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Abstract

In this paper, we develop a new perturbed iterative algorithm framework with errors
based on the variational graphical convergence of operator sequences with (A, 1)-
accretive mappings in Banach space. By using the generalized resolvent operator
technique associated with (A, 1)-accretive mappings, we also prove the existence of
solutions for a class of generalized nonlinear relaxed cocoercive operator equation
systems and the variational convergence of the sequence generated by the
perturbed iterative algorithm in g-uniformly smooth Banach spaces. The obtained
results improve and generalize some well-known results in recent literatures.
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1 Introduction

It is well known that standard Yosida regularizations/approximations have been tre-
mendously effective to approximation solvability of general variational inclusion pro-
blems in the context of resolvent operators that turned out to be nonexpansive. This
class of nonlinear Yosida approximations have been applied to approximation solvabil-
ity of nonlinear inhomogeneous evolution inclusions of the form

(1) € v/ (t) + Mu(t) — wu(t), u(0)=uo

for almost all £ € [0, T], where T e (0,1) is fixed, ® € R (see [1]). For more general
details on approximation solvability of general nonlinear inclusion problems, we refer
the reader to [2-18] and the references therein.

On the other hand, it is well known that variational inequalities and variational
inclusions provide mathematical models to some problems arising in economics,
mechanics, and engineering science and have been studied extensively. There are many
methods to find solutions of variational inequality and variational inclusion problems.
Among these methods, the resolvent operator technique is very important. For some
literature, we recommend to the following example, and the reader [2-15,17,18] and
the references therein.
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Example 1.1. ([19]) Let V: R” — R be a local Lipschitz continuous function, and let
K be a closed convex set in R”. If x* is a solution to the following problem:

v
mip Ve

then
0 € aV(x*) + Nk (x"),

where 0V(x*) denotes the subdifferential of V at x* and Nx(x*) the normal cone of
K at x*.

In 2006, Lan et al. [7] introduced a new concept of (A, 1n)-accretive mappings, which
provides a unifying framework for maximal monotone operators, m-accretive opera-
tors, n-subdifferential operators, maximal 77-monotone operators, H-monotone opera-
tors, generalized m-accretive mappings, H-accretive operators, (H, n)-monotone
operators, and A-monotone mappings. Recently, by using the concept of (4, 1n)-accre-
tive mappings and the resolvent operator technique associated with (A, n)-accretive
mappings, Jin [5] introduced and studied a new class of nonlinear variational inclusion
systems with (A, 1)-accretive mappings in g-uniformly smooth Banach spaces and
developed some new iterative algorithms to approximate the solutions of the men-
tioned nonlinear variational inclusion systems. Furthermore, by using the resolvent
operator technique, Petrot [14] studied the common solutions for a generalized system
of relaxed cocoercive mixed variational inequality problems and fixed point problems
for Lipschitz mappings in Hilbert spaces, and Agarwal and Verma [2] introduced and
studied a new system of nonlinear (set-valued) variational inclusions involving (4, n
)-maximal relaxed monotone and relative (A4, 17)-maximal monotone mappings in Hil-
bert spaces and proved its approximation solvability based on the variational graphical
convergence of operator sequences. For more literature, we recommend to the reader
[9,20] and the references therein.

Motivated and inspired by the above works, the purpose of this paper is to consider
and study the following generalized nonlinear operator equation system with (4, n
)-accretive mappings in real Banach space B; x Bs:

Find (x,y) € B1 x B, and u € S(x),v € T(y) such that

px) =Ry o [ = A)AL(p() + M (AL () — AN (1) + )], (w1)
h(y) = R [(1 = 22)A5(h(y)) + 22(Aa(8(x) — oNa (%, v) +b)], '

where for all (x,y) € By x BZ’R;):\,}\Q/?I(A,x) = (A1 + pA M1 (-, x) 7! and

0h2,A2
n2,M>(y,)

P, 0 > 0,N;: By x By = B1,N, : B XBZ—)BZ,p:B] —)B],hiBQ%Bz,fi
Bz—)Bl,gZB] — B,

valued operators, A1, A, > 0 are two constants, (a,b) € By x B, is an any given ele-

ment, and S:B; — 28, T: B, » 25, A; : Bi —> By, ni : BixB; = Bi, M; : BixB; — 23"(1' =1,2)

= (A + 0AaM5(y,-))"! are two resolvent operators and two constants

are single-

are any nonlinear operators such that for all x € By, M;(-,x) : By — 25" is an (4,,1))-
accretive mapping and M,(y,-) : B, — 25! is an (A,, 1y)-accretive mapping for all

y € B, respectively.
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Based on the definition of the resolvent operators associated with (A, n)-accretive
mappings, the Equation (1.1) can be written as

[ AE00) ~A101) ¢ () A0 1)
b & Aa(h(y)) — Ax(8(x)) + eNa(x,) + M2, h(y)

Remark 1.1. For appropriate and suitable choices of
Bi, Ai, i, Ni, Mi(i=1,2),p,h,f,8 S, T, one can obtain a number (systems) of quasi-
variational inclusions, generalized (random) quasi- variational inclusions, quasi-varia-
tional inequalities, and implicit quasi-variational inequalities as special cases of the
Equation (1.1) (or problem (1.2)) include. Below are some special cases of problem.

Example 1.2. If B;=B(i=1,2),p=f=h=4 Ni(x,-) =Na(-,y) = N(-) and M;(-x) =
M (+), Ms(9,-), = Ms(-) for all (x,y) € By x By and a = b = 0, then the problem (1.2)

collapses to the following nonlinear variational inclusion system with (4, n)-accretive

mappings:
[S S Anleo — Al o)+ s 5 03
0 € Ay(8(y)) — A2(g(x)) + eN(x) + oMa(8(y))-

The system (1.3) was introduced and studied by Jin [5]. Further, when A; = A, M; =
M(i = 1,2) and y = x, the system (1.3) reduces to a nonlinear variational inclusion of
find x € B such that

0 € N(x) + M(g(x)),

which contains the variational inclusions with H-monotone operator, H-accretive
mappings, or A-maximal (m)-relaxed monotone (AMRM) mappings in [2,3] as special
cases.

Example 1.3. If B;=H(i=1,2) is a Hilbert space, a=b=0,S:B; — B; and
T : B, — B, are two single-valued mappings, p = f=h = g =S = T = [ is the identity
operator and M;(-x) = My(y,") = M(-) for all (x,y) € B; x B,, then the problem (1.2) is
equivalent to solve the following nonlinear variational inclusion system with (4, 1)-

monotone mappings:

{ 0 € A1(x) — A1(y) + pN(y, x) + pM(x), (1.4)

0 € Ay (y) — Az(x) + oN(x,y) + oM(y),

The system (1.4) was introduced and studied by Wang and Wu [18] and contains the
generalized system for mixed variational inequalities with maximal monotone operators
in [14] as special cases. Moreover, taking y = x, then the system (1.4) reduces to find-
ing an element x € H such that

0 € N(x, x) + M(x),

which was considered by Verma [17].

Example 1.4. When
Bi=H, i=1(=1,2),p=hA1 =A; = N1(x,-) =N(-,y) =N(-) and M;(x) = M,
(-),No(y,) = M,(-) for all (x,y) € By x By, the system (1.1) becomes to the following

nonlinear operator equation systems: Finding (x,y) € H x H such that
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{h(x) = I, [f) = oNG)], (1.5)
h(y) = IS, [8(x) — oN(x)]., '

where Jj; = (I+pM;)™" and ]f,jz = (I+ oM,)7!. Based on the definition of the resol-

vent operators, we know that the system (1.5) is equivalent to solve the following sys-
tem of general variational inclusions:

{ 0 € h(x) — f(y) + oN(y) + pM; (h(x)), (1.6)
0 € h(y) — g(x) + oN(x) + oMa(h(y)),

which was studied by Noor et al. [12] when M; = M is maximal monotone for i = 1,
2. Moreover, some special cases of the problem (1.6) can be found in [4,6] and the
references therein.

We also construct a new perturbed iterative algorithm framework with errors based
on the variational graphical convergence of operator sequences with (A, n)-accretive
mappings in Banach space for approximating the solutions of the nonlinear equation
system (1.1) in smooth Banach spaces and prove the existence of solutions and the var-
iational convergence of the sequence generated by the perturbed iterative algorithm in
g-uniformly smooth Banach spaces. The results present in this paper improve and gen-
eralize the corresponding results of [2,3,5,12,14,17,18] and many other recent works.

2 Preliminaries

Let B be a real Banach space with dual space B* (-,-) be the dual pair between B
and B*, CB(B) denote the family of all nonempty closed bounded subsets of 3, and
2B denote the family of all the nonempty subsets of 3. The generalized duality map-
ping J; : B — 2B* is defined by

Jo(x) = {f* € B*: (x, f*) = x|,

I =191}, vxeB,

where g > 1 is a constant. In particular, J, is the usual normalized duality mapping. It
is known that, in general, / (x) = ||x| |72 J,(x) for all x = 0, and J4 is single-valued if B*
is strictly convex. In the sequel, we always suppose that B is a real Banach space such
that J, is single-valued and # is a Hilbert space. If B = # , then /, becomes the iden-
tity mapping on # .

The modulus of smoothness of 3 is the function A : [0,00) — [0, 00) defined by

)/||Sf}~

As(t) _
-

1
Xs(0) =sup () (Jrl e =) = 12 bl < 1,

A Banach space B is called uniformly smooth if lim,_, 0.

B is called g-uniformly smooth if there exists a constant ¢ > 0 such that
Ap(t) <ct!, q> 1.Remark that J, is single-valued if B is uniformly smooth. In the
study of characteristic inequalities in g-uniformly smooth Banach spaces, Xu [21]
proved the following result:

Lemma 2.1. Let B be a real uniformly smooth Banach space. Then, B is g-uni-

formly smooth if and only if there exists a constant ¢, > 0 such that for all x,y € B,
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s v < 1l + g0y, Iy (0D + ]

In the sequel, we give some concept and lemmas needed later.
Definition 2.1. Let B be a g-uniformly smooth Banach space and T,A : B — B be
two single-valued mappings. 7 is said to be

(i) accretive if

(T(x) = T(y), Jg(x—y)) =0, Vxyeb;

(ii) strictly accretive if T is accretive and
(T(x) =T() Jg(x—y)) =0

if and only if x = y;

(ili) r-strongly accretive if there exists a constant r > 0 such that

(T(x) = T) Jg(x =) = r|x =], WryeB

(iv) y-strongly accretive with respect to A if there exists a constant ¥ > 0 such that

1, vxyebB;

(T(x) = (), Jg(A(x) = AQ))) = v |x—y

(v) m-relaxed cocoercive with respect to A if, there exists a constant m > 0 such
that

(T(x) = TW) Jo(Ax) = A))) = —m|T(x) = T)]",

Vx,y € B;

(vi) (71, t)-relaxed cocoercive with respect to A if, there exist constants iz, ¢ > 0 such
that

q

(T(x) = T, Jg(A(x) = AW))) = —x|lx —y|" + (| T(x) = TW)|?, VxyeB;

(vii) s-Lipschitz continuous if there exists a constant s > 0 such that

ITx) = T)| <s|x—y]., VryeB.

In a similar way, we can define (relaxed) cocoercivity and Lipschitz continuity of the
operator N(-,-): B x B — B in the first and second arguments.
Remark 2.1. (1) The notion of the cocoercivity is applied in several directions, espe-

cially to solving variational inequality problems using the auxiliary problem principle
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and projection methods [16], while the notion of the relaxed cocoercivity is more gen-
eral than the strong monotonicity as well as cocoercivity. Several classes of relaxed
cocoercive variational inequalities and variational inclusions have been studied in
[2,5,7-10,12,16-18].

(2) When B =H , (i)-(iv) of Definition 2.1 reduce to the definitions of monotonicity,
strict monotonicity, strong monotonicity, and strong monotonicity with respect to A,
respectively (see [3,18]).

Definition 2.2. A single-valued mapping 7 : B x B — B is said to be 7-Lipschitz

continuous if there exists a constant 7 > 0 such that
InGey)| <7 |x—y|, VxyeB

Definition 2.3. Let B be a g-uniformly smooth Banach space, n: B x B — B and
A, H: B — B be single-valued mappings. Then set-valued mapping M : B — 28 is
said to be

(i) n-accretive if

(w—vJ4(n(xy)) =0, VxyeBueM(x)veMy)

(ii) r-strongly n-accretive if there exists a constant > 0 such that

1 Vx,y e B,ueM(x),veM®y)

(w—v,Jg(n(x ) =r|x—y

(iii) m-relaxed m-accretive if there exists a constant 7 > 0 such that

q

Ww=vJsmx)) = —m|x—y|", VxyeBueMx)veM(y);

(iv) & — H-Lipschitz continuous, if there exists a constant ¢ > 0 such that

AM(x), M) <& |x—y|, VxyeB,

where { is the Hausdorff metric on CB(B);

(v) (A, n)-accretive if M is m-relaxed n-accretive and (A + pM)(B) = B for every p
> 0.

Remark 2.2. The (A, n)-accretivity generalizes the general (H, n)-accretivity, (I, n)-
accretivity (so-called generalized m-accretivity), H-accretivity classical m-accretivity (A,
717)-monotonicity, A-monotonicity, (H, 1)-monotonicity, H-monotonicity, maximal 7n-
monotonicity, and classical maximal monotonicity as special cases (see, for example,
[1,7,8,13] and the references therein.)
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Definition 2.4. Let A: B — B be a strictly n-accretive mapping and M : B — 28

be an (4, n)-accretive mapping. The resolvent operator R; B — B is defined by:
szﬁ(“) =(A+pM)Y(u), VuebB.

Remark 2.3. The resolvent operators associated with (A4, n)-accretive mappings
include as special cases the corresponding resolvent operators associated with (H, 1)-
accretive mappings, (A, n)-monotone operators [8], (H, 17)-monotone operators, H-
accretive operators, generalized m-accretive operators, maximal 17-monotone operators,
H-monotone operators, A-monotone operators, 7n-subdifferential operators, the classi-
cal m-accretive, and maximal monotone operators. See, for example, [1,7,8,13] and the
references therein.

Lemma 2.2. ([7]) Let B be a g-uniformly smooth Banach space and n: B x B — B
be z-Lipschitz continuous, A: B — B be a r-strongly n-accretive mapping and

M:B — 28 be an (A, n)-accretive mapping. Then, the resolvent operator
-1

q

. T . . . .

R? ’f,j :B— B is -Lipschitz continuous, i.e.,
” T—pm

r
where p € (0, ) is a constant.
m

pA Tqil
R —RI0)| = © =2l Yeyes,

Definition 2.5. Let M", M : B — 2B be (A4, n)-accretive mappings on B for n = 0,1,
2,.... Let A: B — B be r-strongly n-monotone and S-Lipschitz continuous. The

sequence M" is graph-convergent to M, denoted M'A = GM | if for every (x, y) €
graph(M), there exists a sequence (x,,,y,,) € graph(M") such that

Xn—> X, Yp— )y as n— oo.

Based on Definition 2.6 and Theorem 2.1 in [20], we have the following lemma.
Lemma 2.3. Let M", M : B — 2B be (A, n)-accretive mappings on B for n = 0,1,

2,.... Then, the sequence M"A — G} M if and only if
Rﬁ/’ﬁn (x) — Rg:ﬁ (x),Vx € B,

where Rﬁy’ﬁ =(A+ pM”)_l,Rﬁ:ﬁ =(A+pM)~!,p >0 is a constant, and A: B — B

is r-strongly n-monotone and S-Lipschitz continuous.

3 Algorithms and graphical convergence

In this section, by using resolvent operator technique associated with (A, 1n)-accretive
mappings, we shall develop a new perturbed iterative algorithm framework with errors
for solving the nonlinear operator equation system (1.1) with (A, n)-accretive mappings
and relaxed cocoercive operators and prove the existence of solutions and the varia-
tional convergence of the sequence generated by the perturbed iterative algorithm in
g-uniformly smooth Banach spaces.
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Above all, we note that the equalities (1.1) can be written as

p(x) = RO (5),
s= (1= 2)A(P(x) + 21 (AL (F () — pN1 () +a),
h(y) = Ry ity (0,
t=(1—22)A2(h(y)) + 22(A2(8(x)) — N2 (x,v) +b),

where p, A > 0 are constants. This formulation allows us to construct the following
perturbed iterative algorithm framework with errors.

Algorithm 3.1. Step 1. For an arbitrary initial point (xo, y0) € B1 x B;, take ug e S
(%o) and vy € T(yp).

Step 2. Choose sequences {d,} C B; and {e,} C B, are two error sequences to take

into account a possible inexact computation of the operator points, which satisfy the

following conditions:
[o.¢]
lim d" = lim ¢ =0, " (|d" —d""| + [[¢" ="' ||) < oc.

n—00 n—00
n=1

Step 3. Let the sequence {(Sn, tn, Xn, ¥n)} C B1 x By x By x B, satisty

sn= (1= 2)A1(p(xn)) + 21 (A1 (f(¥n)) = oN1 (U, yn) + @),
tn = (1= 22)Aa2(h(yn)) + 22(A2(8(xn)) — 0Na (X, va) + b),
Knet = (1= )y + Ry —p(on) + ROV (50)} + dhn,

Yns1 = (1 —k)yn +k{yn — h(yn) + Rsz}\j\fgz(ym.)(tn)} +én,

(3.1)

LA 1 poraA _
where Rf;l,l/vtql(-,x) = (A1 + pAME (-, x)) I,RL;;M;(%_) = (A2 + 02oMi (¥, )L A, A2, .0

are nonnegative constants and &, k € (0, 1] are size constants.
Step 4. Choose u,,,1 € S(x,,1) and v,.,; € T(y,,1) such that (see [22])

1 N
”un — Uns1 ” = (1 + ) H (S(xn)r S(xn+1)) ’
n+1 (3.2)

1 N
lon = o] < (1 . 1) B (T(), Tne))

Step 5. If s,,, L, %, Y» d,,, and e, satisfy (3.1) and (3.2) to sufficient accuracy, stop;
otherwise, set n: = n + 1 and return to Step 2.

Now, we prove the existence of a solution of problem (1.1) and the convergence of
Algorithm 3.1.

Theorem 3.1. For i = 1, 2, let BB; be a g;-uniformly smooth Banach space with ¢g; > 1,
Ny Ay M, N; (i = 1, 2) and p, &, f, g be the same as in the Equation (1.1). Also suppose
that the following conditions hold:

(Hy) n; is 7; -Lipschitz continuous, and A; is r; -strongly 1;-accretive, and o;-
Lipschitz continuous for i = 1, 2, respectively;
(H,) p is 0,-strongly accretive and /,-Lipschitz continuous, / is d,-strongly accretive

and [,-Lipschitz continuous, f is /»-Lipschitz continuous and g is /,-Lipschitz
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continuous, S:B; — CB(B1) is & — H-Lipschitz continuous and
T: By — CB(B,) is ¢ — H-Lipschitz continuous;

(H3) Ny is (71, 1y)-relaxed cocoercive with respect to fj and W,-Lipschitz continuous
in the second argument, and N, is (775, ¢5)-relaxed cocoercive with respect to g, and
W, -Lipschitz continuous in the first argument, and N is ;-Lipschitz continuous in
the first variable, and N, is 35-Lipschitz continuous in the second variable, where
f1: By — By is defined by fi(y) = A; © fly) = A1(fly)) for all y € B, and
g : By — B3 is defined by g,(x) = A, © g(x) = Ax(g(x)) for all x € By;

(Hy) for n=0,1,2,...,M": B; x Bi - 2Bi(i = 1,2) are any nonlinear operators
such that for all x € By, M{(-,x) : By > 281 is an (A;, n;)-accretive mapping with
My (-, x)A1 GM, (- x), and M3(y,-) : By — 2B2 is an (A,, 1,)-accretive mapping

with M3 (¥, -)A2 — GMa(y, ) for all y € By, respectively;

(Hs) there exist constants v(i = 1,2), p € (0, ri/m;) and o € (0,12/my) such that

ALA LA
pklMAl x)( ) pl)L}\/I/{]( y)( ) <V X—=YI Vx,y,zeBl, (33)
RC 0 _ .
R )@ — R @ | = vlx =yl Vx,y,z € B,
and
q1—1
T 1—Xx1)oil, + pA
v+ Y1 —qg16 +qulz1 ! [( 1ol + phpaf]
p)"lml
Kkzrgz_l "\Z/cfzqzlq2 - ChQLzZD'l + 2072 + Cg, 0% qu )
+ <1,
oot k(r2 — okamy) (3.4)
0 [(1 = Ay)osl A '
V1 + a 1_q282+Cq2122 2 [( 2) 2lp + 0 2ﬂ2§]
T2 — 0kt
-1
k)\l‘[{h "\1/0{111}11 - qlptlzzrgl +q1pT1 + Cqy PN zzrgl |
+ <
Kk(rr — pArmy)

where Cq,/Cq, are the constants as in Lemma 2.1 and &, k € (0,1] are size constants.
Then, there exist (x*,y*) € By x By u* € S(x*), v* € T(y*) such that (x*,y*,u*v*) is a
solution of the Equation (1.1) and

Xn —> X5y = ¥y up = ut vy > V5, as n— oo,

where {x,,}, {7}, {#,,} and {v,}} are iterative sequences generated by Algorithm 3.1.
Proof. Define ||-||- on By x B, by

Y(x,y) € By x B,.

[Gen ., = tlxl +

It is easy to see that (B x By, [I-ll,) is a Banach space. By the assumptions for
relaxed cocoercivity and Lipschitz continuity of N with respect to both arguments,
strongly accretivity of p and /4, and Lipschitz continuity of S, 7, p, f, ¢ and /&, Lemmas
2.1 and 2.2, and (3.1)-(3.3), now we know that

Page 9 of 14
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N1 (s yn-1) = N1 (-1, ¥n-1) | < B1 llun — tip1 |l
< Bi(1+n DHS(xn), S(-1)) < B1E(L + 17 1) 1y — xu1
| A1 (F () — A1 (F(rn=1)) — £ [N1 (ttn, ) — N1 (ttn, y)] | "
< A (F o)) = AL 1)) | " + 07 c, [N1 (tns ) = N (1t ynr) |
= q10{N1(tn, ¥n) — N1(un, yn-1).Jg, (A1 (f (¥n)) — A1(f (yn-1))))

< (qul l}h — qipua + qipmy +cg 0" ZD'571> |vn = Yn— ||ql,
0 = xa-1 = [p(x) = pCea—)]| = Y1 = @181+ cq )’ Iw = xa |,
and

lsn — sn—1l
= (1 = 2)A1(p(xn)) + A1 (A1 (F(¥n)) — PN1(tn, yu) + a)
—(1 = 2)A1(p(xn-1)) = 21 (A1 (f(¥n-1)) — PN (thn—1, Yn-1) + @)
< (1 =) |AL(p(xn)) — A1 (p(xn-1)) |
+ pAt |N1 (s Y1) — N1 (ttn—1, Y1)
+ 2 [AL(F(rn)) = AL(f(yn-1)) — PIN1 (1, yn) — Ni (n, yar)] |
< [(1 = r1)orly + pA BrE(L +n 1) ] llxn — x|l

’

a9 q q
+A1 % Ulllfl —qipu@, +q1pmy +cq pT @, ”Vn = ¥Yn—1

%ns1 — 2xnll
< (L—=k) %y — xn—all +k Hxn —Xn-1 — [p(xn) - P(xnfl)]H

Ar,A A1,A
| RIS ) = R ()| + lld = o

RO o) =R ()

nl/Ml('/xn) nler('rxn—l)
A,A A1, A
9 LA OO B AN ]
pA1A pALAL
RO ) = RN L)

< (1 —=R) [l — Xn1 || + F %0 — x0—1 — [p(xn) — p(xn—1)]]
kt{h—l

T — pAimy
+h(en +ep—1) + lldy — dp—1]|

<[1 = k(1 = 01n)] %0 — Xn—1ll + kD1 |y — Y1
+h(en+en—1) + ldp — dn_11l,

+ kv [y — xuq |l + lsn — sn—1ll

_ pA1AL _ pPriA o
where ¢ = HRm,MII(vxz)(Sl) Rm,Ml(-,xz)(Sl)H for [ =n -1, n and

N1 = a)orly + priBrE(1+nY)
1 — pAim

-1
Altfl ‘*\l/ofll](zl —qlptlwgl + (1 p71 +cq],olhw£71

91,71 =V + q\]/l — q181 +qulgl +

’

T =
T — pAII

(3.5)

Page 10 of 14
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Similarly, we get

||Yn+1 - Yn” = [1 — k(11— 92n)] ||)/n —Vn-1 ” + kD2 ||%n — X1l (3.6)
+K(en+en1) +llen — enll,

Do A 2o A
where ¢ = )’Riz,iAQQ(yl/-)(tl) - Rizj\dzz(yz,-)(t’)n for/=n-1,nand
qul —1
T 1 —X3)o,l A 1+n
92,n=V+q\2/1—lJ252+qulZZ+ S [ 2)o2ln + 0Aa Bt (1 + )],

2 = QAam2
Aﬂyq@@?g—GMQWT+%wn+%mﬁwT

2= .

T2 — QA2My
follows from (3.5) and (3.6) that

l%ne1 — Xull + HYrHl — Vn H
<ty (”xn — Xn—1ll + ||Yn —Vn—1 H) (3.7)
+ k(an + Snfl) + K(an + Snfl) + (ldn — dp—1ll + llex — en—1l),
where

Op = max{l + k¥, — k(1 —01,,), 1 + k1 — k(1 —6,,)}.
Let

0 =max{l +«x% — k(1 —01), 1 +k% — k(1 —6,)},
where

qi—1
T 1—-A l A
61 =, + "\1/1—61181+cqllgl+ v Dol +p 1’81511

. — pAimg
91
1—A 1 A
6, = vy + [’\'2/1—qy82+cqzlzz+r2 I 2)orl + 02apat]
T2 — oAty

Then, we know that 0,, | 6 as n — oo.
From the condition (3.4), we know that 0 <@ < 1 and so there exist 5 > 0 and 6, €
(6,1) such that 8, < 6, for all n = ny. Therefore, by (3.7), we have

” (%ne1, Yne1) — (0, yn)”*
= 90” (%0, ¥n) — (xn—1, Yn—l)”* + (lldy — dp—1 |l + llen — en—1l)

+h(en + en—1) + k(6n + €n-1)

n—ng
= 9(7)1—710 ” (Xng+1/ Ynge1) = (Xny./ Yno)”* + Z 9(1)_191—(1‘—1) (3.8)
i=1
where ¢, = ||d,, - d,1|| + |len - el + k(e + €,.1) + ke, + &,.1) for all n > ny. By

(3.8), for any m = n > ngy, we have
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|| (%m, Ym) — (Xn, ¥n) ”*

m—1
< > (e =5 + i =il
j=n (39)
m—1 ) m—1j—no )
= 967% ” (Xng+1/ Vngs1) — (x‘ﬂo'yno)”* + Z Z e(l)ils'j—(i—l)-
j:n j:n i=1

It follows from the hypothesis of Algorithm 3.1, Lemma 2.3 and (3.9) that
: m o my _ (.0 o.n _
lim (", ™) = (" y") ], = 0.
Hence, {(x", ¥")} is a Cauchy sequence, i.e., there exists (x*, y*) € By x B, such that

", ¥") = (x*, y*) as n —> oo,
Next, we prove that u,, —> u* € S(x*) and v,, > v* € T(y*). In fact, because

luy — up—1ll < (1 + n_l)ﬁ (S(xn)/ S(xnfl)) =< 5(1 + n_l) llxn — xp—1ll,

it follows that {u,} is also Cauchy sequence in B;. Let u,— u*. In the sequel, we will
show that u* e S(x*). Noting u,, € S(x,,), from the results in [22], we have

d(u*, S(x*)) = inf{|luy —y| : ¥ € S(x*)} < |u* — un| + d(un, S(x*))
= || + F(S(xa), S(x*))

< Ju =] + & a2 — 0.

IA

Hence d(u*,S(x*)) = 0 and therefore u* € S(x*). Similarly, we have v,, -»v* € T(y*). By
continuity and the hypothesis of Algorithm 3.1, we know that (x*% y*, u*, v*) satisfies
the Equation (1.1). This completes the proof.

Remark 3.1. We note that Hilbert space and L, (or /,) (2 < p < ) spaces are 2-uni-
formly smooth Banach spaces and if B;(i = 1,2) is 2-uniformly smooth Banach space,
we can choose constants v;, 1,(i = 1,2), p and @ such that (3.4) hold. See, for example,
[2-18] and the references therein.

Remark 3.2. Condition (3.4) of Theorem 3.1 holds for some suitable value of con-
stants, for example, g1 = g2 = 2, ¢c; = 1, v; = v = 0.02,0; = 6, = 0.3, [, = [, = 0.6,7; =
7 =005, =4,=001,0,=0,=05 p=0=0.1,5,=,=005 =07, (=041,
=ry=03,m =my=02,k=k=051=02[,=04 1 =1, =005 ® =, =0.05
and 71, = 1, = 0.2.

From Theorem 3.1, we have the following results as an application of Theorem 3.1.

Theorem 3.2. Assume that # is a real Hilbert space and the following conditions
hold:

(Hy) h:H — H is o-strongly monotone and [,-Lipschitz continuous, f: H — H
is /~Lipschitz continuous and g:H — H is [,-Lipschitz continuous;

(Hy) N:H — H 1is (5my, t1)-relaxed cocoercive with respect to f and ®-Lipschitz
continuous, and (7, 1,)-relaxed cocoercive with respect to g;

(Hs) fori=12and n=0,1,2,.. .M} M; : H — 2" are maximal monotone opera-

tors with MjA1 — GM;;
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(H,) there exist positive constants p and @ such that
K
\/1 — 26 +l£ < min[l — k\/l§ —20uw? + 207 + 02w,
ke /s
1-— \/lf —2pun @2+ 2pm + plwly.
K

Then, the iterative sequences {(x,, ¥,)} generated as follows converges strongly to the
common solution (x*, y*) of the system (1.5):

For any given (xo,y0) € H x H , define an iterative sequence as follows:

Xpe1 = (1 — k)xp + k{x, — h(xy,) +I”,11[f(yn — oN@) |} + dn, (3.10)
Yns1 = (1 — )yn + &{yn — h(yn) +]Qg[8(xn) — oN(xn)[} + e, .

where fA’f = (I+pM’1’)’1,]Qg =(I+oM5) ' p,0>0,kk€(0,1),{d) CH and

{e,} C H are two error sequences to take into account a possible inexact computation
of the operator points, which satisfy the following conditions:

o0

lim d" = lim ¢" =0, ) ([ld" —d"[ + " —&"']) < cc.
n—o0 n—oo )

Proof. By the nonexpansivity of the resolvent operators associated withmaximal
monotone operators and the proof of Theorem 3.1, one can derivethe result.

Remark 3.3. We note that one can obtain the corresponding results of Theorems
3.1-3.2 when there are problems (1.1), (1.3)-(1.5) with (H, n)-accretive mappings, (A,
71)-monotone operators, (H, 17)-monotone operators, H-accretive operators, generalized
m-accretive operators, maximal 17-monotone operators, H-monotone operators, A-
monotone operators, 1-subdifferential operators or the classical m-accretive. The
results obtained in this paper improve and generalize the corresponding results of
[2,3,5,12,14,17,18] and many other recent works.
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