—00 nj— 00

This is a contradiction. Therefore, u, — x". By using (3.1) and (3.15), we have
Xy =u,,—yA*(T;’—I)Ax,,—\x*. O

The proof of conclusion (II) By the assumption that S is semi-compact, it follows from
(3.23) that there exists a subsequence of {u,,} (without loss of generality, we still denote
it by {u,,}) such that u,, — " € H (some point in H). Since u,, — «x . This implies that
x =u',and so u,, - x € I'. By virtue of (3.2), we know that lim,_.« [|%, —%'| = 0 and
lim,,_, o0 ||, =% || = 0, i.e., {u,} and {x,} both converge strongly to x” € T".

This completes the proof of Theorem 3.1. 0

Theorem 3.2 Let Hy, Hy and A be the same as in Theorem 3.1. Let S : Hy — Hy and T :
H, — H, be two ({k,})-quasi-asymptotically nonexpansive mappings with {k,} C [1, 00),
k, — 1 satisfying the following conditions:
(i) T and S both are demi-closed at origin;
(ii) Y o2 (k, —1) < 00.
Let {x,} be the sequence generated by

x1 € H chosen arbitrarily,
Xns1 = (1= )ty + 2, S" (uy), (3.24)
Uy =%, +yA(T" - DAx,, Vn=>1,

where {a,} is a sequence in [0,1] and y > 0 is a constant satisfying the condition (iv) in
Theorem 3.1. Then the conclusions in Theorem 3.1 still hold.

Proof By assumptions, S: H; — Hj and T : H, — H, both are ({k,})-quasi-asymptotically
nonexpansive mappings with {k,} C [1,00), k, — 1; by Remark 2.3, S and T both are uni-
formly L-Lipschitzian (where L = sup,.., ;) and ({v,}, {i,}, ¢)-total quasi-asymptotically
nonexpansive mapping with {v, = k, — 1}, {it,, = 0} and ¢ (¢) = £2, t > 0. Therefore, all con-
ditions in Theorem 3.1 are satisfied. The conclusions of Theorem 3.2 can be obtained from

Theorem 3.1 immediately. O

Theorem 3.3 Let Hy, Hy and A be the same as in Theorem 3.1. Let S : H — Hy and T :

H, — H, be two quasi-nonexpansive mappings and demi-closed at origin. Let {x,} be the
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sequence generated by

x1 € Hy chosen arbitrarily,
K1 = (1= o)ty + 0, S (uy), (3:25)
Uy =%, + YA (T" —Ax,, Yn=>1,

where {a,} is a sequence in [0,1] and y > 0 is a constant satisfying the condition (iv) in
Theorem 3.1. Then the conclusions in Theorem 3.1 still hold.

Proof By the assumptions, S: Hy — H; and T : H, — H, are quasi-nonexpansive map-
pings. By Remark 2.3, S and T both are uniformly L-Lipschitzian (where L = 1) and ({1})-
quasi-asymptotically nonexpansive mappings. Therefore, all conditions in Theorem 3.2
are satisfied. The conclusions of Theorem 3.3 can be obtained from Theorem 3.2 imme-
diately. g

Remark 3.4 Theorems 3.1, 3.2 and 3.3 not only improve and extend the corresponding
results of Moudafi [12, 13], but also improve and extend the corresponding results of Cen-
sor et al. [4, 5], Yang [7], Xu [14], Censor and Segal [15], Masad and Reich [16] and others.
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