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Abstract

Based on the results from (Mihail and Miculescu in Math. Rep., Bucur. 11(61)(1):21-32,
2009), where the shift space for an infinite iterated function system (IIFS for short) is
defined and the relation between this space and the attractor of the IIFS is described,
we give a sufficient condition on a family (/));e; of nonempty subsets of /, where

S =X, (f)ie) is an IFS, in order to have the equality UjeLA// = A, where A means the
attractor of § and A; means the attractor of the sub-iterated function system

S/j. =X, (2‘,),-6/]) of 8. In addition, we prove that given an arbitrary infinite cardinal
number 4, if the attractor of an IIFS S = (X, (f))ie)) is of type A (this means that there
exists a dense subset of it having the cardinal less than or equal to \A), where (X,d) is a
complete metric space, then there exists S, = (X, (f;)ic)) a sub-iterated function system
of 8, having the property that card(J) < A, such that the attractors of S and S,
coincide.
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Keywords: infinite iterated function system (IIFS); sub-iterated function systems of a
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1 Introduction

Iterated function systems (IFSs) were conceived in the present form by John Hutchinson
[1] and popularized by Michael Barnsley [2]. The most common and most general way to
generate fractals is to use the theory of IFS (which provides a new insight into the mod-
eling of real world phenomena). Because of the variety of their applications (actually one
can find fractals almost everywhere in the universe: galaxies, weather, coastlines and bor-
derlines, landscapes, human anatomy, chemical reactions, bacteria cultures, plants, pop-
ulation growth, data compression, economy etc.), there is a current effort to extend the
classical Hutchinson’s framework to more general spaces and to infinite iterated function
systems. For example, on the one hand, Gwé6zdz-Lukawska and Jachymski [3] discuss the
Hutchinson-Barnsley theory for infinite iterated function systems. Lozinski, Zyczkowsi
and Slomczynski [4] introduce the notion of quantum iterated function systems (QIFS)
which is designed to describe certain problems of nonunitary quantum dynamics. Kéden-
maéki [5] constructs a thermodynamical formalism for very general iterated function sys-
tems. Les$niak [6] presents a multivalued approach of infinite iterated function systems.
In [7-10], and [11] the notion of generalized iterated function system (GIFS), which is a
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family of functions f;,...,f, : X" — X, (X, d) being a metric space and m, n € N, is intro-
duced. Under certain conditions, the existence of the attractor of such a GIFS is proved
and its properties are explored (among them, an upper bound for the Hausdorff-Pompeiu
distance between the attractors of two such GIFSs, an upper bound for the Hausdorft-
Pompeiu distance between the attractors of such a GIFS and an arbitrary compact set of
X are presented, and its continuous dependence in the f;’s is proved). Moreover, in [12]
and [13], the existence of an analogue of Hutchinson’s measure associated to certain GIFSs
with probabilities (GIFSp for short) is proved. Also, we showed that the support of such
a measure is the attractor of the given GIFSp and we construct a sequence of measures
converging to this measure. On the other hand, in [14], we provided a general framework
where attractors are nonempty closed and bounded subsets of topologically complete met-
ric spaces and where the IFSs may be infinite, in contrast to the classical theory (see [2]),
where only attractors that are compact metric spaces and IFSs that are finite are consid-
ered. In the paper [15], a generalization of the notion of the shift space associated to an IFS
is presented. More precisely, the shift space for an infinite iterated function system (IIFS)
is defined and the relation between this space and the attractor of the IIFS is described. A
canonical projection 7 (which turns out to be continuous) from the shift space of an ITFS
on its attractor is constructed and sufficient conditions for this function to be onto are
provided. While it is possible to approximate any compact subset in the space X by an at-
tractor of some IFS, the question as to which compact can be realized as attractors of IFSs
remains elusive. The attractors of IFSs come in so many different forms that their diver-
sity never fails to amaze us. The repertory of attractors of IFSs starts with simple spaces
such as an interval, a square, the closure of the unit disc (see [16]) and continues with
more exotic sets such as the Cantor ternary set, the Sierpinski gasket, the Menger sponge,
the Black Spleenwort fern, the Barnsley fern, the Castle fractal, the Julia sets of quadratic
transformations (see [2]), the Koch curve, the Polya’s curve, the Levy’s curve or the Takagi
graph (see [17]). Along the same lines, Arenas and Sancez Granero [18] proved that every
graph (i.e., a locally connected continuum with a finite number of end points and ramifi-
cation points) is the attractor of some iterated function system. Sanders [19] proved that
arcs in R” of finite length are attractors of some IFS on R”. In [20] Secelean proved that
each compact subset of a metric space can be presented as the attractor of a countable
iterated function system. At the same time, it is a natural question to ask whether it is
true that any compact set is actually the invariant set of some IFS. The answer is negative.
Here are some examples: Kwiecinski [21] constructed a locally connected continuum in
the plane which is not an attractor of any iterated function system; Crovisier and Rams
[22] constructed an embedded Cantor set in R and showed that it could not be realized as
an attractor of any iterated function system; Stacho and Szabo [23] constructed compact
sets in R that are not invariant sets for any IFS; Sanders [19] constructed an n-cell in R"*!
and showed that this #-cell cannot be the attractor of any IFS on R"*! for each natural
number 7.

In the present paper, using the results from [15], especially Theorem 4.1, we present a
sufficient condition on a family (/;);c; of nonempty subsets of I, where S = (X, (f});es) is an
Aj; = A, where A means the attractor of S and A,

means the attractor of the sub-iterated function system 81}, = (X, (ﬂ)ielj) of S. In addition,

IIFS, in order to have the equality (.,

two examples concerning this result are presented. The first example shows that the above
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mentioned condition is not necessary, while the second example provides a case for which
it is a necessary condition.

Moreover, we prove that given an arbitrary infinite cardinal number A, if the attractor of
anIIFS S = (X, (f)):er) is of type A, where (X, d) is a complete metric space, then there exists
S; = (X, (f)ics) a sub-iterated function system of S, having the property that card(J) < A,
such that the attractors of S and S; coincide.

2 Preliminaries
For the basic facts concerning infinite iterated function systems (IIFSs) and the shift space

associated to an IIFS one can consult [15].

Definition 2.1 A metric space (X, d) is said to be of type A, where A is a cardinal number,
if there exists a dense subset A of X having the property that cardA < A.

Definition 2.2 Given an IIFS S = (X, (f;);c;) and a subset J of I, the IIFS S; = (X, (f))i/) is
called a sub-iterated function system of S (a sub-IFS of S for short).

The following remark, which actually is Lemma 3.6 from [14], will be extensively used

in this paper (see the proofs of Theorems 3.1 and 3.3).

Remark 2.3 Let us consider a complete metric space (X, d), an IIFS S = (X, (f;);c;) and the

function Fs : B*(X) — B*(X) given by Fs(B) = |, fi(B), for all B € B*(X), where B*(X)
denotes the family of nonempty bounded closed subsets of X.
Then there exists a unique A(S) € B*(X) such that

Fs(A(S)) = A(S).
Moreover, for T € B*(X), we have
Fs(T)CT = A(S)CT.
The following result is used in the proof of Theorem 3.3.

Proposition 2.4 Let S = (X, (f;)ic1) be an IIFS, where (X, d) is a complete metric space, let
a: A* — A be an arbitrary function, and let us consider the set M = {wa(w)|w € A*}. Then
(M) is dense in A(S).

Proof Let us consider
c:=supLip(f;) <1
iel

and wg € A.

Let us remark that since

Ay =T (w0) € Afwgl,,
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and

7 ([@0]me ([00]m)) = @laplmaliwolm) € Allwolma(wolmlm = Alwoln
(see point 2 of Theorem 4.1 from [15]), we obtain, using point 1 of the same theorem, that
(7 (wo), 7 ([wolmat ([wo]m))) < diam(A(yy),,) < ¢ diam(A),

for all m € N.
Taking into account the fact that ¢ € [0, 1), it follows that

m(A) € (M),

and therefore, using point 6(ii) of Theorem 4.1 from [15], we conclude that

3 The main results

Theorem 3.1 Let S = (X, (f;)ic1) be an IIFS, where (X,d) is a complete metric space, A :=

A(S) be its attractor and (I))je;,. be a family of nonempty subsets of I such that UieL =1
If for every iy € I, iy € Iy, ..., iy € 1;,, where {ji,ja,...,ju} € L, there exists | € L such that

i1,02,...,iy €1}, then

UA,, = A,

jeL

where Ay, is the attractor of the sub-iterated function system Sy, = (X, (f))ier) of S.

Proof Let us note that on the one hand we have

UA,. CA. ()

jeL

Indeed, since

Fs, (4) = (A& € |Ufit4) = Fs,(4) = 4,

i€l iel
using Remark 2.3, we get
A CA,

for all j € L, and therefore

UA,, CA.

jeL
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Taking into account the fact that A is a closed set, we get

UAIv c

jeL

On the other hand, we have

AC UA,/. (sk)

jeEL

Indeed, for an arbitrary w = ijip - - - i, € A*, since U/ELI/ = [, there exist j1,j2,...,ju € L
such that iy € I;;,iy € I,,..., i, € I;,, and, according to the hypothesis, there exists / € L
such that i, iy, ..., i, € I;. Then, using point 5 of Theorem 4.1 from [15], we obtain

ey GAII - UA][
jeL

It follows, using again the same point 5 of Theorem 4.1 from [15], that

A= {ew|a) € A*} UA,
jeL

From (%) and (%), we obtain that

UA,, - A. 5

jeL

Corollary 3.2 Let S = (X, (f))icr) be an IIFS, where (X,d) is a complete metric space, and
A := A(S) be its attractor.
Then

L 4=4
gl
] finite

where Aj is the attractor of the sub-iterated function system Sy = (X, (f)ics) of S.

The following example shows that the condition ‘for every iy € I;;,iy € I;y,...,i, € I,
where {j1,j2,...,ju} C L, there exists [ € L such that i1, i,,...,i, € I, is not a necessary con-
dition for the equality U;e LA =A.

Example Let us consider the IIFS

S = (([0,1],d), () ceo1)»

where d is the usual distance on [0,1] and the function £ : [0,1] — [0,1] is given by

fex) =¢,

for each x € [0,1].

Page5of 11
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Since

0.1 = | £(10.1)) = Es((0.1]),

c€[0,1]

we infer that
A:=A(S)=10,1]

and the equality

{e} =fe({e}) = Fsyy (fe})
implies that
{C} = A{C};

where A, is the attractor of the sub-iterated function system

S = ((10,1],.4), (1))

of S.
Consequently, on the one hand, the equality

A= Aw,

c€[0,1]

which is equivalent to [0,1] = Uce[(),l]{c}’ is valid.
On the other hand, the family ({c}).c[0,1] of nonempty subsets of [0,1] has the property
that

U (et =10,1],

c€[0,1]

but does not have the property that for every ¢i, ¢y, . .., ¢, € [0,1] there exists ¢ € [0,1] such
that ¢, ¢,...,¢, € {c}.

We will present now an example for which the condition ‘for every i) € I, is € Iy, ..., i, €
I, where {ji,js,...,j.} C L, there exists [ € L such that iy, i,...,i, € I’ is a necessary and

sufficient condition for the equality | J._, A;. oAy =A.

]

Example Let us consider the IIFS
S = (AW, (F)ier)s
whose attractor is

A=A

Page6of 11
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(see Remark 3.2, (i) from [15]) and (Jj);¢; is a family of nonempty subsets of I such that

UjeL 11 =L
Then the attractor of a sub-iterated function system

Sy = (AW, (F)igy)
of S, whereJ C ], is

A(]) = A].

Ay = A if and only if for every i € Ij;,i» € I;

[iys+ v in € I, Where

We claim that
{j1,j2,- - -»ju} € L, there exists [ € L such that iy, is,...,i, € 1.

Indeed, the above theorem assures us that the implication ‘<=’ is valid. For the implica-
tion ‘=’ let us consider iy € I, iy € I,,...,i, € I, where {ji,2,...,j,} € L. Then

def , . , .. .
w = lllz---lnlllz---l,,---lllz---ln---EA([):A:UAIj,

which implies that there exist / € L and a = ayaz - - - @, - - - € A, such that

da(a,w) < TS
Thus

a1 =11,0p =iy, 0, = Iy

{ivin, ... 00} ={o, 00,..., 0} S .
Theorem 3.3 Given an infinite cardinal number A, let S = (X, (f;)ic1) be an IIFS such that
its attractor A(S) is of type A, where (X, d) is a complete metric space.
Then there exists Sy = (X, (f})ies), a sub-iterated function system of S, such that
card(J) < A
and
A(S) = A(S)).
Proof Let us consider
Pa(D) = {J S I]card() < A},

For ] € P%(I) := PA(I) — {#}, with the notations A := A(S) and A; := A(S)), where

S = (X, (fies)

Page 7 of 11
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we have

Fs,(4) = Ai(A) €| JAA) =Fs(4) = 4,

ie] iel
so using Remark 2.3, we get
AjCA,
and therefore,
d(A;,A) =0,
which implies that
h(A;,A) =d(A,A)).
Hence
A;=A ifandonlyifd(4,4;) =0.
Let us consider
B =inf{d(A,A))|] € P4 (D)}.
We claim that there exists J € P% (I) such that
d(A,Ay) =B.
Indeed, for each # € N there exists J, € P% (I) such that
A A < v
Then

Ji= I e P

neN

and

Fs, (Ay) = fi4) | Jfi4) =Fs,(4) = 4;.

i€ly i€]

So, using again Remark 2.3, we get that

Aj, S A

(%)

()

Page8of 11
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and therefore,
1
B=dA,A) <dAA,)<B+-,
n
for all n € N. The last inequality implies, by letting # to tend to oo, the equality
d(A,A)) = B.
Our next claim is that
B=0. (% * *)

Indeed, if we suppose that 8 > 0, taking into account the previous claim, we can consider
J € P%(I) such that

d(A,Ap) =B.

According to Zorn’s lemma, we can consider a maximal subset C of A having the property
that

d(x,y) >

)

FNRCS

for every x,y € C, x #y. Since A is of type A, there exists a subset M of A such that
M=A

and
card(M) < A.

Thus

MﬂB(c, g) Z0,

for every ¢ € C. The function f : C — M, given by f(c) = y., where y. is a fixed element
of M N B(c, g), is injective (since, if for ¢;,¢2 € C, ¢1 # ¢, we have f(c;) = f(c2), then y,, =

¥e,» which implies the contradiction g <d(c1,¢3) < d(cr,ye) + d(yeyrc2) < g + g = g), and

consequently,
card(C) < card(M) < A.

Let us consider a fixed element j, € I. For each x € A there exists ¢, € C such that

d(x,c;) < g )

Page9of 11
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(since otherwise d(x,c) > g, for each ¢ € C, which implies that x ¢ C, and therefore, C U
{x} # C and d(u,v) > % for every u,v € C U {x}, u # v; this contradicts the fact that C is a
maximal subset of A having the property that d(x,y) > % for every x,y € C, x # ). Taking
into account Proposition 2.4 (for the function « : A* — A given by a(@') = jojo--jo- "+,
for all " € A*), there exists w,, = i1(cx) - - - In(c,)(cx) € A* such that

d(7(@cjojo o+ )rcx) < = (2)

E =)

Consequently, using (1) and (2), we get

d(x, 7 (werjojo - +jo - +)) <

N[

Since the set

]0 = U {il(cx):'urin(cx)(cx)} ) {]O} € PTA(I)

CcxX€A

and
T (wegjojo - jo---) €Ay
(see points 4 and 6 of Theorem 4.1 from [15]), we obtain

d(x;A]()) =

N

for each x € A, and therefore,
d,an) < 5.

This contradicts the definition of 8.
From (#%) and (* * %), we conclude that there exists J € P% (I) such that

d(A,Ay) =0,
and, consequently, taking into account (x), we get

A=A O
4 Conclusions
In this paper we presented some connections between the attractors of an IIFS S and the

attractors of the sub-IFSs of S. More precisely, we provided a sufficient condition on a
family (I})je; of nonempty subsets of I, where S = (X, (fi)ie/) is an IIFS, in order to have

the equality | J;.; Aj = A, where A means the attractor of S and A;, means the attractor
of the sub-iterated function system 81], = (X, (fl')ig,) of S. Moreover, we proved that given
an arbitrary infinite cardinal number A, if the attractor of an IIFS S = (X, (f));e/) is of type
A, where (X, d) is a complete metric space, then there exists S; = (X, (f;)¢/), a sub-iterated
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function system of S, having the property that card(J) < A, such that the attractors of S
and &; coincide. Two examples illustrating our results are presented. Let us note that the
proof of Theorem 3.3 is based on Proposition 2.4 (which used Theorem 4.1 from [15]) and
Zorn’s lemma. Since we think that there exists a proof which does not use Zorn’s lemma,
in a future work we plan to present such a proof based only on Theorem 4.1 from [15].
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