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Abstract

In this paper, we study a three-step iterative scheme with error terms for solving
nonlinear ¢-strongly accretive operator equations in arbitrary real Banach spaces.
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1 Introduction

Let K be a nonempty subset of an arbitrary Banach space X and X* be its dual space. The
symbols D(T), R(T) and F(T) stand for the domain, the range and the set of fixed points
of T respectively (for a single-valued map 7 : X — X, x € X is called a fixed point of T iff
T(x) = x). We denote by J the normalized duality mapping from E to 25" defined by

J@) = {f* e X" o f*) = el = |}

Let T: D(T) € X — X be an operator. The following definitions can be found in [1-15]

for example.

Definition 1 T is called Lipshitzian if there exists L > 0 such that
I1Tx = Tyll < Lllx =yl

forallx,y € K.If L =1, then T is called nonexpansive, and if 0 < L <1, T is called contrac-

tion.

Definition 2
(i) T is said to be strongly pseudocontractive if there exists a £ > 1 such that for each

x,y € D(T), there exists j(x — y) € J(x — y) satisfying

. 1
Re{Tx - Ty jx —y)) < - lx = I1”
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(i) T is said to be strictly hemicontractive if F(T') is nonempty and if there exists a £ > 1
such that for each x € D(T) and g € F(T), there exists j(x — y) € J(x — y) satisfying

Re(Tx - q,j(x — q)) < = llx — g

~ | =

(iii) T is said to be ¢-strongly pseudocontractive if there exists a strictly increasing
function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that for each x,y € D(T), there
exists j(x — y) € J(x — ) satisfying

Re(Tx — T, j(x - y)) < lx = 31> = $(llx = y) e = y1.

(iv) T is said to be ¢p-hemicontractive if F(T) is nonempty and if there exists a strictly
increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that for each x € D(T)
and g € F(T), there exists j(x — y) € J(x — y) satisfying

Re(Tx - q,j(x - @) < lIx = q1I” = ¢(llx - g I - qI.
Clearly, each strictly hemicontractive operator is ¢-hemicontractive.

Definition 3

(i) T is called accretive if the inequality
2= yll < [|x -y +s(Tx - )

holds for every x,y € D(T) and for all s > 0.
(ii) T is called strongly accretive if, for all x,y € D(T'), there exists a constant k > 0 and
jlx —y) € J(x — y) such that

(Tx - Ty, j(x - 9)) = kllx — yII.

(ili) T is called ¢-strongly accretive if there exists j(x — y) € J(x — y) and a strictly
increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that for each x,y € X,

(Tx - Ty, j(x = ) = ¢ (I = yll) 5 = 1.

Remark 4 It has been shown in [11, 12] that the class of strongly accretive operators is
a proper subclass of the class of ¢-strongly accretive operators. If I denotes the identity
operator, then T is called strongly pseudocontractive (respectively, ¢-strongly pseudocon-
tractive) if and only if (I — T') is strongly accretive (respectively, ¢-strongly accretive).

Chidume [1] showed that the Mann iterative method can be used to approximate fixed
points of Lipschitz strongly pseudocontractive operators in L, (or /,) spaces for p € [2, 00).
Chidume and Osilike [4] proved that each strongly pseudocontractive operator with a
fixed point is strictly hemicontractive, but the converse does not hold in general. They
also proved that the class of strongly pseudocontractive operators is a proper subclass of
the class of ¢-strongly pseudocontractive operators and pointed out that the class of ¢-
strongly pseudocontractive operators with a fixed point is a proper subclass of the class
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of ¢-hemicontractive operators. These classes of nonlinear operators have been studied
by various researchers (see, for example, [7-25]). Liu et al. [26] proved that, under cer-
tain conditions, a three-step iteration scheme with error terms converges strongly to the
unique fixed point of ¢-hemicontractive mappings.

In this paper, we study a three-step iterative scheme with error terms for nonlinear ¢-

strongly accretive operator equations in arbitrary real Banach spaces.

2 Preliminaries

We need the following results.

Lemma 5 [27] Let {a,}, {b,} and {c,} be three sequences of nonnegative real numbers with
Y by<ooandy o2 ¢y <00 If

1 <L+ by)a, +c,, n>1,
then the limit lim,,_, o a,, exists.

Lemma 6 [28] Letx,y € X. Then || x| < ||x+ry| foreveryr > 0 ifand only ifthereis f € J(x)
such that Re(y,f) > 0.

Lemma 7 [9] Suppose that X is an arbitrary Banach space and A : E — E is a continuous
¢-strongly accretive operator. Then the equation Ax = f has a unique solution for any f € E.

3 Strong convergence of a three-step iterative scheme to a solution of the
system of nonlinear operator equations

For the rest of this section, L denotes the Lipschitz constant of 71, 75,73 : X — X, L, =

(1 + L) and R(T1), R(T2) and R(T3) denote the ranges of T1, T, and T35 respectively. We

now prove our main results.

Theorem 8 Let X be an arbitrary real Banach space and Ty, T, T3 : X — X Lipschitz
¢-strongly accretive operators. Let f € R(T1) N R(T>) N R(Ts) and generate {x,} from an
arbitrary xy € X by

Xne1 = Apn + by (f + (L= T1)Yn) + CuVis
I = apn + B (F + (= T2)zy) + €y, (3.1)

2y = dpxy + b)) (f + (= Ts)x,) + Cywy,, n>0,

where {v,}320, {un}o, and {w, )2, are bounded sequences in X and {a,}, {c,}, {a,}, {P,},
{c,}, {a)}, {b}, {c)} are sequences in [0,1] and {b,} in (0,1) satisfying the following condi-
tions: (i) ay + by +cy =1=a, + b, + ¢, =al, + bl +c, (ii)) Y oo by = 00, (iii) Y oo b2 < 00,
Yooobl, <00, (iv) Y 0licn <00, Y noc, <00 and y o ch < oco. Then the sequence {x,)

converges strongly to the solution of the system Tix=f;i=1,2,3.

Proof By Lemma 7, the system T;x =f; i =1,2,3 has the unique solution x* € X. Following
the techniques of [5, 8-12, 26, 29], define S;: X — X by Six =f + (I - T;)x; i =1,2,3; then
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each S; is demicontinuous and x* is the unique fixed point of S;; i = 1,2,3, and for all

x,y € X, we have

(=S =T =Sy, j(x—)
> ¢i(llx = yll) llx -y
¢illlx—yll)

> lx = y11?
@+ (e =) + llx=l)
=9i(x,}’)||x—y||2,
where 6;(x,y) = % €[0,1) forallx,ye X;i=1,2,3. Letx* € ﬂil F(S;) be the

fixed point set of S;, and let 6(x, y) = inf min; {6;(x, y)} € [0,1]. Thus
(1= S)x— (I =Sy, jlx-p) = 0y lx -y i=1,2,3. (3.2)

It follows from Lemma 6 and inequality (3.2) that

lla =yl < |lx—y+A[U = S)x = 0(x, ) — (= Si)y - 0(x9)y)]|, (3.3)
forallx,y e X andforallA >0;i=1,2,3.
Seta, =b, +cy, Bn = b}, + ¢, and y, = b} + ¢, then (3.1) becomes
X1 = (L= aty)x, + anslyn +cu(vy — Slyn)’
Yn = (1= Bu)%u + BuSazs + C;,(un - S$22,), (3.4)

Zn = (L= Yu)Xn + YuS3%y + €, (Wy — S3x,), n>0.

We have

X = (L4 ap)Xp1 + 0ty [(I - 81)%u1 — 6 (xn+1; x*)xn+1]
= (1= 0 (%01, %7) Jetutn + (2 = 0 (11, 27) )ty (%0 — S19)

+ @ (Sina1 = S1yu) = [1+ (2 = 0 (%01, ") )t [ (Vs — S1n)-
Furthermore,
X = (L4 @ + (= S — 0 (s )] = (1= 0 (a1, °) Jernt”,
so that

Xy —x"=(1+ an)(xn+1 - x*) + oy [(1 = S1)%pi1 — e(xwrl; x*)xnﬂ
— (= S)x* = (%01, 57)x™) ]
- (1 - 9(xn+1,x*))oty, (xn - x*) + (2 - G(xml,x*))aﬁ(x,, = S1Yn)

+ an(slx;ﬁl - Slyn) - [1 + (2 - Q(xnﬂrx*))an]cn(vn - Slyn)~
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Hence,

Oy

1+ ay,)

Xn — * jutl n n+l — *+ — 1 Mn+l — O\ X1, X ) X1
o = ™| = @+ 0t) |21 — [7-5) o( ")

(U = S5 = 0o H

— (1= O (o0a1,2") et |20 = 2| = (2 = 0 (21, %) )2 126 — S1yl
= o [ S1s1 = S19ull = [1+ (2 = 0 (%1, ) et | Vi = Sy

> (1+ 0t) [0 = || = (1= 0 (@, %) et [0 — " |
= (2= 0 (%1, 6%) )ap 16w = 17l = @ullS161 = Syl

— [1 + (2 — 9(xn+1;x*))an]cn||vn - Slyn||~

Hence,

(1+ 1= 0(x01,%))et,]
1+ ay)

a1 =2 < lon = &* || + 20 1% — S1ymll

+ | S126041 = Synll + [1+ (2 = 0 (%e1,%%) )t J€ull Vi — S1yall
< [+ (-0t ][1 - s+ o] [ -]

+ 20 1% = S1Yull + @l S$1%1 = S19ull + 3ull v = Suyull
< (1= 0(ns, 8% Yot + 02 ] | 2 = x| + 202 1126 — Syl

+ a0 [|S1%041 = S1yull + Beullve — S1yull- (3.5)
Furthermore, we have the following estimates:

lzn =" = | = ¥) (%0 — %) + ¥ (S50 — &%) + (W — S3,)
< (U= y) |20 = & || + ¥ || S — &*|| + ¢} W — Saa|
< U=y |0 = 2| + L |00 — ¥
+0y([[wn =27 + [ San - 27]))
= (Ut (Lo = Dy + Lacy) [ = " + €[ w - 27
< BLy = 1)||xn —x*|| + || W — 2"
o = %] = | @ = B (%0 = &%) + Bu(S220 — &%) + ¢,y (tn — S22,
< (U= B = a"|| + Bul| Sa2n = x* || + llutn = Szl

=< (W= B [en =7 + Lo 20 =7

) (3.6)

+€([ln =" + Lz = 7]))
< (1= B+ LiBL, = 1)By + Ly(BLy — 1)c,) |40 — ¥
+ (L Buc)y + Luclych) | W — x*|| + ¢, |4 — ¥

< [3L*(3L* -1)- 1] ||x,, —x* || +3L.c) ||wn —x* ” +c, || U, —x* H, (3.7)

Page 5 of 10
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e — S1yull < ”xn —x" ” +L, “yn -x* ”
<[1+L[3L.BL. = 1) = 1]] s — #*|

+ SLicZ“wn —x* || +L.c, ||u,, —x*

”Slxwrl - Slyn” f L*”xnﬂ _yn”
= L||(1 = )60 = ¥) + 0u(S19n = ) + u(vin = S1y) |
<L, [(1 — )1 = Yull + @819 = Yull + Cullvi — Slyn”]

= L*[”xn = Inll + ullS19n = Yull + cullva _Slyn”]-

Using (3.4) and (3.6),

1% = 9l = || Ba(n = S224) = €3t = S22) |
< Bulltn = Sazull + ¢ 111t — Saz,l
<[[1+LiBLs = 1)]By + Li(3Ly = 1)c, | |0 — x|
+ LB+ e )y wn =" + ¢ en - 7]
<[[1+L«BL.=1)]Bu + LiBL, — 1)c, ] |4 — x* |

+ 3Ly | wn — &*|| + ¢ || un — ¥
Using (3.7),

119 = yull < | Siym = 2| + [y — ¥
<@+L)|yn -
< (14 L)BLABL. = 1) = 1], — |

+3L,(1+ L*)c’,:Hwn —-x* || + 1 +Lyc, ||u,, -x* ||
Again, using (3.7),

”Vn_Sl_yn” = ”Vn_x*” +L* ||yn_x*||
< L[3L.(3Ly 1) = 1]||my —&*| + [|v — #*|

+ 3LiCZ H w, —x* H + L., H U, —x* ||
Substituting (3.10)-(3.12) in (3.9), we obtain

151241 = S1ull < Lu[1 + Lu(8Ls = 1)] By + L+(3Ls ~ 1)c;,
+[3L.(BLy = 1) = 1][( + L)ty + Licy ] || 20 — "
+3L.[Lyc) + [+ Ly)ay + Lica ey ]| wn — 2|
+ L[, + [(L+ Loy + Licu]c, ] | n — 2" |

+ Lycy, Hv,, —x* ||

Page 6 of 10
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Substituting (3.8), (3.12) and (3.13) in (3.5), we obtain

| — 2% < [1+[3+Li(3+L)3L,(BL, —1) —1]]er;
+Ly[3L, (3L, = 1) — 1]atuBy + L2(BL. — Datyc,,
+Ly[3L4(3Ly = 1) = 1]otycy + 3Ly [3L.(BLy — 1) — 1]y, || — &
= 0 (%1, 8% )t |20 — & | + [BLo (1 + 3Ly, + BL2atuc)y + BL2atcuc))
+9L2¢,c) || wn — &* || + [Le(3 + L)apc), + Lyatuc,

+ L20,CuC)y + 3LoCnCly ] |t — &* || + 2Ly + 3)en | v — 2" (3.14)
Since {v,}, {#»} and {w,,} are bounded, we set
M = sup|lvy =" + supluey = 2| + sup|w, - 2" < co.
Then it follows from (3.14) that

|1 —a*|| < [1+[3 + L3 + Ly)[3L(3Ly — 1) — 1] ]
+Ly[3L, (3L, = 1) — 1]atuBy + L2(BL. — Datyc,,
+Ly[3L4(3Ly —1) = 1]otcy + 3Ly [3LL(3Ly — 1) — 1], ] || — 2™ ||
= 0 (%1, 8% )t |20 — 2| + [BLo (L + BL)a’c), + BLE 0ty + BL2atycnc),
+9L%¢,c) JM + [L.(3 + Ly)ajc), + Lyayc,,
+ L20,CuCly + 3LiCuCly M + (2L + 3)cuM
= (L4 82)||Jon = 2" || = 0 (a1, 67t |20 — 2% || + 0

<1+, “xn —x* || + 0y, (3.15)
where

8n=[3+L.(3+L)[3L.BL.~1)-1]]e}
+Ly[3L, (3L, = 1) — 1]atu By + L2(BL — Datyc,,
+Ly[3L4(3Ly —1) = 1]otycy + 3Ly [3L. (3L, — 1) — 1]cy,

o = M[3L.(1 +3L,)ac) + 3L2atuc)) + 3L2atucucy + 9L2c,C,,

L3+ Ly)ac, + Lyatycl, + L2, c,c,y + 3Locucl,

+ (2L, + 3)c,,].

Since b, € (0,1), the conditions (iii) and (iv) imply that > -8, < oo and > o) 0, < 00. It
then follows from Lemma 5 that lim,,_, o, ||x, — «*| exists. Let lim,,_, o ||, — x| =8 > 0.
We now prove that § = 0. Assume that § > 0. Then there exists a positive integer Ny such
that ||lx, —x*|| > % for all n > Nj. Since

$(3)8

¢(||xn+l _x*”) _x* ” -
~2(1+¢(D)+D)’

L+ @(Ilonen — 25 N1) + 101 — &%

0 (i) =] - J2
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for all n > Ny, it follows from (3.15) that

||x 1—x*||<||x —x*”—L%)Sa + A, forallm> Nj.
" = 20+¢MD)+D) " " -

Hence,

p(3)8
2(1 + ¢(D) + D)

y < || = x*|| = || %1 —x*|| + A, forall m > Np.

This implies that

$(3)3 .
1+¢(D)+D) Za/— ”xNO_x || +Z)\'

j=No

Since b, < a,,

¢(3)8
(1+¢>(D)+D)Z e O ||+ZA

j=No

yields Y 2 b, < oo, contradicting the fact that > .- b, = co. Hence, lim,_.o |l%, —
2 =0. 0

Corollary 9 Let X be an arbitrary real Banach space and Ty, T, T5 : X — X be three
Lipschitz ¢-strongly accretive operators, where ¢ is in addition continuous. Suppose
liminf,_, o ¢(r) > 0 or | Tix|| — o0 as ||x|| = oo; i =1,2,3. Let {a,}, {bn}, {cu}, {a),}, (D)},
{c. ) Aal ), A}, {eh, {wn), {un)s {va), {yn} and {x,} be as in Theorem 8. Then, for any given
f € X, the sequence {x,} converges strongly to the solution of the system Tix = f;i=1,2,3.

Proof The existence of a unique solution to the system T;x = f; i = 1,2, 3 follows from [9]
and the result follows from Theorem 8. O

Theorem 10 Let X be a real Banach space and K be a nonempty closed convex subset of X.
Let T1,T>, T3 : K — K be three Lipschitz ¢-strong pseudocontractions with a nonempty
ﬁxedeint set. Let {61”}, {bn}) {Cn}) {d:q}l {b:q}l {C:q}x {61;1,}, {b:«;}) {C:«;}) {WVI}I {un} and {VVI} be as
in Theorem 8. Let {x,} be the sequence generated iteratively from an arbitrary xy € K by
Xn+l = ApXy + bn len + CnVny
Yu=a, Xy + b, Tozy + Uy,

Zy = dxy + b Tsx, + Chwy, 1> 0.
Then {x,} converges strongly to the common fixed point of Ty, T, Ts.
Proof As in the proof of Theorem 8, set a,, = b, + ¢, B, = b}, + C,,, ¥ = b, + ¢}, to obtain

K1 = (L= ay), + ay Ty, + Cu(Vy — len)’

Yn = (1 - ,Bn)xn + lsnT2zn + Cn(un - Tzzn);
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z,=(1- Vn)xn + YuT3%, + (W, — Taxy), n>0.

Since each Tj; i =1,2,3 is a ¢-strong pseudocontraction, (I — T;) is ¢-strongly accretive
so that for all x,y € X, there exist j(x — y) € J(x — y) and a strictly increasing function ¢ :
(0, 00) — (0, 00) with ¢(0) = 0 such that

(1= T)x—(I-Tyjx-y) = ¢(llx—yl) -yl = 0@ p)lx -y i=1,2,3.
The rest of the argument now follows as in the proof of Theorem 8. O

Remark 11 The example in [4] shows that the class of ¢ -strongly pseudocontractive oper-
ators with nonempty fixed point sets is a proper subclass of the class of ¢-hemicontractive
operators. It is easy to see that Theorem 8 easily extends to the class of ¢-hemicontractive

operators.

Remark 12
(1) If weset b), =0 =], for all # > 0 in our results, we obtain the corresponding results
for the Ishikawa iteration scheme with error terms in the sense of Xu [15].
(ii) If wesetb), =0=c), =b, =0=c, forall »> 0 in our results, we obtain the
corresponding results for the Mann iteration scheme with error terms in the sense
of Xu [15].

Remark 13 Let {«,} and {B,} be real sequences satisfying the following conditions:
() 0<anpr=Lnz=0,
(if) limy_ o0 oty =1im,_ o B, = 0,
(iii) 3%, o, = 00,
(iv) Y029 Bu <00, and
(v) Yo a2 <oo.
Ifweseta), =(1-B,),b,=Buc,=0,a,=1-ay), by =0y, ¢, =0,b, =0=c) foralln>0
in Theorems 8 and 10 respectively, we obtain the corresponding convergence theorems for
the original Ishikawa [18] and Mann [30] iteration schemes.

Remark 14
(i) Gurudwan and Sharma [29] studied a strong convergence of multi-step iterative
scheme to a common solution for a finite family of ¢-strongly accretive operator
equations in a reflexive Banach space with weakly continuous duality mapping.
Some remarks on their work can be seen in [31].
(ii) All the above results can be extended to a finite family of ¢-strongly accretive
operators.
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